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Black holes






Chapter 1

An introduction to black holes

Black holes belong to the most fascinating objects predicted by Einstein’s theory
of gravitation. Although they have been studied for years,! they still attract
tremendous attention in the physics and astrophysics literature. It turns out
that several field theories are known to possess solutions which exhibit black
hole properties:

e The “standard” gravitational ones which, according to our current pos-
tulates, are black holes for all classical fields.

e The “dumb holes”, which are the sonic counterparts of black holes, first
discussed by Unruh [269].

e The “optical” ones — the black-hole counterparts arising in the theory of
moving dielectric media, or in non-linear electrodynamics [186, 221].

e The “numerical black holes” — objects constructed by numerical general
relativists.

(An even longer list of models and submodels can be found in [13].) In this
work we shall discuss various aspects of the above. The reader is referred
to [34, 105,155,162, 232, 272] and references therein for a review of quantum
aspects of black holes.

Insightful animations of journeys in a black hole spacetime can be found at
http://jilawww.colorado.edu/~ajsh/insidebh/schw.html.

We start with a short review of the observational status of black holes in
astrophysics.

1.1 Black holes as astrophysical objects

When a star runs out of nuclear fuel, it must find ways to fight gravity. Current
physics predicts that dead stars with masses up to the Chandrasekhar limit,
Mg = 1.4Mg,, become white dwarfs, where electron degeneracy supplies the

!The reader is referred to the introduction to [48] for an excellent concise review of the
history of the concept of a black hole, and to [47,160] for more detailed ones.

3



4 CHAPTER 1. AN INTRODUCTION TO BLACK HOLES

necessary pressure. Above the Chandrasekhar limit 1.4M, and up to a second
mass limit, MNsmax ~ 2 — 3M, dead stars are expected to become neutron
stars, where neutron degeneracy pressure holds them up. If a dead star has a
mass M > MNs max, there is no known force that can hold the star up. What
we have then is a black hole.

While there is growing evidence that black holes do indeed exist in astro-
physical objects, and that alternative explanations for the observations dis-
cussed below seem less convincing, it should be borne in mind that no undis-
puted evidence of occurrence of black holes has been presented so far. The
flagship black hole candidate used to be Cygnus X-1, known and studied for
years (cf., e.g., [48,226]), and it still remains a strong one. Table 1.1% lists
a series of further strong black hole candidates in X-ray binary systems; M,
is mass of the compact object and M, is that of its optical companion; some
other candidates, as well as references, can be found in [40, 203, 212, 215]. The
binaries have been divided into two families: the High Mass X-ray Binaries
(HMXB), where the companion star is of (relatively) high mass, and the Low
Mass X-ray Binaries (LMXB), where the companion is typically below a solar
mass. The LMXB’s include the ” X-ray transients”, so-called because of flaring-
up behaviour. This particularity allows to make detailed studies of their optical
properties during the quiescent periods, which would be impossible during the
periods of intense X-ray activity. The stellar systems listed have X-ray spectra
which are neither periodic (that would correspond to a rotating neutron star),
nor recurrent (which is interpreted as thermonuclear explosions on a neutron
star’s hard surface). The final selection criterion is that of the mass M, ex-
ceeding the Chandrasekhar limit Mo =~ 3 solar masses My.? According to
the authors of [48], the strongest stellar-mass black hole candidate in 1999 was
V404 Cygni, which belongs to the LMXB class. Table 1.1 should be put into
perspective by realizing that, by some estimates [193], a typical galaxy — such
as ours — should harbour 107 — 108 stellar black mass holes. We note an inter-
esting proposal, put forward in [49], to carry out observations by gravitational
microlensing of some 20 000 stellar-mass black holes that are predicted [206] to
cluster within 0.7 pc of Sgr A* (the centre of our galaxy).

It is now widely accepted that quasars and active galactic nuclei are powered
by accretion onto massive black holes [116, 195, 281]. Further, over the last few
years there has been increasing evidence that massive dark objects may reside
at the centres of most, if not all, galaxies [194,242]. In several cases the best
explanation for the nature of those objects is that they are “heavyweight” black
holes, with masses ranging from 10° to 10'? solar masses. Table 1.2% lists some
supermassive black hole candidates; some other candidates, as well as precise
references, can be found in [173, 203,204, 241]. The main criterion for finding
candidates for such black holes is the presence of a large mass within a small
region; this is determined by maser line spectroscopy, gas spectroscopy, or by

2The review [201] lists forty binaries containing a black hole candidate.

3See [203] for a discussion and references concerning the value of Mc.

“The table lists those galaxies which are listed both in [204] and [173]; we note that
some candidates from earlier lists [241] do not occur any more in [173,204]. Nineteen of the
observations listed have been published in 2000 or 2001.
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Table 1.1: Stellar mass black hole candidates (from [193])

Type Binary system M./Ms M,/Mg

HMXB: Cygnus X-1 11-21 2442
LMC X-3 5.6 -7.8 20
LMC X-1 >4 4-8

LMXB: V 404 Cyg 1015 ~ 0.6
A 0620-00 o517 0.2-0.7
GS 1124-68 (Nova Musc) 4.2-6.5 0.5-0.8
GS 2000425 (Nova Vul 88) 6-14 ~ 0.7
GRO J 1655-40 4.5-6.5 =~ 1.2
H 1705-25 (Nova Oph 77) 59 ~ 0.4
J 04224432 6-14 ~ 0.3 -0.6

measuring the motion of stars orbiting around the galactic nucleus.

There seems to be consensus [173, 204, 216, 242] that the two most convinc-
ing supermassive black hole candidates are the galactic nuclei of NGC 4258 and
of our own Milky Way [135,139]. The determination of mass of the galactic
nuclei via direct measurements of star motions has been made possible both
by the unprecedentedly high angular resolution and sensitivity of the Hubble
Space Telescope (HST), see also Figure 1.1.1, and by the adaptive-optics Keck
Telescopes [280].

The reader is referred to [211] for a discussion of the maser emission lines
and their analysis for the supermassive black hole candidate NGC 4258. An
example of measurements via gas spectrography is given by the analysis of
the HST observations of the radio galaxy M 87 [268] (compare [195]): A
spectral analysis shows the presence of a disk-like structure of ionized gas in
the innermost few arc seconds in the vicinity of the nucleus of M 87. The
velocity of the gas measured by spectroscopy (cf. Figure 1.1.2) at a distance
from the nucleus of the order of 6 x 10'7 m, shows that the gas recedes from us
on one side, and approaches us on the other, with a velocity difference of about
920 km s~! . This leads to a mass of the central object of ~ 3 x 109 M, and no
known form of matter with this mass is likely to occupy such a (relatively) small
region except for a black hole. Figure 1.1.3 shows another image, reconstructed
out of HST observations, of a recent candidate for a supermassive black hole —
the (active) galactic nucleus of NGC 4438 [168].

There have been suggestions for existence for an intermediate-mass black
hole orbiting three light-years from Sagittarius A*. This black hole of 1,300 solar
masses is within a cluster of seven stars, possibly the remnant of a massive star
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Table 1.2: Twenty-nine supermassive black hole candidates (from [173,204])

dynamics of host galaxy M}, /Mg host galaxy M, /Mg

water maser discs: NGC 4258 4 x 107

gas discs: IC 1459 2x 108 MS87 3 x 10°
NGC 2787 4x 10" NGC 3245 2x 108
NGC 4261 5x 108 NGC 4374 4 x 103
NGC 5128 2x 108 NGC 6251 6 x 103
NGC 7052 3 x 108

stars: NGC 821  4x107 NGC 1023 4 x 107
NGC 2778 1x107 NGC 3115 1 x 10°
NGC 3377 1x10® NGC 3379 1 x10®
NGC 3384 1x107 NGC 3608 1x 108
NGC 4291 2x 108 NGC 4342 3 x 103
NGC 4473 1x 108 NGC 4486B 5 x 103
NGC 4564 6 x 107 NGC 4649 2 x 10°
NGC 4697 2 x10® NGC 4742 1 x 107
NGC 5845 3 x10® NGC 7457 4 x 10°
Milky Way 3.7 x 106
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S0-5
SO-1
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S0-2i

6
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0

7 Keckiyela
‘Galactic Center Group 1995-2006

Figure 1.1.1: The orbits of stars within the central 1.0 x 1.0 arcseconds of
our Galaxy. In the background, the central portion of a diffraction-limited
image taken in 2006 is displayed. While every star in this image has been
seen to move over the past 12 years, estimates of orbital parameters are only
possible for the seven stars that have had significant curvature detected. The
annual average positions for these seven stars are plotted as colored dots, which
have increasing color saturation with time. Also plotted are the best fitting
simultaneous orbital solutions. These orbits provide the best evidence yet for a
supermassive black hole, which has a mass of 3.7 million times the mass of the
Sun. The image was created by Andrea Ghez and her research team at UCLA,
from data sets obtained with the W. M. Keck Telescopes, and is available at
http://www.astro.ucla.edu/~ghezgroup/gc/pictures/.

cluster that has been stripped down by the Galactic Centre [196]. See [144] for
a list of further intermediate-mass candidates.

A new twist to the observations of black holes has been added by the first
direct detection of a gravitational wave in September 2015 [2], with a second
wave observation in December 2015 [1] and a third one in January 2017 [3].

While there is widespread consensus that the waves have been detected
by now, some scientific scepticism is in order. The observation requires the
extraction of an absurdly small signal from overwhelmingly noisy data using
sophisticated data analysis techniques. Even though the scientists working
on the problem have made many efforts to ensure the validity of the claim,
there always remains the possibility of instrumental, interpretational, or data
analysis errors; see e.g. [97]. One needs also to keep in mind the possibility
that the interpretation of the waves, as originating from black hole mergers,
might be flawed. In any case there is strong evidence for a direct observation
of gravitational waves now, and we can only hope that this evidence will keep
growing stronger.

Having said this, the first event, christened GW150914 (for “Gravitation
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Spectrum of Gas Disk in Active Galaxy M87

Approaching

Receding

Hubble Space Telescope ¢ Faint Object Spectrograph

Figure 1.1.2: Hubble Space Telescope observations of spectra of gas in
the vicinity of the nucleus of the radio galaxy M 87, NASA and H. Ford
(STScI/JHU) [258].

Wave observed on September 14, 2015”), is thought to have been created by
two black-holes with respective masses 36J_FZM@ and 29f3M@, merging into a
final black hole with mass 62fiM@. An astounding 34:2M®02 amount of energy
has been released within a fraction of a second into gravitational waves. The
signal observed can be seen in Figure 1.1.4, p. 10.

The second event GW151226, illustrated by Figure 1.1.5, p. 11, is inter-
preted as representing the merger of two black holes of respective masses 14f§:§M@
and 7.5Jj§:§M@, leading to a final black holes of mass 21f?:8M®. Inspection of
Figures 1.1.4 and 1.1.5 reveals that the GW151226 signal is nowhere as strik-
ing as GW150914, with a maximal amplitude smaller than the residual noise.
Nevertheless, the estimated probability of a false detection for GW151226 is
smaller than the convincingly small number 1077,

The third event GW170104, with wave forms displayed in Figure 1.1.6,
p. 12, is thought to be created by the merger of two black holes of respective
masses 31f2'6M@ and QOfEM@. The signal is somewhat reminiscent of that of
GW150914, compare Figure 1.1.4.

The LIGO events give thus the first evidence of existence of black hole
binaries, and of black holes with masses in the 10My — 100My range. The
spectrum of lightweight-to-middleweight black holes, as known in early 2018, is
illustrated in Figure 1.1.7

A compilation of black hole candidates as of 2004, some very tentative,
can be found at http://www. johnstonsarchive.net/relativity/bhctable.
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Active Galaxy NGC 4438
Hubble Space Telescope « WFPC2

NASA and J. Kenney (Yale University) + STScl-PRC00-21

Figure 1.1.3: Hubble Space Telescope observations [168] of the nucleus of the
galaxy NGC 4438, from the STScI Public Archive [258].

html. A maintained list can be found on Wikipedia, https://en.wikipedia.
org/wiki/List_of_black_holes, it needs to be interpreted with the usual
care.

We close this section by pointing out the review paper [41] which discusses
both theoretical and experimental issues concerning primordial black holes.

1.2 The Schwarzschild solution and its extensions

Stationary solutions are of interest for a variety of reasons. As models for com-
pact objects at rest, or in steady rotation, they play a key role in astrophysics.
They are easier to study than non-stationary systems because stationary solu-
tions are governed by elliptic rather than hyperbolic equations. Further, like in
any field theory, one expects that large classes of dynamical solutions approach
a stationary state in the final stages of their evolution. Last but not least,
explicit stationary solutions are easier to come by than dynamical ones. The
flagship example is the Schwarzschild metric:

g=—(1— )@ 4 4 42402 (1.2.1)
teR, r# 2m:0. (1.2.2)
Here dQ? denotes the metric of the round unit 2-sphere,
d? = df? + sin® 0dy? .

In Section 4.6.5 below we verify that the metric (1.2.2) satisfies the vacuum
Einstein equations, see (4.6.38)- (4.6.40), p. 157 (compare Besse [24] for a very
different calculation).
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Hanford, Washington (H1) Livingston, Louisiana (L1)

H— 11 observed ! s
H1 observed Ishifted, inverted)

Strain (107%%)

— Numerical relativity W — Numerical refativity
Reconst d {wavelet) Reconst structed (wavele t)
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Time (s) Time (s)

Figure 1.1.4: GW150914 as observed in the Hanford and Livingston detectors,
from [2]. The top row is the signal observed, after filtering out the low-frequency
and high-frequency noise. In the figure in the top right-corner, the Hanford
signal has been inverted when superposing with the Livingston signal because
of an opposite orientation of the detector arms. The bottom row shows the
evolution of frequency of the signal in time.

Generators of isometries are called Killing vectors, we will return to the no-
tion later. A theorem due to Jebsen [164], but usually attributed to Birkhoff [27],
shows that:

THEOREM 1.2.1 Any spherically symmetric vacuum metric has a further local
Killing vector, say X, orthogonal to the orbits of spherical symmetry. Near
any point at which X is not null the metric can be locally written in the
Schwarzschild form (1.2.1), for some mass parameter m.

INCIDENTALLY: One can find in the literature several results referred to as “Birkhoff
theorems”, see [253] for an overview. Theorem ?? is a special case of the classifica-
tion of “warped product spacetimes” in [8], carried-out for various Einstein-matter
systems. In fact, in [8] one does not even need the full Einstein equations to be sat-
isfied. Further, existence of isometries is not assumed, instead one considers metrics
of a block-diagonal form which would follow in the presence of a suitable group of
isometries.

Specializing [8, Theorem 3.2] to the case of vacuum spacetimes with a cosmo-
logical constant one has:

THEOREM 1.2.3 Consider a spacetime
(M =Qx F,g=g+1r%h)

satisfying the vacuum FEinstein equations with cosmological constant A, where (Q, g)
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Figure 1.1.5: GW151226 as observed in the Hanford and Livingston detectors,
from [1]. The top row is the signal observed, after filtering out the low-frequency
and high-frequency noise, superposed with the black curves corresponding to the
best-fit general-relativistic template. The second row shows the accumulated-in-
time signal-to-noise ratio. The third row shows the Signal-to-noise ratio (SNR)
time series produced by time shifting the best-match template waveform and
computing the integrated SNR at each point in time. The bottom row show
the evolution of frequency of the signal in time.

is a 2-dimensional manifold, (F,h) an n > 2 dimensional one and r is a function
on Q. Then

1. either g takes the standard Eddington-Finkelstein form

(] 2 2A
g=— R _mo r? ) du® + 2dudr + rh,
nn—1) 1  nnh+1)
where RM = const is the scalar curvature of h,

2. or A =0, the Ricci tensor of h vanishes, and
g=—dt* +dr* + (t£7)*h,

3. or r is constant, (Q,g) is mazimally symmetric, (F,h) is Einstein, RI" =
2r2A, and R = 4A/n.

When (F,h) is S™ with the round metric this reduces to the classic Birkhoff
theorem. In that case (2) does not apply, and (3) gives the Nariai metrics, cf. Ex-
ample 4.3.5, p. 145 (see also [252, Section 4]). O

REMARK 1.2.4 Note that a locally defined Killing vector does not necessarily extend
to a global one. A simple example of this is provided by a flat torus: the collection of
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Hanford

Livingston:

Frequency [Hz]

Strain [10721)]

Residual

o T S B T S e S
0.50 0.52 0.54 0.56 0.58 0.60 0.62
Time from Wed Jan 04 10:11:58 UTC 2017 [s]

Figure 1.1.6: GW170104 as observed in the Hanford and Livingston detectors,
from [3]. The top two rows show the evolution in time of the frequency spectrum
of the signal, after filtering out the low- and high-frequency noise. The third
row is a superposition of the filtered signals together with the black curve
corresponding to the best-fit general-relativistic template. The last row shows
residuals from the best fit.

Killing vector fields on sufficiently small balls contains all the generators of rotations
and translations, but only the translational Killing vectors extend to globally defined
ones. Example 1.4.1, p. 56, is also instructive in this context. O

We conclude that the hypothesis of spherical symmetry implies in vacuum,
at least locally, the existence of two further symmetries: translations in ¢ and
t-reflections ¢ — —t. More precisely, we obtain time translations and time-
reflections in the region where 1—2m/r > 0 (a metric with those two properties
is called static). However, in the region where r < 2m the notation “t” for the
coordinate appearing in (1.2.1) is misleading, as ¢ is then a space-coordinate,
and r is a time one. So in this region t—translations are actually translations in
space.

The above requires some comments and definitions, which will be useful for
our further analysis (see also Appendix A.24): First, we need to define the
notion of time orientation. This is a decision about which timelike vectors are
future-pointing, and which ones are past-pointing. In special relativity this is
taken for granted: in coordinates where the Minkowski metric 1 takes the form

n = —dt* + de® + dy? + d2?, (1.2.3)

a timelike vector X*0, is said to be future pointing if X 9 > 0. But, it should
be realized that this is a question of conventions: we could very well agree that
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Masses in the Stellar Graveyard

Figure 1.1.7: Neutron stars and black holes with masses up to 100 My, as
known in early 2018, from the Caltech LIGO website.

future-pointing vectors are those with negative X°. We will shortly meet a
situation where such a decision will have to be made.

Next, a function f will be called a time function if V f is everywhere timelike
past pointing. A coordinate, say y° will be said to be a time coordinate if y° is
a time function.

So, for example, f =t on Minkowski spacetime is a time function: indeed,
in canonical coordinates as in (1.2.3)

Vit =n"9,td, =n"0, = -0, (1.2.4)

and so

(The minus sign in (1.2.4) is at the origin of the requirement that V f be past
pointing, rather than future pointing.)

On the other hand, consider f =t in the Schwarzschild metric: the inverse
metric now reads

y 1 2m _ .
g’LL 8#81, = —1_72_”183 + (]. — 7)83 +7r 2(892 + sin 29830), (125)

T

and so )
Vit = g'w/aut 8,, = 90”8,, = —mat .
T
The length-squared of Vt is thus
~g(0,0) 1 <0, r>2m;
9(Vt, V) = (1—2m)2  1-2n | >0, r<2m.
-
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We conclude that ¢ is a time function in the region {r > 2m} when the usual
time orientation is chosen there, but is not on the manifold {r < 2m}.
A similar calculation for Vr gives
Vr=(1-2)9,,

9(Vr,Vr) = (1= 2)%9(9,,8,) = (1 - ) { >0, > 2m;

<0, r<2m.

So r is a time function in the region {r < 2m} if the time orientation is chosen
so that 9, is future pointing. On the other hand, the alternative choice of time-
orientation implies that minus r is a time function in this region. We return to
the implications of this shortly.

1.2.1 The singularity r =0
Unless explicitly indicated otherwise, we will assume
m >0,

because m < 0 leads to metrics which contain “naked singularities”, in the

following sense: for m < 0, on each spacelike surface {¢ = const} the set {r = 0}

can be reached along curves of finite length. But we have (see, e.g., http://

grtensor.phy.queensu. ca/NewDemo; compare (4.6.22)-(4.6.25), p. 155 below)
48m?

RaﬂngaB’y(s == T ; (126)

which shows that the geometry is singular at » = 0, whatever m € R*.

The advantage of m > 0 is the occurrence, as will be seen shortly, of the
event horizon {r = 2m}: the singular set {r = 0} is then “hidden” behind an
event horizon, which is considered to be less unpleasant than the situation with
m < 0, where no such horizon occurs.

1.2.2 Eddington-Finkelstein extension

The metric (1.2.1) is singular as r = 2m is approached. It turns out that
this singularity is related to a poor choice of coordinates (one talks about “a
coordinate singularity”); the simplest way to see it is to replace ¢ by a new
coordinate v, which will be chosen to cancel out the singularity in g,: if we set

v="t+f(r),
we find dv = dt + f'dr, so that
2 2
1- a2 = - dv— fdr)?
r
2m

= (1- T)(dUQ —2f'dvdr + (f)%dr?).

Substituting in (1.2.1), the offending g,, terms will go away if we choose f to

satisfy
2m

1= = -

T 1-==
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There are two possibilities for the sign; we choose

1 r r—2m 4+ 2m 2m
/ = = = = 1 1.2.7
f 1-2 7 —2m r—2m +r—2m’ ( )
leading to
-2
v=t+r+2mln (T m) . (1.2.8)
2m
The alternative choice amounts to introducing another coordinate
u=t— f(r), (1.2.9)
with f still as in (1.2.7).
The choice (1.2.8) brings g to the form
2
g=— (1 - _m> dv? 4 2dv dr + r2dQ? (1.2.10)
r

and note that the choice (1.2.9) would lead to a non-diagonal term —2du dr
instead in the metric above. Now, all coeflicients of ¢ in the new coordinate
system are smooth. Further,

det g = —r*sin?0,

which is non-zero for r > 0 except at the north and south pole, where we have
the usual spherical-coordinates singularity. Since g has signature (—, +,+,+)
for r > 2m, the signature cannot change across » = 2m, as for this the deter-
minant would have had to vanish there. We conclude that g is a well defined
smooth Lorentzian metric on the set

{veR,rec(0,00)} x S2. (1.2.11)

More precisely, (1.2.10)-(1.2.11) defines an analytic extension of the original
spacetime (1.2.1).

The coordinates (v,r,0, ) are called “retarded Eddington-Finkelstein coor-
dinates”.

We claim:

THEOREM 1.2.5 The region {r < 2m} for the metric (1.2.10) is a black hole
region, in the sense that

observers, or signals, can enter this region, but can never leave it. (1.2.12)

PrROOF: We have already seen that either r or minus r is a time function on
the region {r < 2m}. Now, recall that observers in general relativity always
move on future directed timelike curves, that is, curves with timelike future
directed tangent vector. But time functions are strictly monotonous along
future directed causal curves: indeed, let y(s) be such a curve, and let f be a
time function, then

d(f o)

a5 = VOuf =99 e f = gAY
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Since ¥ is causal future directed and V f is timelike past directed, their scalar
product is positive, as desired.

It follows that, along a future directed causal curve, either r or —r is strictly
increasing in the region {r < 2m}.

Suppose that there exists at least one future directed causal curve ~y which
enters from r > 2m to r < 2m. Then r must have been decreasing somewhere
along o in the region {r < 2m}. This implies that the time orientation has to
be chosen so that —r is a time function. But then r is decreasing along every
causal future directed . So no such curve passing through {r < 2m} can cross
{r = 2m} again, when followed to the future.

To finish the proof, it remains to exhibit one future directed causal ~y which
enters {r < 2m} from the region {r > 2m}. For this, consider the radial curves

’70(8) = (’U(S), ’I“(S), 6(8)7 @(8)) = (’Uov ey 007 QOO) :
Then 49 = —03,, hence
g(;mv;YO) =g =0

in the (v,7,60,¢) coordinates, see (1.2.10). We see that 7 lies in the region
{r > 2m} for s < —2m, is null (hence causal), and crosses {r = 2m} at
s = —2m. Finally, we have

t(s) = v(s) = f(r(s)) = vo = f(r(s)),

hence g J

% = —f’(r(s))d—z = f'(r(s)) >0 for r(s) > 2m,
which shows that ¢ is increasing along =g in the region {r > 2m}, hence 7 is
future directed there, which concludes the proof. O

INCIDENTALLY: An alternative shorter, but perhaps less transparent, argument pro-
ceeds as follows: Let vy(s) = (v(s),7(s),0(s),¢(s)) be a future directed timelike
curve; for the metric (1.2.10) the condition g(%, %) < 0 reads

92 .
(- Tm)iﬂ + 207 +12(6% 4 sin? 0g?) < 0.

This implies
2m
o( - 0= 0+27) <o,
r
It follows that © does not change sign on a timelike curve. As already pointed out,
the standard choice of time orientation in the exterior region corresponds to v > 0
on future directed curves, so v has to be positive everywhere, which leads to

2
7(177m)o+27=<0.

For r < 2m the first term is non-negative, which enforces 7 < 0 on all future directed
timelike curves in that region. Thus, 7 is a strictly decreasing function along such
curves, which implies that future directed timelike curves can cross the hypersurface
{r = 2m} only if coming from the region {r > 2m}. The same conclusion applies
for future directed causal curves: it suffices to approximate a causal curve by a
sequence of future directed timelike ones. O
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The last theorem motivates the name black hole event horizon for {r =
2m,v € R} x §2.

INCIDENTALLY: The analogous construction using the coordinate u instead of v
leads to a white hole spacetime, with {r = 2m} being a white hole event horizon.
The latter can only be crossed by those future directed causal curves which originate
in the region {r < 2m}. In either case, {r = 2m} is a causal membrane which
prevents future directed causal curves to go back and forth. This will become clearer
in Section 1.2.3. O

From (1.2.10) one easily finds the inverse metric:

" 0,0, = 20,0, + (

2
1= 202 4 7207 + 1 2sin 2002 . (1.2.13)
T

In particular
0=g""=g(Vv,Vv),

which implies that the integral curves of
Vv =0,
are null, affinely parameterised geodesics: Indeed, let X = Vv, then
XV, XP = VoV, VP = VVPV 0 = %vﬁ(v%vav) =0. (1.2.14)

So if 7 is an integral curve of X (by definition, this means that

A= XH), (1.2.15)
we obtain the geodesic equation:
XV XP =4V 48 = 0. (1.2.16)
We also have
rTr 2m
gVr,Vr)y=¢g"=(1-—], (1.2.17)
T

and since this vanishes at r = 2m we say that the hypersurface r = 2m is null.
It is reached by all the radial null geodesics v = const, § = const’, ¢ = const”,
in finite affine time.

The calculation leading to (1.2.16) generalizes to functions f such that V f
satisfies an equation of the form

gV V) =o(f), (1.2.18)

for some function 1; note that f = r satisfies this, in view of (1.2.17); see
Proposition A.13.2. Thus the integral curves of Vr are geodesics as well. Now,
in the (v,7,6, ) coordinates one finds from (1.2.13)

2m

VT:80+(1—T)8T,

which equals 9, at r = 2m. So the curves (v = s,7 = 2m,0 = 6y, o = ¢g) are
null geodesics. They are called generators of the event horizon.
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Singularity (r = 0) T

r = constant < 2M

<

X

r= consta

Ksingularity (r=0 r = constant < 2M

t = constant

Figure 1.2.1: The Kruskal-Szekeres extension of the Schwarzschild solution.

1.2.3 The Kruskal-Szekeres extension

The transition from (1.2.1) to (1.2.10) is not the end of the story, as further
extensions are possible, which will be clear from the calculations that we will
do shortly. For the metric (1.2.1) a maximal analytic extension has been found
independently by Kruskal [176], Szekeres [261], and Fronsdal [124]; for some ob-
scure reason Fronsdal is almost never mentioned in this context. This extension
is visualised® in Figure 1.2.1. The region I there corresponds to the spacetime
(1.2.1), while the extension just constructed corresponds to the regions I and
II.

The general construction for spherically symmetric metrics proceeds as fol-
lows: Let us write the metric in the form

g=—V2dt* + V2dr? + r2d0?, (1.2.19)

where V? is a smooth function which depends only upon r and which we allow
to be negative. We introduce another coordinate u, defined by changing a sign
in (1.2.7)

1
u=t—f(r), f'= 7 (1.2.20)
leading to
-2
u:t—r—len(T m)
2m

We could now replace (¢,7) by (u,r), obtaining an extension of the exterior
region I of Figure 1.2.1 into the “white hole” region IV. We leave that extension
as an exercise for the reader, and we pass to the complete extension, which
proceeds in two steps. First, we replace (¢,7) by (u,v). We note that

1 1
Vdu=Vdt— Vdr, Vdv:th—i—Vdr,

®T am grateful to J.-P. Nicolas for allowing me to use his electronic figures from [219].
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which gives

v 1 v
Vdt = 5(du—|—dv), Vdr = 5(dv —du).

Inserting this into (1.2.1) brings ¢ to the form
g = V2P +V72dr? 4 r2d0?
2

- VT( ~ (du + dv)? + (du — dv)Q) + r2d02

= —V3dudv +r?dQ*. (1.2.21)

The metric so obtained is still degenerate at {V = 0}. The desingularisation is
now obtained by setting

= —exp(—cu), 0 =exp(cv), (1.2.22)
with an appropriately chosen c: since
dit = cexp(—cu)du, dv = cexp(cv)dv,
we obtain
VZ
Vidudv = —5 exp(—c(—u +v))du db

C
2

= ‘6/—2 exp(—2cf(r))dudv.

In the Schwarzschild case this reads

‘0/—22 exp(~2¢f(r)) = — i oXp <_20 (r amin (T > 2m>>>

c2r 2m
-2 -2
= M(T—%n)exp <—4mcln <r m>) ,
ccr 2m
and with the choice
dmec =1

the term r — 2m cancels out, leading to a factor in front of di dv which has no
zeros for r # 0 near. Thus, the desired coordinate transformation is

@ = —exp(—cu) = —exp(=h), /1522 (1.2.23)
b = exp(cv) = exp(5tL), /522, (1.2.24)

with ¢ taking the form

g = —Vidudv+r?dQ?
32m3 exp(— 5=
_o_m e};p( 2) i s + 12402 (1.2.25)

Here r should be viewed as a function of 4 and v defined implicitly by the

equation

r

—ub = exp (—) w .

1.2.2
5 (1.2.26)
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Indeed, we have

r

(exp(o)(r = 2m)) = S exp(z-) > 0,

which shows that the function G defined at the right-hand side of (1.2.26) is
a smooth strictly increasing function of » > 0. We have G(0) = —1, and G
tends to infinity as r does, so G defines a bijection of (0, 00) with (—1,00). The
implicit function theorem guarantees smoothness of the inverse G—!, and hence
the existence of a smooth function 7 = G~!(—ud) solving (1.2.26) on the set
v € (—o0,1).

Note that so far we had r > 2m, but there are a priori no reasons for the
function r(u, v) defined above to satisfy this constraint. In fact, we already know
from our experience with the (v,r,0,¢) coordinate system that a restriction
r > 2m would lead to a spacetime with poor global properties.

We have det g = —(32m?3)2exp(— L )r? sin? §, with all coefficients of g smooth,
which shows that (1.2.25) defines a smooth Lorentzian metric on the set

{t, v € R such that r > 0} . (1.2.27)

This is the Kruszkal-Szekeres extension of the original spacetime (1.2.1). Fig-
ure 1.2.1 gives a representation of the extended spacetime in coordinates

X=@0-10)/2, T=(04+a)/2. (1.2.28)

Since (1.2.6) shows that the so-called Kretschmann scalar 112045751?0‘5“7‘S diverges
as % when r approaches zero, we conclude that the metric cannot be extended
across the set r = 0, at least in the class of C? metrics.

Let us discuss some features of Figure 1.2.1:

1. The singular set » = 0 corresponds to the spacelike hyperboloids
(T? — X?)|p—g = b|p—og =1 > 0.

2. More generally, the sets 7 = const are hyperboloids X? — T? = const/,
which are timelike in the regions I and III (since X? — T2 < 0 there),
and which are spacelike in the regions I1 and IV.

3. The vector field VT satisfies
1 1
g(VT,VT) = ¢*(dT,dT) = Zgﬁ(da + db, di 4 do) = 5gﬁ(da, di) <0,

which shows that T is a time coordinate. Similarly X is a space-coordinate,
so that Figure 1.2.1 respects our implicit convention of representing time
along the vertical axis and space along the horizontal one.

4. The map
(4,0) = (=0, —0)
is clearly an isometry, so that the region I is isometric to region /11, and
region I7 is isometric to region I'V. In particular the extended manifold
has two asymptotically flat regions, the original region I, and region I1]
which is an identical copy I.
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5. The hypersurface ¢ = 0 from the region I corresponds to o = —a > 0,
equivalently it is the subset X > 0 of the hypersurface 7' = 0. This can be
smoothly continued to negative X, which corresponds to a second copy
of this hypersurface. The resulting geometry is often referred to as the
Einstein-Rosen bridge. It is instructive to do the continuation directly
using the Riemannian metric « induced by g on ¢ = 0:

2
v = erm + 7202, r>2m.

r

A convenient coordinate p is given by

p=Vr2—4m? < r=+/p2+4m?.

This brings v to the form

2m 2 2 2\ 1092
7:<1+7)d + (0% + 4m?)d0?, 1.2.29
which can be smoothly continued from the original range p > 0 to p € R.
Equation (1.2.29) further exhibits explicitly asymptotic flatness of both
asymptotic regions p — oo and p — —oo. Indeed,

v~ dp? + p*dQ?

to leading order, for large |p|, which is the flat metric in radial coordinates
with radius |p|.

6. In order to understand how the Eddington-Finkelstein extension using
the v coordinate fits into Figure 1.2.1, we need to express @ in terms of v
and r. For this we have

u:t—f(r):v—2f(r):v—2r—4mln(ﬁ—1),

hence

u _v—2r T v

’&/:—e_m:—e 4m(——1)’ ’0:@4

So © remains positive but @ is allowed to become negative as r crosses
r = 2m from above. This corresponds to the region above the diagonal
T = —X in the coordinates (X,T') of Figure 1.2.1.

A similar calculation shows that the Eddington-Finkelstein extension us-
ing the coordinate u corresponds to the region 4 < 0 within the Kruszkal-
Szekeres extension, which is the region below the diagonal T'= X in the
coordinates of Figure 1.2.1.

7. Vector fields generating isometries are called Killing vector fields. Since
time-translations are isometries in our case, K = & is a Killing vector
field. In the Kruskal-Szekeres coordinate system the Killing vector field
K = 0; takes the form

o1 0
K = 0 =—0;+—
T

1 . .

Op
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More precisely, the Killing vector field 0; defined on the original Schwarzschild

region extends to a Killing vector field X defined throughout the Kruskal-
Szekeres manifold by the second line of (1.2.30).

We note that K is tangent to the level sets of 4 or ¢ at 40 = 0, and
therefore is null there. Moreover, it vanishes at the sphere & = v = 0,
which is called the bifurcation surface of a bifurcate Killing horizon. The
justification of this last terminology should be clear from Figure 1.2.1.

A hypersurface 77 is called null if the pull-back of the spacetime metric
to J is degenerate, see Appendix A.23, p. 316. Quite generally, an
embedded null hypersurface to which a Killing vector is tangent, and null
there, is called a Killing horizon.5 Therefore the union {40 = 0} of the
black hole horizon {@& = 0} and the white hole event horizon {0 = 0} can
be written as the union of four Killing horizons and of their bifurcation
surface.

The bifurcate horizon structure, as well as the formula (1.2.30), are rather
reminiscent of what happens when considering the Killing vector t0, +x0;
in Minkowski spacetime; this is left as an exercice to the reader.

The Kruskal-Szekeres extension is inextendible within the class of C?-extensions
(compare Theorem 1.2.10 below), which can be proved as follows: First, (1.2.6)
shows that the Kretschmann scalar Ra/gv(;RO‘BV‘S diverges as r approaches zero.
As already pointed out, this implies that no C? extension of the metric is pos-
sible across the set {r = 0}. Next, an analysis of the geodesics of the Kruskal-
Szekeres metric shows that all (maximally extended) geodesics which do not
approach {r = 0} are complete. This, Theorem 1.4.2 and Proposition 1.4.3
below implies inextendibility. Together with Corollary 1.4.7 we thus obtain:

THEOREM 1.2.8 The Kruskal-Szekeres spacetime is the unique extension, within
the class of simply connected analytic extensions of the Schwarzschild region
r > 2m, with the property that all maximally extended causal geodesics on
which ]*ZQBWSRO‘BW‘S 1s bounded are complete. O

REMARK 1.2.9 Nevertheless, it should be realised that the exterior Schwarzschild
spacetime (1.2.1) admits many non-isometric vacuum extensions, even in the
class of maximal, analytic, simply connected ones: indeed, let S be any two-
dimensional closed submanifold entirely included in, say, the black-hole region
of the Kruskal-Szekeres manifold (.#,g), such that .# \ S is not simply con-
nected. (A natural example is obtained by removing the “bifurcation sphere”
{t = v = 0}.) Then, for any such S the universal covering manifold (.#Zs, g)
of (M \ S,g|.4\s) has the claimed properties. While maximal, these exten-
sions will contain inextendible geodesics on which the geometry is bounded,
consistently with Theorem 1.2.8. We return to such issues in Section 1.4 below.
Yet another particulary interesting extension of the region {r > 2m} is
provided by the “RP3 geon” of [118], see Example 1.4.1. O

SMore precisely, let X be a Killing vector field. A Killing horizon is a connected component
of the set {g(X,X) =0, X # 0} which forms an embedded hypersurface.
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A beautiful theorem of Sbierski [249] asserts that:

THEOREM 1.2.10 The Kruskal-Szekeres spacetime is inextendible within the class
of Lorentzian spacetimes with continuous metrics.

1.2.4 Other coordinate systems, higher dimensions

A convenient coordinate system for the Schwarzschild metric is given by the so-
called isotropic coordinates: introducing a new radial coordinate 7, implicitly
defined by the formula

r :f(l—i- —N)Q, (1.2.31)

with a little work one obtains

LA i(d iy2 L= m/2lel\* o (1.2.32)
= — x | — 2.
Im o] ) \ & 1+ m/2z] :
where 2% are coordinates on R? with || = 7. Those coordinates show explicitly
that the space-part of the metric is conformally flat (as follows from spherical
symmetry).

The Schwarzschild spacetime has the curious property of possessing flat
spacelike hypersurfaces. They appear miraculously when introducing the Painlevé—
Gullstrand coordinates [145,184,227]: Starting from the standard coordinate
system of (1.2.1) one introduces a new time 7 via the equation

2 2
t=17—2r4/ =™ 4+ 4m arctanh (\ / _m) ) (1.2.33)
r T

2m/r
1—2m/r

so that

dt = dr — dr .

This leads to
2m 2 2m 2 27302 | o2 2
g=—|1——|dr*+24/— drdr+dr - +r [d@ + sin Hdgb],
r r
or, passing from spherical to standard coordinates,

2 2
g = —[1——m]d7'2+2\/—mdrdT—I—dm2+dy2+dz2. (1.2.34)
T r

(Note that each such slice has zero ADM mass.)

A useful tool for the PDE analysis of spacetimes is provided by wave co-
ordinates. In spherical coordinates associated to wave coordinates (t,z,7, 2),
with radius function 7 = /22 + 2 + 22, the Schwarzschild metric takes the
form [188, 259]

g= a2 T s 4 (6 g m)2dn? (1.2.35)
r+m r—m

This is clearly obtained by replacing r with # = —m in (1.2.1).
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INCIDENTALLY: In order to verify the harmonic character of the coordinates asso-
ciated with (1.2.35), consider a general spherically symmetric static metric of the
form

g = —e*dt? +e*Pdr? + 27r?d0?
= —e2dt? + ®Pdr® 4 2V (6;datdx? — dr?)

$in
r2

= —e*dt* + (627(5ij + (P —e*) )dxidacj ) (1.2.36)

where «, 8 and v depend only upon r. We need to calculate

1 1
0, (V| det glg" 0, x™) =

V| det g| V| det g|

Clearly ¢° = 0, which makes the calculation for 20 = t straightforward:

Ogz% = (/| det glg"*).

1 1

— 9, -
Vldetg[ V| det g

as nothing depends upon ¢. For O,2" we have to calculate /| det g| and ¢g"”. For
the latter, it is clear that ¢°° = —e2%, while by symmetry considerations we must
have

Ogt = | det g|g"°) = 9 (/| det glg™) =0,

o sis xtd
(L)

for a function x to be determined. The equation

. _ . . xdxk .
& = ¢ =g g =e <5jk + Xr—g) (6275191' + (e*F — &) 2 )

ztx?

= § e (XeQ'Y + e — ¥ 4 x(e? — 627)> 5
r

55 + 672')/ (625 . e2'y + X€25) 1-%;]
T

gives x = ¢20=F) — 1, and finally

gl = e"2161 4 (728 e*QV)Zzﬂj .

r
Next, /| det g| is best calculated in a coordinate system in which the vector (z,y, z)
is aligned along the z axis, (z,y,2) = (r,0,0). Then (1.2.36) reads, in spacetime
dimension n + 1,

—e2* 0 0 0
0 €* 0 0
g= 0 0 e 0
0 0 0
0 0 0 e
which implies
det g = —e2(@tA+2(n—1)y

still at (x,y,z) = (r,0,0). Spherical symmetry implies that this equality holds
everywhere.
In order to continue, it is convenient to set

¢ = AT =3)7 = patBt(n=D)y (=28 _ =27
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We then have

Videtgloga' = 0,(v/|det glg"") = 9;(v/| det g|g7")

_ aj(ea+6+(n—3)’y 6ij + ea+,(3+(n—1)'y(e—2ﬂ B 6_2’7) xtad ))

2
¢ ¥
xl xtd n—1 xt
= (¢/+¢’)—+¢3J(—2) — (¢/+wl+ gw)_
T r r T
(1.2.37)
For the metric (1.2.35) we have
e = ;;Z, B=—a, = (7+m)?,
so that
F+m)?  F—m m?2
=1 — 27 2a71:(r 1=
o=1, p=cixe 2 XFtm 7z

and if n = 3 we obtain Oy2" = 0, as desired.
More generally, consider the Schwarzschild metric in any dimension n > 3,

2 dr?
Gm = — <1 - MZ) dt> + 1% +r2d0?, (1.2.38)

rn—2

where, as usual, d©2? is the round unit metric on S”~!. In order to avoid confusion
we keep the symbol r for the coordinate appearing in (1.2.38), and rewrite (1.2.36)
as

g = —e*dt* + 2P dr* 4 e272d0?, (1.2.39)

It follows from (1.2.37) that the harmonicity condition reads

0 d(¢d; ¥) (n; Dy — d(¢d; ¥) (o = D6+ 6) L;%, (1.2.40)
Equivalently,
W =(n—1)r""2p. (1.2.41)

Transforming = to 7 in (1.2.68) and comparing with (1.2.39) we find

2m dr
eazwlf—rn_Q, 65:670‘%, el =

Note that ¢ + ¢ = e* #+(»=17. chasing through the definitions one obtains ¢ =
n—3
dr (1> , leading eventually to the following form of (1.2.41)

dF\ 7
% [7”“1 (1 - %)%} =(n-— 1)7“"7372.

<13

Introducing & = 1/r, one obtains an equation with a Fuchsian singularity at = = 0:

d

e {:c3_" (1 - 2m:c"_2) ?} =(n—1z'".

X
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The characteristic exponents are —1 and n — 1 so that, after matching a few lead-
ing coefficients, the standard theory of such equations provides solutions with the
behavior

m n mT2T*3lnr+O(r*5lnr), n=4;
(n—2)rm=3 O(r5=2n), n > 5.

r=r—

Somewhat surprisingly, we find logarithms of 7 in an asymptotic expansion of 7 in
dimension n = 4. However, for n > 5 there is a complete expansion of 7 in terms of
inverse powers of r, without any logarithmic terms in those dimensions. O

As already hinted to in (1.2.38), higher dimensional counterparts of metrics
(1.2.1) have been found by Tangherlini [263]. In spacetime dimension n+ 1, the
metrics take the form (1.2.1) with

2m
Vi=1- g (1.2.42)
and with dQ? — the unit round metric on S"~!'. The parameter m is the
Arnowitt-Deser-Misner mass in spacetime dimension four, and is proportional
to that mass in higher dimensions. Assuming again m > 0, a maximal analytic
extension can be constructed by a simple modification of the calculations above,
leading to a spacetime with global structure identical to that of Figure 1.2.7

except for the replacement 2M — (2M)Y/("=2) there.

REMARK 1.2.12 For further reference we present a general construction of Walker [274].

We summarise the calculations already done: the starting point is a metric of the
form

g=—Fdt? + F~'dr? + hapda*dz? (1.2.43)

=:h

with F' = F(r), where h := hag(t,r,2°)dz*dz? is a family of Riemannian metrics
on an (n—2)-dimensional manifold which possibly depend on ¢ and r. It is convenient
to write F for V2, as the sign of F' did not play any role; similarly the metric h was
irrelevant for the calculations we did above. We assume that F' is defined for r in a
neighborhood of r = rq, at which F' vanishes, with a simple zero there. Equivalently,

F(ro) =0, F'(ro) #0.

Defining
u=t—f(r), v=t+ f(r), f':%, (1.2.44)
4= —exp(—cu), ©=exp(cw), (1.2.45)
one is led to the following form of the metric
F Lo
9=->3 exp(—2¢f(r))dadi+ h. (1.2.46)

Since F has a simple zero, it factorizes as

F(r) = (r—ro)H(r), H(ro)=F'(ro),
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for a function H which has no zeros in a neighborhood of ry. This follows immedi-
ately from the formula

F(r)—F(ro) = /0 dF(Hr _d:O) + 7o) dt = (7“—7“0)/0 F'(t(r—ro)+ro) dt. (1.2.47)
Now,
I 1 1 1 B 1 n H(rg) — H(r)

F(r)  H(ro)r—ro)  F() H(ro)(r —ro)  H(ro)(r —ro)  HrH(ro)(r —10)

An analysis of H(r) — H(rg) as in (1.2.47) allows us to integrate the equation
f"=1/F in the form

fr) = ﬁlnlrﬂ’ol + ),

for some function f which is smooth near r. Inserting all this into (1.2.46) with

_ Fl)
2
gives SH ()
9= $(F’(T))2 exp(—f(r)F'(ro))dado + h, (1.2.48)

with a negative sign if we started in the region r > rg, and positive otherwise.
The function r is again implicitly defined by the equation

0 = F(r — o) exp(f(r)F'(ro)).

>

The right-hand side has a derivative which equals T exp(f(ro)/F’(r0)) # 0 at ro,
and therefore this equation defines a smooth function r = r(4d) for r near ro by
the implicit function theorem.

The above discussion applies to F' which are of C* differentiability class, with
some losses of differentiability. Indeed, (1.2.48) provides an extension of C*~2 differ-
entiability class, which leads to the restriction k > 2. However, the implicit function
argument just given requires h to be differentiable, so we need in fact k > 3 for a
coherent analysis. Note that for real analytic F’s the extension so constructed is
real analytic; this follows from the analytic version of the implicit function theorem.

Supposing we start with a region where r > 7o, with F' positive there. Then we
are in a situation reminiscent of that we encountered with the Schwarzschild metric,
where a single region of the type I in Figure 1.2.1 leads to the attachment of three
new regions to the initial manifold, through “a lower left horizon, and an upper left
horizon, meeting at a corner”. On the other hand, if we start with r < ro and F' is
negative there, we are in the situation of Figure 1.2.1 where a region of type I7 is
extended through “an upper left horizon, and an upper right horizon, meeting at a
corner”. The reader should have no difficulties examining all remaining possibilities.
We return to this in Chapter 4. O

The function f of (1.2.44) for a (4+1)-dimensional Schwarzschild-Tangherlini
solution can be calculated to be

f:r+\/%ln<7:1\/\/g>.
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A direct calculation leads to

2 V2m)?
g=_32m i ) xp(—r/2m) didb + 92 (1.2.49)
T

One can similarly obtain (non-very-enlightening) explicit expressions in dimen-
sion (5 +1).

The isotropic coordinates in higher dimensions lead to the following form of
the Schwarzschild-Tangherlini metric [231]:

4 n _ 2
m n—2 ; 1 —m/2]x|"2 9
m= 1+ -— > (da')? | = (—=—— ) dt*. (1250
g (+2rw\n—2> (11(9”)) <1+m/2\xrn—2 (1250

The radial coordinate |z| in (1.2.50) is related to the radial coordinate r of
(1.2.42) by the formula

It may be considered unsatisfactory that the function r appearing in the
globally regular form of the metric (1.2.25) is not given by an explicit elemen-
tary function of the coordinates. Here is a an explicit form of the extended
Schwarzschild metric due to Israel [159]7

2
yimdxﬂ — (zy + 2m)%d0? . (1.2.51)

= —8m |dxd
g m[my+xy+2

The coordinates (x,y) are related to the standard Schwarzschild coordinates
(t,r) as follows:

r o= ay+2m. (1.2.52)
t = zy+2m(l+Injy/z|), (1.2.53)

—1

2| = +/]r — 2m]| exp <’"4—) (1.2.54)
m
t_

y| = \/|T—2m|exp< y ’"). (1.2.55)
m

In higher dimensions one also has an explicit, though again not very en-
lightening, manifestly globally regular form of the metric [182], in spacetime
dimension n + 1:

w?(—(r) 220 o dm?2((n + 1)(2m — r) + 3r — 4m)

ds2 = 2 dU?
§ m(2m —r)? v
+8mdUdw + r2dQ2_, (1.2.56)
where » > 0 is the function
r({U,w)=2m+ (n —2)Uw, (1.2.57)

while dQ2_ is the metric of a unit round n — 1 sphere.

"The Israel coordinates have been found independently in [228], see also [171].
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1.2.5 Some geodesics

The geodesics in the Schwarzschild metric have been studied extensively in the
literature (cf., e.g., [51]), so we will only make a few general comments about
those.

First, we already encountered a family of outgoing and incoming radial null
geodesics t F (r + 2m In(r — 2m)) = const.

Next, we have seen that the horizon {r = 2m} is threaded by a family of
null geodesics, its generators.

We continue by noting that each Killing vector X produces a constant of
motion g(X, ) along an affinely parameterised geodesic. So we have a conserved
energy-per-unit-mass

2m .

& =g(0,7) =—(1- 7)757

and a conserved angular-momentum-per-unit-mass J
. 2.
J = g(0p,7) =17¢.
Yet another constant of motion arises from the length of 7,

2m. o i 2042 - 2,9.2
1—7)t +1_72_m+r (0% +sin“0p°) = e € {—1,0,1}. (1.2.58)
T

INCIDENTALLY: To simplify things somewhat, let us show that all motions are pla-
nar. One way of doing this is to write the equations explicitly. The Lagrangian for
geodesics reads:

1 L (dt\® L, (dr\? L (dON? L, o, [(dp\’
$2<V (ds) +V <ds) +r I + r“sin” 6 15 .

Those Euler-Lagrange equations which are not already covered by the conservation

laws read:
d [ _pdr\ A A
() < (v () v (%)

o\ ., [dp\?
+7 (%) + sin 9<$> , (1.2.59)
d [ ,d0\ . dp\*
I <7" ds) = r smﬂcost9<d8) . (1.2.60)

Consider any geodesic, and think of the coordinates (r, 8, ) as spherical coordinates
on R3. Then the initial position vector (which is, for obvious reasons, assumed not
to be the origin) and the initial velocity vector, which is assumed not to be radial
(otherwise the geodesic will be radial, and the claim follows) define a unique plane
in R3. We can then choose the spherical coordinates so that this plane is the plane
0 = 7/2. We then have #(0) = /2 and 6(0) = 0, and then 6(s) = 7/2 is a solution
of (1.2.60) satisfying the initial values. By uniqueness this is the solution. O
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So, without loss of generality we can assume sinf = 1 throughout the mo-
tion, from (1.2.58) we then obtain the following ODE for r(s):

=614 (1- ) - 5). (1.2.61)

The radial part of the geodesic equation can be obtained by calculating di-
rectly the Christoffel symbols of the metric. A more efficient way is to use the
variational principle for geodesics, with the Lagrangian ¥ = g(%,7) — this
can be read off from the middle term in (1.2.58). But the reader should easily
convince herself that, at this stage, the desired equation can be obtained by
differentiating (1.2.61) with respect to s, obtaining
dr  d 2m J?
203 = 4 (F 0= 5).
We wish to point out the existence of a striking class of null geodesics for
which r(s) = const. It follows from (1.2.62), and from uniqueness of solutions
of the Cauchy problem for ODE’s, that such a curve will be a null geodesic
provided that the right-hand sides of (1.2.61) and of (1.2.62) (with ¢ = 0)
vanish:

(1.2.62)

E—(1-")5=0= —5(=r+3m). (1.2.63)
Simple algebra shows now that the curves
s yL(s)=(t=s, r=3m, 0 =7/2, ¢ ==+32m1s), (1.2.64)

are null geodesics spiraling on the timelike cylinder {r = 3m}.

EXERCICE 1.2.14 Let v be a timelike geodesic for the Schwarzschild metric param-
eterized by proper time and lying in the equatorial plane § = /2. Show that
E2 _ 7;2 J2

1—277“ r2

=1.

Deduce that if £ =1 and J = 4m then
\/77_ 2\/7'% _ Aeecp/\/i,

VT +2y/m
where e = £1 and A is a constant. Describe the orbit that starts at ¢ = 0 in each
of the cases (i) A =0, (ii)) A=1, e=—1, (iii) 7(0) = 3m, e = —1. O

EXERCICE 1.2.15 Let u = m/r. Show that there exist constants E, J and A such
that along non-radial geodesics we have

du\?> m2E? Am?
<@) = — (v + N )(1—2u). (1.2.65)

Show that for every r > 3m there exist timelike geodesics for which 7 = 0.
Consider a geodesic which is a small perturbation of a fixed-radius geodesic.
Writing v = wo + du, where dug/dp = 0, and where Ju is assumed to be small,
derive a linear second order differential equation approximatively satisfied by du.
Solving this equation, conclude that for 3m < r < 6m the constant-radius geodesics
are unstable at a linearized level, while they are linearization-stable for r > 6m. O
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EXERCICE 1.2.16 Consider (1.2.65) with A\ = 0 and J = 3v/3mE. Check that we

have then ) )
du 1 1
— | =2 - - = 1.2.
(5) =2(e+5) (+-3) (2260

and that for any ¢o € R the function

u(p) = f% + %tzmh2 B(@ - 900)] (1.2.67)

solves (1.2.66). Study the asymptotic behaviour of these solutions. What can you
infer from (1.2.67) about stability of the spiraling geodesics (1.2.64)? 0

Insightful animations of ray tracing in the Schwarzchild spacetime can be
found at http://jilawww.colorado.edu/~ajsh/insidebh/schw.html.

1.2.6 The Flamm paraboloid

We write again the Schwarzschild metric in dimension n + 1,

2m 9 dr? 9 12

T
where, as usual, dQ? is the round unit metric on S® . Because of spherical
symmetry, the geometry of the ¢ = const slices can be realised by an embedding

into (n + 1)-dimensional Euclidean space. If we set
Gg=dz? + (dz)? + ...+ (d2™)? = d2* + dr® + r2dQ?,

the metric h induced by g on the the surface z = z(r) reads

h= ((%)2 + 1) dr? + r2d0?. (1.2.69)

-
This will coincide with the space part of (1.2.68) if we require that

dz 2m
_— = :I: _ .
dr V rn=2 —2m

The equation can be explicitly integrated in dimensions n = 3 and 4 in terms
of elementary functions, leading to

2 — a0+ 2 X 2v/r — 2m, r>2m, n =3,
-0 In(r +vr2 —=2m), r>+2m,n=4.

The positive sign corresponds to the usual black hole exterior, while the negative
sign corresponds to the second asymptotically flat region, on the “other side”
of the Finstein-Rosen bridge. Solving for r(z), a convenient choice of zy leads
to

r—{ 2m + 22 /8m, n =3,

~ | V2mecosh(z/v2m), n=4.

In dimension n = 3 one obtains a paraboloid, as first noted by Flamm. The
embeddings are visualized in Figures 1.2.2 and 1.2.3.

The qualitative behavior in dimensions n > 5 is somewhat different, as then
z(r) asymptotes to a finite value as r tends to infinity. The embeddings in n =5
are visualized in Figure 1.2.4; in that dimension z(7) can be expressed in terms
of elliptic functions, but the final formula is not very illuminating.
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Figure 1.2.3: Isometric embedding of the space-geometry of an n = 4 dimen-
sional Schwarzschild black hole into five-dimensional Euclidean space, near the

throat of the Einstein-Rosen bridge r = 2m, with 2m = 1 (left) and 2m = 6

sional Schwarzschild black hole into four-dimensional Euclidean space, near the
(right).

Figure 1.2.2: Isometric embedding of the space-geometry of an n = 3 dimen-

(2m)'/2, with 2m = 1 (left) and 2m = 6

(right). The extents of the vertical axes are the same as those in Figure 1.2.2.

throat of the Einstein-Rosen bridge r
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Figure 1.2.4: Isometric embedding of the space-geometry of a (5 + 1)-
dimensional Schwarzschild black hole into six-dimensional Euclidean space, near
the throat of the Einstein-Rosen bridge 7 = (2m)'/3, with 2m = 2. The variable
along the vertical axis asymptotes to ~ £3.06 as r tends to infinity. The right
picture is a zoom to the centre of the throat.

1.2.7 Fronsdal’s embedding

An embedding of the full Schwarzschild geometry into six dimensional Minkowski
spacetime has been constructed by Fronsdal [124] (compare [107-109]). For this,
let us write the flat metric 7 on RS as

n=—(dz")? + (d2")? + (dz*)* + (d2%)* + (dz*)* + (d2°)*.
For » > 2m the required embedding is obtained by setting

20 = 4m+/1 — 2m/r sinh(t/4m) , 2! = 4m+/1 — 2m/r cosh(t/4m),

22 = / V2m(r2 4 2mr + 4m?2) /r3dr (1.2.70)

3 5

23 =rsinfsing, 2*=rsinfcos¢, 2°=rcoss.

(The function 22, plotted in Figure 1.2.5, can be found explicitly in terms of
elliptic integrals, but the final formula is not very enlightening.) The embedding

Figure 1.2.5: The function 22/m of (1.2.70) in terms of r/m.

is visualised in Figure 1.2.6. Note that z? is defined and analytic for all r > 0,
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Figure 1.2.6: Fronsdal’s embedding (¢,7) — (z = z',7 = 20,y = 22), with
target metric —dr2 + da? + dy?, of the region r > 2m (left figure) and of the
whole Kruskal-Szekeres manifold (right figure) with m = 1.

which allows one to extend the map (1.2.70) analytically to the whole Kruskal-
Szekeres manifold. This led Fronsdal to his own discovery of the Kruskal-
Szekeres extension of the Schwarzschild metric, but somehow his name is rarely
mentioned in this context.

EXERCICE 1.2.17 Show that the formulae

2% = 4m+/1 — 2m/r"—2sinh(t/4m), 2! = 4my/1 — 2m/r"—2 cosh(t/4m) ,

mr2=" (r* — 8m3(n — 2)2)
= 1.2.71
2 \/ — 2mr? (1.2.71)

can be used to construct an embedding of (n + 1)-dimensional Schwarzschild metric
with n > 3 into R"+2, O

EXERCICE 1.2.18 Prove that no embedding of (n + 1)-dimensional Schwarzschild
metric with n > 3 into RV exists. O

EXERCICE 1.2.19 Find an embedding of the Schwarzschild metric into R® with met-
ricn = —(dz°)? — (dz')? +(dz?)? + (d2®)? 4 (d2*)? + (dz°)%. You may wish to assume
20 = f(r)cos(t/4m), 2zt = f(r)sin(t/4m), 22 = h(r), with the remaining functions
as in (1.2.70). O
1.2.8 Conformal Carter-Penrose diagrams
Consider a metric with the following product structure:
g = Grr(t,7)dr? + 29,4 (t, 7)dtdr + gu(t,7)dt? + hap(t,r, x)dada® | (1.2.72)

::29 =:h

where h is a Riemannian metric in dimension n — 1. Then any causal vector for
g is also a causal vector for 2¢, and drawing light-cones for 2¢g gives a good idea
of the causal structure of (.#,g). We have already done that in Figure 1.2.1 to
depict the black hole character of the Kruskal-Szekeres spacetime.
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Now, it is not too difficult to prove that any two-dimensional Lorentzian
metric can be locally written in the form

29 = 2gu (u, v)dudv = 2gy, (—dt* + dr?) (1.2.73)

in which the light-cones have slopes one, just as in Minkowski spacetime. When
using such coordinates, it is sufficient to draw their domain of definition to
visualise the global causal structure of the spacetime.

EXERCICE 1.2.20 Prove (1.2.73). [Hint: introduce coordinates associated with right-
going and left-going null geodesics.] O

The above are the first two-ingredients behind the idea of conformal Carter-
Penrose diagrams. The last thing to do is to bring any infinite domain of
definition of the (u,v) coordinates to a finite one. We will discuss this how to
do quite generally in Chapter 4, but it is of interest to do it explicitly for the
Kruskal-Szekeres spacetime. For this, let @ and v be defined by the equations

di

I
QU
]
QU
>

I

the Schwarzschild metric (1.2.25) takes the form

32mexp(—5—
g = ~2meCan) 4 4o 4 r2a0?
,
32mexp(—5—
= ——————Ei—ﬁﬁgdﬂdﬁ—%TQdQQ. (1.2.74)
7 cos2 U cos? v
Introducing new time- and space-coordinates ¢ = (a4 0)/2, T = (v — u)/2, so
that
u=t—-z, v=t+7T,
one obtains a more familiar-looking form

r
:é@gﬁ%@@ﬁ+w%w%m.
T COS? U COS* U
This is regular except at cosu = 0, or cosv = 0, or r = 0. The first set
corresponds to the straight lines 4 = ¢ — & € {£x/2}, while the second is the
union of the lines v =t + z € {+7/2}.
The analysis of {r = 0} requires some work: recall that  — 0 corresponds
to v — 1, which is equivalent to

tan(u) tan(v) — 1.

Using the formula
¢ (_+_) tanu + tanv
an(t +70) = ——
1 —tanutanv
we obtain tan(u 4+ v) —,_0 oo unless perhaps the numerator tends to zero.

Except for the last borderline cases, this is equivalent to
u+v=2t— +n/2.

So the Kruskal-Szekeres metric is conformal to a smooth Lorentzian metric on
C x S2, where C is the set of Figure 1.2.7.
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r = constant < 2M Singularity (r = 0)

r=aM / _r=2m
@ t = constant

‘ . [/' r = constant > 2M
( \ r=2Mm
r=2m
Singularity (r = 0) r = constant < 2M
t = constant

Figure 1.2.7: The Carter-Penrose diagram® for the Kruskal-Szekeres spacetime
with mass M. There are actually two asymptotically flat regions, with corre-
sponding event horizons defined with respect to the second region. Each point
in this diagram represents a two-dimensional sphere, and coordinates are cho-
sen so that light-cones have slopes plus minus one. Regions are numbered as in
Figure 1.2.1.

1.2.9 Weyl coordinates

A set of coordinates well suited to study static axisymmetric metrics has been
introduced by Weyl. In those coordinates the Schwarzschild metric takes the
form (cf., e.g., 259, Equation (20.12)])

g = —e2Usem 2 4 ¢~ 2Wsehw p2(p2 1 2Asew (dp? 4 d2?) (1.2.75)

where

Usehw = Inp—1In (msiné + 1/ p? + m? sin® 5) (1.2.76)

_ 2 2 2 2_9
_ lln ViE=m2+p2+/(z+m)2+p m a2
V(z=m)2+ p? +/(z +m)? + p? +2m
1| V2 2 s i
Aschw = —5ln (rsch mg m”cos” 0 (1.2.78)
2 ] "Schw
1 4 _ 2 2 2 2
— " Ve —mP 42+ m) +p S 1(1.2.79)
2+ /= mP P+ e+ m)E £ 7

In (1.2.76) the angle 6 is a Schwarzschild angular variable, with the relations

2m cos § = V(z+m)?2+p2—/(z—m)?+p?,
2rsemy —m) =/ +m)? + 97 + /(2 = m)* + 2,
P? = T'schw (rSchw — 2mn) sin?f, 2= (rychw — m)cos
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where rgu is the usual Schwarzschild radial variable such that e2Usehw = 1 —
2m/rschw- As is well known, and in any case easily seen, Ugeny is smooth on
R3 except on the set {p = 0,—m < z < m}. From (1.2.76) we find, at fixed 2
in the interval —m < z < m and for small p,

Usehw (0, 2) = Inp — In(24/(m + 2)(m — 2)) + O(p?) (1.2.80)

(with the error term not uniform in z).
The value A of A on the rod equals

A(z) = —%m [(m - Z)(”m)} .

(2m)?

1.3 Some general notions

1.3.1 Isometries

Before continuing some general notions are in order. A Killing field, by defini-
tion, is a vector field the local flow of which preserves the metric. Equivalently,
X satisfies the Killing equation,

0= LxGgu = VuXy +V, X, (1.3.1)

The set of solutions of this equation forms a Lie algebra, where the bracket
operation is the bracket of vector fields (see Section A.21, p. 305).

One of the features of the Schwarzschild metric (1.2.1) is its stationarity,
with Killing vector field X = 9;: A spacetime is called stationary if there
exists a Killing vector field X which approaches 0; in the asymptotically flat
region (where 7 goes to oo, see Section 1.3.6 below for precise definitions) and
generates a one parameter groups of isometries. A spacetime is called static if it
is stationary and if the stationary Killing vector X is hypersurface-orthogonal,
ie.

X" AdX° =0, (1.3.2)

where
Xb = X,dxt = g XVdxt .

INCIDENTALLY: EXERCICE 1.3.2 Show that the Schwarzschild metric, as well as
the Reissner-Nordstrom metrics of Section 1.5, are static but the Kerr metrics with
a # 0, presented in Section 1.6 below, are not.

O

Any metric with a Killing vector field X can be locally written, away from
the zeros of X, in the form

g = —V(dt + 0;dz")? + h;;dz'dx? (1.3.3)
=:0
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with X = J; and hence 0;g,, = 0. Then

X" = —V(dt+0), X’ =—dVA(dt+0)—Vdo, X°NdX*=V?(dt+6)Adb.

(1.3.4)
It follows that g is static if and only if df = 0. Therefore, for static metrics, on
any simply connected subset of M there exists a function f = f(z*) such that
0 = df. Introducing a new time coordinate 7 := t + f, we conclude that any
static metric g can locally be written as

g=—Vdr?+ h;dz'da’ . (1.3.5)

We also see that staticity leads to, and is equivalent to, the existence of
a supplementary local discrete isometry of g obtained by mapping 7 to its
negative, 7 — —7T.

On a simply connected spacetime M the representation (1.3.5) is global,
with a function V' without zeros, provided that there exists in M a hypersurface
. which is transverse to a globally timelike Killing vector X, with every orbit
of X meeting .¥ precisely once.

A spacetime is called azisymmetric if there exists a Killing vector field Y,
which generates a one parameter group of isometries, and which behaves like a
rotation: this property is captured by requiring that all orbits 27 periodic, and
that the set {Y = 0}, called the axis of rotation, is non-empty. Killing vector
fields which are a non-trivial linear combination of a time translation and of
a rotation in the asymptotically flat region are called stationary-rotating, or
helical. Note that those definitions require completeness of orbits of all Killing
vector fields (this means that the equation & = X has a global solution for all
initial values), see [60] and [130] for some results concerning this question.

In the extended Schwarzschild spacetime the set {r = 2m} is a null hy-
persurface &, the Schwarzschild event horizon. The stationary Killing vector
X = 0, extends to a Killing vector X in the extended spacetime which becomes
tangent to and null on &, except at the ”bifurcation sphere” right in the middle
of Figure 1.2.7, where X vanishes.

1.3.2 Killing horizons

A null hypersurface which coincides with a connected component of the set
Nx ={9(X,X) =0, X #0}, (1.3.6)

where X is a Killing vector, with X tangent to .4, is called a Killing horizon
associated to X. Here it is implicitly assumed that the hypersurface is embedded.
We will sometimes write .4 (X) instead of Ax.

ExaMPLE 1.3.3 The simplest example is provided by the “boost Killing vector
field”

in Minkowski spacetime: The Killing horizon .#%x of X has four connected
components

N (X)es = {t =€z,0t >0}, €06¢€{£l}; (1.3.8)
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Figure 1.3.1: The four branches of a bifurcate horizon and the bifurcation
surface for the boost Killing vector x0; + t0, in three-dimensional Minkowski
spacetime.

indeed, we have
{9(X.X) = 0} = {t = £}, (1.3.9)

but from this we need to remove the set of points {z = ¢ = 0}, where X
vanishes. The closure 4% of Ax is the set {|t| = ||}, as in (1.3.9), which is
not a manifold, because of the crossing of the null hyperplanes {t = £z} at t =
z = 05 see Figure 1.3.1. Horizons of this type are referred to as bifurcate Killing
horizons. More precisely, a set will be called a bifurcate Killing horizon if it is
the union of a smooth submanifold S of co-dimension two, called the bifurcation
surface, and of four Killing horizons obtained by shooting null geodesics in the
four distinct null directions orthogonal to S. So, the Killing vector zd; + td,
in Minkowski spacetime has a bifurcate Killing horizon, with the bifurcation
surface {t = z = 0}.

EXAMPLE 1.3.4 Figure 1.2.1 on p. 18 makes it clear that the set {r = 2m} in
the Kruskal-Szekeres spacetime is the union of four Killing horizons and of the
bifurcation surface, with respect to the Killing vector field which equals 0; in
the asymptotically flat region.

It turns out that the above examples are typical. Indeed, consider a spacelike
submanifold S of co-dimension two in a spacetime (.#,g), and suppose that
there exists a (non-trivial) Killing vector field X which vanishes on S. Then the
one-parameter group of isometries ¢;[X] generated by X leaves S invariant and,
along S, the tangent maps ¢¢[X]. induce isometries of T.Z to itself. At every
p € S there exist precisely two null directions Vect{ni} C T),.#, where ny are
two distinct null future directed vectors normal to S. Since every geodesic is
uniquely determined by its initial point and its initial direction, we conclude
that the null geodesics through p are mapped to themselves by the flow of
X. Thus X is tangent to those geodesics. There exist two null hypersurfaces
A4 threaded by those null geodesics, intersecting at S. We define A4, to
be the connected components of A4 \ {X = 0} lying to the future of S and
accumulating at S. Similarly we define .44 _ to be the connected components
of A4\ {X =0} lying to the past of S and accumulating at S. Then the 45 1
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are Killing horizons which, together with .S, form a bifurcate Killing horizon
with bifurcation surface S.

ExaAMPLE 1.3.5 One more noteworthy example, in Minkowski spacetime, is pro-
vided by the Killing vector

X = y0; + 10, + 20y — ydy = y0; + (t + )9y — Y0 . (1.3.10)

Thus, X is the sum of a boost y0; + td, and a rotation x0, — y0d,. Note that
X vanishes if and only if
y=t+z=0,

which is a two-dimensional isotropic (null) submanifold of Minkowski spacetime
R'3. Further,
9(X, X) = (t+2)* =0

which is an isotropic hyperplane in R'3.

REMARK 1.3.6 When attempting to prove uniqueness of black holes, one is natu-
rally led to the following notion: Let X be a Killing vector, then every connected,
not necessarily embedded, null hypersurface .4y C A%, with A% as in (1.3.6), with
the property that X is tangent to .4, is called a Killing prehorizon.

One of the fundamental differences between prehorizons and horizons is that
the latter are necessary embedded, while the former are allowed not to be. Thus,
a Killing horizon is also a Killing prehorizon, but the reverse implication is not
true. As an example, consider R x T? with the flat product metric, and let Y be
any covariantly constant unit vector on T2 the orbits of which are dense on T2.
Let I' € T? be such an orbit, then R x I' provides an example of non-embedded
prehorizon associated with the null Killing vector X := 9, + Y.

Prehorizons are a major headache to handle in analytic arguments, and one of
the key steps of the uniqueness theory of stationary black holes is to prove that
they do not exist within the domain of outer commmunications of well behaved
black-hole spacetimes [71,75,198]. O

1.3.3 Surface gravity
The surface gravity x of a Killing horizon .4 (X) is defined by the formula

XX, = —-2rkX, . 1.3.11
( ) (X) KAy (1.3.11)

A word of justification is in order here: since g(X, X) =0 on .4 (X) the differ-
ential of g(X, X) is conormal to ./ (X). (A form « is said to be conormal to S
if for every vector Y € T'S we have a(Y) = 0.) Recalling (cf. Appendix A.23,
p. 316) that on a null hypersurface the conormal is proportional to g(¢, -), where
¢ is any null vector tangent to .4 (those are defined uniquely up to a propor-
tionality factor), we obtain that d(g(X, X)) is proportional to X’ = X, dxt
whence (1.3.11). We will show shortly that x is a constant under fairly general
conditions.

The surface gravity of black holes plays an important role in black hole
thermodynamics, cf. e.g., [34] and references therein.
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REMARK 1.3.7 The surface gravity measures the acceleration a of the integral curves
of the Killing vector X, in the following sense: Let 7 — z#(7) be an integral curve
of X, thus z#(7) solves the equation

» dxt
(1) = o

(1) = X¥(2(7)).

The acceleration a = a*0,, of the curve z#(r) is defined as Di* /dr. On the Killing
horizon Ax we have

Dz# 1
at = e TV, XH =XV, XV =-X°V'X, = fEV“(X”XU)
T
= kit =rXH".
Thus
a=rX (1.3.12)
on the Killing horizon. O

As an example of calculation of surface gravity, consider the Killing vector
X of (1.3.7). We have

d(g(X, X)) = d(—2* + t*) = 2(—2dz + tdt) .

On A (X)es we have t = ez, and

1
X = —2dt + tdz = z(—dt + edz) = —§€d(9(XaX))|JV(X)€5 )

and so
k=c€€c {£l}. (1.3.13)

As another example, for the Killing vector X of (1.3.10) we have
d(g(X, X)) =2(t + z)(dt + dx),

which vanishes on each of the Killing horizons {t = —z,y # 0}. We conclude
that x = 0 on both horizons.

A Killing horizon A% is said to be degenerate, or extreme, if x vanishes
throughout A%; it is called non-degenerate if k has no zeros on A%. Thus,
the Killing horizons 4" (X).s of (1.3.8) are non-degenerate, while both Killing
horizons of X given by (1.3.10) are degenerate.

INCIDENTALLY: EXAMPLE 1.3.9 Consider the Schwarzschild metric. as extended
in (1.2.10),

2
L 2m

g=—( . Ydv? + 2dvdr + r2dQ? . (1.3.14)

We have 5
d(g(X,X)) - d(g(@v,av)> = —r—?dr.

Now, X° = g(0y,) = —(1— %)dv—l—dr, which equals dr at the hypersurface r = 2m.
Comparing with (1.3.11) gives
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We see that the black-hole event horizon in the above extension of the Schwarzschild
metric is a non-degenerate Killing horizon, with surface gravity (4m)~?.

The same calculation for the extension based on the retarded time coordinate
u of (1.2.9) proceeds identically except for various sign changes, resulting in x =
—1/4m for the white-hole event horizon.

Note that there are no black holes with degenerate Killing horizons within the
Schwarzschild family. In fact [90], there are no suitably regular, degenerate, static
vacuum black holes at all.

O

In Kerr spacetimes (see Section 1.6 below) we have x = 0 if and only if
m = a. On the other hand, all horizons in the multi-black hole Majumdar-
Papapetrou solutions of Section 1.7 are degenerate.

In what follows we will prove that x is constant on Killing horizons under
various circumstances; this is used when assigning a temperature to Killing
horizons. In the proofs we will need to differentiate the defining equation

X'VoXy |y = —rXq. (1.3.15)

For this some preliminary work is needed:
Let t4,...a, be any tensor field vanishing on .#". Then

KOV sty oy |y =0 (1.3.16)

for any vector field &k tangent to .#". Since X 5 spans the space of covectors
annihilating .4, (1.3.16) holds if and only if Vgt,, o, |4 equals Xgsq,. o, for
some tensor field s4,. q,. Equivalently,

Xi,Vitay.arlr = 0. (1.3.17)

This is our desired differential consequence of the vanishing of ¢4, _qa,|.s -
We have the following:

THEOREM 1.3.10 x? is a non-zero constant on bifurcate Killing horizons.

REMARK 1.3.11 Both (1.3.13) and the Example 1.3.9 show that &, as defined in
(1.3.11) is not constant on a bifurcate Killing horizon, with a sign which might
change when passing from Killing horizon component to another. The reader
will note that one can fiddle with the sign in (1.3.11) to obtain a constant value
of k throughout a bifurcate Killing horizon, but we will not proceed in this
manner.

ProOF: We follow the argument in [167, p. 59]. Consider, quite generally, a
smooth hypersurface .4 with defining function f; by definition, this means
that f vanishes precisely on .4, with df different from zero on .4". Thus, on
each connected component .4 of our bifurcate Killing horizon we have such a
function f. Next, we claim that there exists a function h such that on A" we
have

X = g, X*dz” = hdf (1.3.18)
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(This property is called hypersurface orthogonality.) Indeed, if Y is any vector
tangent to .4, then Y#0, f = 0 on .4/, since f is constant on .#". On the other
hand, Y#X, = 0, because a null vector tangent to a null hypersurface .4 is
orthogonal to all vectors tangent to .#". It follows that X is proportional to
df , which justifies the existence the function h in (1.3.18). We emphasise that
we do not assume (1.3.18) everywhere, but only on 4.

We start by showing that (1.3.18) implies the identity

X VX, |y =0. (1.3.19)
Indeed, differentiating (1.3.18) we find
VXl =VuhV, f + WV, V, f+ X, Z,, (1.3.20)

for some vector field Z. Here, as already explained above, Z accounts for the
fact that the equality (1.3.18) only holds on .4, and therefore differentiation
might introduce non-zero terms in directions transverse to .#". The first term
in (1.3.20) drops out under antisymmetrisation as in (1.3.19) since X is propor-
tional to V f; similarly for the last one. The second term is symmetric in p and
v, and also gives zero under antisymmetrisation. This establishes (1.3.19). (In
fact, (1.3.19) is a special case of the Frobenius theorem, keeping in mind that
X4 is hypersurface-orthogonal.)
We continue with the identity

VXV, X, |, = —2k%. (1.3.21)

To see this, we multiply (1.3.19) by V¥ X” and expand: using the symbol “=_,”
to denote equality on .4, we find

0 =4 VXX, V,X,+V'X’X,V,X, +V'X’X,V,X,

KXP —KkXV
=y V'XPX,V,X,+ XV, X, -k X"V,X,
KXy —kXy

=y (V'X’V,X,+2:%)X,.

This proves (1.3.21) away from the set where X vanishes.

Now, recall that a bifurcate horizon is the union of four Killing horizons,
which are smooth hypersurfaces on which X has no zeros, and of the bifurcation
surface S, where X vanishes. So the set {X # 0} is dense on a bifurcate horizon.
Recall also that x has not been defined on S so far, as the definition needs the
condition X # 0. But we can view (1.3.21) as the definition of x, up to sign,
at points at which X vanishes. Then the calculation just given shows that
the function k2, so-extended to S, is a smooth function on a bifurcate Killing
horizon .4, with (1.3.21) holding throughout .4".

Recall (cf. (A.21.8), p. 308 below) that a Killing vector field satisfies the set
of equations

VaVsXy = Ryapy X7 . (1.3.22)
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Differentiating (1.3.21) we obtain, using (1.3.22),

V'X,VoV, X, |y =—Vs(k?). (1.3.23)
~———

Raauan

So the left-hand side vanishes on S. It follows that Vx? vanishes on S. We
conclude that 2 is constant on any connected component of S.
Contracting (1.3.23) with X we further find

~Zxk*| = =XVe (k)| 4 = VX, RagupX* X7 = 0. (1.3.24)
D
=0

Hence x? is constant along any the null Killing orbits threading each of the

Killing horizons issued from S. Continuity implies that on each orbit the surface
gravity x? takes the same value as at its accumulation point at S. But we
have already seen that x? is constant on S. We conclude that x? is constant
throughout the bifurcate Killing horizon emanating from S.

It remains to show that x? cannot vanish on S: This is a consequence of the
fact that X|s = 0, k|s = 0 and (1.3.21) imply VX|g = 0. Proposition A.21.7,
p- 309 gives X = 0, contradicting the definition of a bifurcate Killing horizon.
O

Yet another class of spacetimes with constant s (see [150], Theorem 7.1
or [271], Section 12.5) is provided by spacetimes satisfying the dominant energy
condition: this means that T}, X*Y" > 0 for all causal future directed vector
fields X and Y. Our aim now is to prove this.

Since X, is hypersurface-orthogonal on .4, from the “Frobenius identity”
(1.3.19) we have

0 =4 3X_3VeX, =4 XpVeX,+ XoV X5+ X VX,
= 2X[5VU]X’Y + XWVBXU . (1.3.25)
Equivalently,
1
XV Xyl y = §X7VJX5. (1.3.26)

Thus, applying the differential operator X|gV to the left-hand side of (1.3.15),
we find

XWVU] (X’YVQXW) = (X[gvg}XV)VaXW + XWXW VU]VO“X,y
—_—— ———
%X"/VUX[; _Ra]ua'yXH
K
= _§XavaXB — X[ Ro]pon X X"
= KXV Xa — XsRojpary X1 X" (1.3.27)

ol pory
Comparing with the corresponding derivatives of the right-hand side of (1.3.15),
we conclude that

XpR

J]MOWX’YXM ’JV = XaX[anfi- (1.3.28)
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The next step is to show that

X3Roluory XXM |y = XaX(3Rp0 X7 . (1.3.29)

pary

For this, we apply X[,V,] to (1.3.19): Letting Sam denote a cyclic sum over
af~, and using (1.3.26) we obtain:

0 =4 X[uvu}(SaB’YXavﬁX’Y)
=5 Sapy (XY Xa)VeXy + XaX(, V, VX, )
N—— N——
1XaVuX, Rujoyp X7

=4 OapyXaXX|,R (1.3.30)

v]oyp -

Writing out this sum, and contracting with ¢g®*, after a renaming of indices one
obtains (1.3.29).
Comparing (1.3.28) and (1.3.29), since X does not vanish anywhere on a
Killing horizon,
X[OCVB]KV = —X[QRB]WX'V . (1.3.31)

We have therefore proved:

PROPOSITION 1.3.12 Let A be a Killing horizon associated with o Killing vec-
tor X. If
X[QRM}VXV =0 on A4, (1.3.32)

then k s constant on N .

Let us relate (1.3.32) to the dominant energy condition, alluded to above. In
vacuum the Ricci tensor vanishes, so clearly (1.3.32) is satisfied. More generally,
using the Einstein equation, (1.3.32) is equivalent to

XT3 X" =0on A . (1.3.33)
Now, multiplying (1.3.31) by X“ and using X*V,x = 0 one finds
R X"X"|, =0, (1.3.34)

and therefore also
T, X*X"| , =0. (1.3.35)

Assuming the dominant energy condition, this is possible if and only if (1.3.33)
holds. Indeed, the condition that T,,X*Y" is positive for all causal future
directed vectors implies that —T*#,X" is causal future directed. But then
T, X* X" vanishes on .4 if and only if T, X" is proportional to X*, which
implies (1.3.33). We conclude that Proposition 1.3.12 applies, leading to:

THEOREM 1.3.13 Let A" be a Killing horizon and suppose that the energy-
momentum tensor satisfies the dominant energy condition,

T Z"YH" =0 for all causal future directed Z and Y . (1.3.36)

Then k 1s constant on N .
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We conclude this section with the following result, originally proved by Récz
and Wald [239] in spacetime dimension n + 1 = 4:

THEOREM 1.3.14 Let A be a Killing horizon associated with a Killing vector
field X in an (n + 1)-dimensional spacetime. Then the surface gravity k is
constant on A if and only if the exterior derivative of the twist form field w is
zero on the horizon, i.e.

Viao®ay..an-s] |y =0,
where w is defined as wq, .. a, o = eal,,,an_nggXﬁva‘s.
PROOF: Recall (1.3.31):
XVl y = —XoRg X7 (1.3.37)

On the other hand, letting 5,‘;‘55 = 5%55} we have

1B
o 2V AW, 6o

= eaﬂwl'”6"72vw(eél...énfguvauvap)
= (—1)" P20 Pes VA (XEVYXP)
= 2(=1)""(n —2)1(62627 + 655)% + 51698V (XHVV XP)

pCvp pvp wCvp

=:Cn

= o (V5(XOVIX7) + Y, (XPTTX) 4+ 7, (X VXH))

= u(V,XVPXY 4+ XV, VX7 + v, XPVrxe
N — N——— N —
:(%) =Ro,P1X? =-V,XVBX7, cancels out (x)
+XP V. VX + V., XTVOXP + X7V, VeXP )
—— —— ~—_——
=Roy7X° =0 =XVRo,*PX7=0
= 2, XI*RAl_ X7 (1.3.38)

Comparing with (1.3.37), we find

1
Xia Vg |y = —Eeaﬁwl"'6"’2V7w51...5n_2 , (1.3.39)

from which the theorem follows. O

A vector field X is said to be hypersurface orthogonal, if w vanishes, compare
(1.3.2). Recall that X is static if it is timelike (at least at large distances) and
hypersurface orthogonal. It thus follows from Theorem 1.3.14 that the surface
gravity is always constant on Killing horizons associated with static Killing
vectors, regardless of field equations.

It is known that the twist-form vanishes for stationary and axisymmetric
electro-vacuum spacetimes [177,230]; we again infer that x is constant for such
spacetimes; of course this follows also from Theorem 1.3.13.
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Nona

Figure 1.3.2: A spacelike hypersurface .7 intersecting a Killing horizon .44 (X)
in a compact cross-section S.

1.3.4 The orbit-space geometry near Killing horizons

Consider a spacetime (#,g) with a Killing vector field X. On any set % on
which X is timelike we can introduce coordinates in which X = J;, and the
metric may be written as

g = —V?(dt + 0;dz")? + gyyda'da’ , OV = 9,0; = O,g:j = 0. (1.3.40)

where g = gijdxid:cj has Riemannian signature. The metric g is often referred
to as the orbit-space metric.

Let .7 be a spacelike hypersurface in .#; then (1.3.40) defines a Riemannian
metric g on .¥ N % . Assume that X is timelike on a one-sided neighborhood
% of a Killing horizon .A44(X), and suppose that . N % has a boundary
component S which forms a compact cross-section of A4(X), see Figure 1.3.2.

The vanishing, or not, of the surface gravity has a deep impact on the geometry
of g near A5(X) [64]:

1. Every differentiable such S, included in a C? degenerate Killing horizon
A0(X), corresponds to a complete asymptotic end of (. N % ,g). See
Figure 1.3.3.8

This remains valid for stationary and axi-symmetric four-dimensional con-
figurations without the hypothesis that X is timelike near the horizon [86].

2. Every such S included in a smooth Killing horizon .45(X) on which
k>0,

corresponds to a totally geodesic boundary of (¥ N %,g), with g being
smooth up—to—boundary at S. Moreover

(a) a doubling of (. N %, g) across S leads to a smooth metric on the
doubled manifold,

8We are grateful to C. Williams for providing the figure.
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to};gll?)é %Sodosiﬁ”h/oundary

In{i}{nigtljc)\jlindor

Figure 1.3.3: The general features of the geometry of the orbit-space metric
on a spacelike hypersurface intersecting a non-degenerate (left) and degenerate
(right) Killing horizon, near the intersection, visualized by a co-dimension one
embedding in Euclidean space.

(b) with \/—g(X, X) extending smoothly to —y/—g(X, X) across S.

In the Majumdar-Papapetrou solutions of Section 1.7, the orbit-space metric
g as in (1.3.40) asymptotes to the usual metric on a round cylinder as the event
horizon is approached. One is therefore tempted to think of degenerate event
horizons as corresponding to asymptotically cylindrical ends of (., g).

1.3.5 Near-horizon geometry

A key feature of black-hole geometries is the existence of event horizons, which
are null hypersurfaces. By standard causality theory, any null achronal hyper-
surfaces 47 is the union of Lipschitz topological hypersurfaces. Furthermore
(cf. Appendix A.23, p. 316), through every point p € # there is a future inex-
tendible null geodesic entirely contained in s (though it may leave .7 when
followed to the past of p). Such geodesics are called generators.

A useful tool to study geometry near smooth null hypersurfaces, is provided
by the null Gaussian coordinates of Isenberg and Moncrief [210]. (It should be
kept in mind that there exist null hypersurfaces which are not smooth, in fact
examples exist with horizons which are nowhere C* [55].)

PRrROPOSITION 1.3.15 ([210]) Near a smooth null hypersurface 7 one can in-
troduce Gaussian null coordinates, in which the spacetime metric g takes the

form
g = zpdv? + 2dvdx + 2xhadz®dv + hapdz®dx® (1.3.41)

with S given by the equation {x = 0}.

PROOF: Let S C .7 be any (n — 1)-dimensional submanifold of .7#, transverse
to the null generators of 7. Let % be any local coordinate system on S, and
let ¢|s be any field of null vectors, defined on S, tangent to the generators of
. Solving the equation V¢ = 0, with initial values ¢|g on S, one obtains a
null vector field ¢ defined on a ##-neighborhood ¥ C 5 of S, tangent to the
generators of 7. One can extend z® to ¥ by solving the equation ¢(z®) = 0.
The function v| 4 is defined by solving the equation ¢(v) = 1 with initial value
v|g = 0. Passing to a subset of ¥ if necessary, this defines a global coordinate
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system (v, %) on ¥. By construction we have £ = 9, on ¥, in particular g,, =0
on ¥. Further, £ is normal to J# because 7 is a null surface, which implies
Gva = Oon 7.
Let, next, £|4 be a field of null vectors on ¥ defined uniquely by the con-
ditions
glly, 0) =1, g(l]y,04)=0. (1.3.42)

The first equation implies that £|y is everywhere transverse to #. Then we
define ¢ in a spacetime neighborhood % C .# of ¥ by solving the geodesic
equation Vz/ = 0 with initial value £|4 at ¥. The coordinates (v,z%) are
extended to % by solving the equations £(v) = £(2%) = 0, and the coordinate
x is defined by solving the equation /(z) = 1, with initial value z = 0 at 7.
Passing to a subset of % if necessary, this defines a global coordinate system
(v,z,x%) on % .
By construction we have
(=0,, (1.3.43)

hence 9, is a null, geodesic, vector field on 7. In particular

Gz = g(axa az) =0.

Let (zA) = (x,2?), and note that
(9(0.04)) = 9ll,Vida) = 9(l,V0,04) = 9(l, V0, 0%)
_ | o
= 9(6,90,0) = 504 (9(0,0)) = 0.

This shows that the components g, 4 of the metric are z—independent. On S
we have g, = 1 and ¢, = 0 by (1.3.42), which finishes the proof. O

INCIDENTALLY: EXAMPLE 1.3.17 An example of the coordinate system above is
obtained by taking 4 to be the light-cone of the origin in (n + 1)-dimensional
Minkowski spacetime, with x = r — ¢, y = (t 4+ r)/2, then the Minkowski metric 7
takes the form

(x4 2y)?

dn? .
4

n = —dt®> + dr? + r2d0? = 2dx dy +
O

ExaMPLE 1.3.18 The Eddington-Finkelstein coordinates, which bring the Schwarzschild
metric to the form (1.2.10),

2
g=— <1 - —m) dv? + 2dv dr + r2dQ?. (1.3.44)
T

provide an example of null Gauss coordinates around the null hypersurface {r =
2m}.
Quite generally, metrics of the form

g=—F@)d* + £ + hapda’da® (1.3.45)

=:h
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where F' vanishes at r = rg, can be extended across the null-hypersurface {r = rq}
by introducing a new coordinate

v=t+ f(r), where ' = % : (1.3.46)

This leads to
g=—Fdv®+2dvdr+h, (1.3.47)
which is directly in the null-Gaussian-form (1.3.41). O

Average surface gravity

A topological submanifold S of a null achronal hypersurface 72 will be called
a local section, or simply section, if S meets the generators of .7 transversally;
it will be called a cross-section if it meets all the generators precisely once.

Let S be any smooth compact cross-section of 5, the average surface gravity
(Kk)g is defined as

1
= —— d 1.3.48
¥)s = ~g7g7 . edm. (1.3.45)

where ¢ is as in (1.3.41), dpuy, is the measure induced by the metric h on S, and
|S| is the volume of S.

We emphasise that while the notion of surface gravity was defined for Killing
horizons, that of average surface gravity is defined for any sufficiently differen-
tiable null hypersurface with compact cross-sections. Note that the requirement
of compactness is crucial to guarantee finiteness of the defining integral.

Suppose, however, that X := 0, is a Killing vector, and that J# is an
associated Killing horizon. Then ¢ is directly related to the surface gravity of
2 Indeed, from (1.3.41) we have

g(X7X) = Guv = 2P, d(g(XvX))‘QP:O - gOde,', v(g(XvX))‘xZO - @61),

and the definition (1.3.11), p. 40, of surface gravity  gives

I£=—§<p

So if k is constant on . which, as discussed in Section 1.3.3. holds in many
situations of interest, we obtain

(kK)s =K.

The near-horizon geometry equations

When J7 is a degenerate Killing horizon, the surface gravity vanishes by defi-
nition. This implies that the function ¢ can itself be written as z A, for some
smooth function A. The vacuum Einstein equations imply (see [210, eq. (2.9)]
in dimension four and [187, eq. (5.9)] in higher dimensions)

o 1. o o o
Ray = Shaly = Doy (1.3.49)
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where, using the notation of (1.3.41), R, is the Ricci tensor of hap = hablz=0,
and D is the covariant derivative thereof, while hq = hy |x —0- The Einstein
equations also determine A= Alz—o uniquely in terms of h and hab

A= ii}ab (ila}},, - f)ai}b) (1.3.50)

(this equation follows again e.g. from [210, eq. (2.9)] in dimension four, and
can be checked by a calculation in all higher dimensions).

The triple (S, habs ha ) is called the near-horizon geometry. In view of the
Taylor expansions

ha = he+O0(®), hap = hap + O(x)

the pair (hap, ha) together with (1.3.50) describes the leading-order behaviour
of the metric near {x = 0}, which justifies the name.

Suppose that g satisfies the vacuum Einstein equations, possibly with a
cosmological constant. If 9, is a Killing vector (equivalently, 0,A = 0 = 0,h, =
Ovhap), then the near-horizon metric

§ = 2> Adv? + 2dvdz + 2xhedz®dv + hgpda®da® (1.3.51)

is also a solution of the vacuum Einstein equations. To see this, let € > 0 and
in the metric (1.3.41) replace the coordinates (v, ) by (e~ tv, ex);

ge = g|(v,x)ﬁ(6—lv,ez)
= 22 A(ex, V) d(e w)? + 2d(e tv)d(ex) + 2exhy (ex, %) drd(e 1)
+hap(ex, :Ca)d:cadxb
= 22 A(ex,2%)dv? 4 2dvdz + 2xhg(ex, %) dztdv + hay(ex, 2%)drdx®
0 §- (1.3.52)

Now, for every € > 0 the metric g, is in fact g written in a different coordinate
system. Hence the before-last line of (1.3.52) provides a family g, of solutions of
the vacuum Einstein equations depending smoothly on a parameter €. Passing
to the limit € — 0, the conclusion readily follows.

The classification of near-horizon geometries turns out to be a key step
towards a classification of degenerate black holes. We have® the following partial
results, where either staticity is assumed without restriction on dimensions, or
axial-symmetry is required in spacetime dimension four [187]:

THEOREM 1.3.19 ( [90]) Let the spacetime dimension be n+ 1, n > 3, suppose
that o degenerate Killing horizon 4 has a compact cross-section, and that
;la = O\ for some function A (which is necessarily the case in vacuum static
spacetimes). Then (1.3.49) implies he =0, so that hyy is Ricci-flat.

THEOREM 1.3.20 ( [187]) In spacetime dimension four and in vacuum, suppose
that a degenerate Killing horizon A has a spherical cross-section, and that
(A ,g) admits a second Killing vector field with periodic orbits. For every con-
nected component N 0f</V there exists an embedding of N into a Kerr space-
time which preserves ha, h ab ond A.

?Some partial results with a non-zero cosmological constant have also been proved in [90].
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In the four-dimensional static case, Theorem 1.3.19 enforces toroidal topol-
ogy of cross-sections of A4, with a flat ;Lab. This, together with the sphericity
theorem [96], shows non-existence of static, degenerate, asymptotically flat,
suitably regular vacuum black holes.

On the other hand, in the four-dimensional axi-symmetric case, Theorem 1.3.20
guarantees that the geometry tends to a Kerr one, up to second order errors,
when the horizon is approached. This is one of the key ingredients of the proof
of the uniqueness theorem for axi-symmetric, degenerate, connected, vacuum,
asymptotically flat, suitably regular black holes [86].

It would be of significant interest to obtain more information about solutions
of (1.3.49), in all dimensions, without any restrictive conditions. For instance,
it is expected that the hypothesis of the existence of a second vector field is not
necessary for Theorem 1.3.20, and it would of interest to prove, or disprove,
this.

INCIDENTALLY: A partial result towards the existence of a second Killing vector has
been obtained in [93], where small perturbations of the Kerr near-horizon geometry
are studied. For such perturbations the problem can be reduced to a study of the
linearised equations. Using a formalism introduced by Jezierski and Kaminski [165]
and spherical harmonic decompositions one reduces the problem to the proof that
each of the spherical harmonic modes has no kernel. This is done there analytically
except for the seven lowest modes, for which numerical evidence is provided. A key
step of the analysis, established in [93] without any smallness assumptions, is the
proof that h always has precisely two zeros of index one.

Some further results concerning the problem can be found in [165, 222].

As just seen, in the degenerate case the vacuum equations impose strong
restrictions on the near-horizon geometry. It turns out that no such restrictions
exist for non-degenerate horizons, at least in the analytic setting: Indeed, for
any triple (IV, ha, hay), where N is a two- dimensional analytic manifold (com-
pact or not), h is an analytic one-form on N, and hab is an analytic Riemannian
metric on N, there exists a vacuum spacetime (., g) with a bifurcate (and thus
non-degenerate) Killing horizon, so that the metric g takes the form (1.3.41)
near each Killing h0r1zon branching out of the bifurcation surface S ~ N, with
hap = haplr=o0 and hy = hyg lr—0; in fact hap is the metric induced by g on S.
When N is the two-dimensional torus T? this can be inferred from [209] as fol-
lows: using [209, Theorem (2)] with (¢, B4, gap)|t=0 = (0, 2fola, folab) one obtains a
vacuum spacetime (.Z' = S1 x T? x (—¢, €),¢') with a compact Cauchy horizon
S1 x T? and Killing vector X tangent to the S' factor of .#’. One can then
pass to a covering space where S! is replaced by R, and use a construction of
Récz and Wald (cf. Theorem 1.7.3 below) to obtain the desired .# containing
the bifurcate horizon.

This argument generalises to any analytic (N, ha, ;Lab) without difficulties.

1.3.6 Asymptotically flat stationary metrics

There exists several ways of defining asymptotic flatness, all of them roughly
equivalent in vacuum. We will adapt a Cauchy data point of view, as it ap-
01.3.1: pears to be the least restrictive. *1-3-1 So, a spacetime (A ,g) will be said to
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possess an asymptotically flat end if .# contains a spacelike hypersurface .7yt
diffeomorphic to R™ \ B(R), where B(R) is a coordinate ball of radius R, with
the following properties: there exists a constant o > 0 such that, in local coor-
dinates on ey obtained from R™ \ B(R), the metric ¢g induced by g on ey,
and the extrinsic curvature tensor K of .Yy, satisfy the fall-off conditions, for
some k > 1,

Gij — 6ij = Ok(’l“_a) s Kij = Ok_l(’l“_l_a) , (1353)
where we write f = O (r®) if f satisfies
Oy - O, f =000, 0<L<k. (1.3.54)

For simplicity we assume that the spacetime is vacuum, though similar results
hold in general under appropriate conditions on matter fields, see [19, 82] and
references therein. Along any spacelike hypersurface ., a Killing vector field
X of (A ,g) can be decomposed as

X =Nn+Y,

where Y is tangent to .7, and n is the unit future-directed normal to Zx. The
fields N and Y are called “Killing initial data”, or KID for short. The vacuum
field equations, together with the Killing equations imply the following set of
equations on .¥:

sz(g) + KkkK” — QKZkKk] — Nﬁl(nyij + DZD]N) =0, (1356)

where R;;(g) is the Ricci tensor of g. Equations (1.3.55)-(1.3.56) will be referred
to as the vacuum KID equations.

Under the boundary conditions (1.3.53), an analysis of these equations pro-
vides detailed information about the asymptotic behavior of (N,Y). In par-
ticular one can prove that if the asymptotic region .oyt is part of initial data
set (., g, K) satisfying the requirements of the positive energy theorem, and
if X is timelike along .Zuxt, then (N,Y?) —, o (A%, AY), where the A*’s are
constants satisfying (A%)? > >".(A")? [17,82]. One can then choose adapted
coordinates so that the metric can be, locally, written as

g = —V2(dt + eidjiﬂ + gijda’da? (1.3.57)
= =g
with

9ij — 6ij = Op(r=®), 0; =Ox(r=®), V—1=04(r ). (1.3.59)

As discussed in more detail in [20], in g-harmonic coordinates, and in e.g.
a maximal time-slicing, the vacuum equations for g form a quasi-linear elliptic
system with diagonal principal part, with principal symbol identical to that



54 CHAPTER 1. AN INTRODUCTION TO BLACK HOLES

of the scalar Laplace operator. Methods known in principle show that, in
this “gauge”, all metric functions have a full asymptotic expansion in terms of
powers of Inr and inverse powers of r. In the new coordinates we can in fact
take

a=n-—2. (1.3.60)

By inspection of the equations one can further infer that the leading order
corrections in the metric can be written in the Schwarzschild form (1.2.50).

Solutions without Inr terms are of special interest, because the associated
spacetimes have smooth conformal completion at infinity. In even spacetime di-
mension initial data sets containing such asymptotic regions, when close enough
to Minkowskian data, lead to asymptotically simple spacetimes [9,52,120]. It
has been shown by Beig and Simon that logarithmic terms can always be gotten
rid of by a change of coordinates in space dimension three when the mass is
non-zero [21,256]. This has been generalised in [20] to all stationary metrics in
even space-dimension n > 6, and to static metrics with non-vanishing mass in
n = 9.

1.3.7 Domains of outer communications, event horizons

A key notion in the theory of stationary asymptotically flat black holes is that of
the domain of outer communications, defined as follows: For ¢t € R let ¢¢[X] :
M — M denote the one-parameter group of diffeomorphisms generated by
a Killing vector field X; we will write ¢; for ¢;[X]| whenever ambiguities are
unlikely to occur. Let .74y be as in Section 1.3.6. The exterior region eyt
and the domain of outer communications ((.#)) are then defined as'®

f%ext = Utgbt(yext) 5 <<%>> = I+(«%ext) N I_(%ext) . (1361)
The black hole region % and the black hole event horizon T are defined as
B= M\ (Mei), HT=0%.

The white hole region # and the white hole event horizon ¢~ are defined as
above after changing time orientation:

W = M\ (Meg), H~ =0V .

It follows that the boundaries of ((.#)) are included in the event horizons. We
set
EX =0 M) NTH (Me), E=ETUE. (1.3.62)

There is considerable freedom in choosing the asymptotic region #ox;. How-
ever, it is not too difficult to show that I*(.#:), and hence ((.#)), #* and
&*, are independent of the choice of %y as long as the associated .Zey’s
overlap.

19Recall that I (), respectively J~(Q), is the set covered by past-directed timelike, re-
spectively causal, curves originating from €2, while /= denotes the boundary of I~ etc. The
sets IT, etc., are defined as I, etc., after changing time-orientation.
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Our definitions of domain of outer communications, black hole region, etc.,
have been tailored to asymptotically flat stationary spacetimes. The definitions
carry over verbatim to spacetimes with different asymptotics when a preferred
region eyt is present, as e.g. for asymptotically anti-de Sitter spacetimes. As
such, an approach based on conformal completions, and presented in Section 5.1,
p- 201, is often used in the literature. It is applicable to more general spacetimes,
as it does not require stationarity. In the stationary case the definitions just
given are equivalent to the “conformal ones” in all standard examples, and avoid
the various and irrelevant problems introduced by the conformal completions
and discussed in Section 5.1.

In many examples presented in this work, Killing horizons coincide with
event horizons and, in fact, there exist general statements to this effect in the
literature.

1.4 Extensions

Before continuing our studies of various aspects of black-hole spacetimes, it
is convenient to discuss systematically the notion of extensions of Lorentzian
manifolds, and of their properties. Our presentation follows closely that of [71].

Let k € RU {00} U{w}. The (n + 1)-dimensional spacetime (.7, §) is said
to be a C*~extension of an (n+1)-dimensional spacetime (.#, g) if there exists
a C*—immersion v : .# — .# such that 1*g = g, and such that ¢(.#) # 4.
A spacetime (., g) is said to be C*-mazimal, or C*-inextendible, if no C*—
extensions of (., g) exist.

1.4.1 Distinct extensions

We start by noting that maximal analytic extensions of manifolds are not
unique. The simplest examples have already been discussed in Remark 1.2.9:
remove a subset € from a maximally extended manifold .# so that .Z \ € is
not simply connected, and pass to the universal cover; extend maximally the
spacetime so obtained, if further needed. This provides many distinct maximal
extensions. One is tempted to believe that such constructions can be used to
classify all maximal analytic extensions, but this remains to be seen.

One can likewise ask the question, whether uniqueness holds in the class of
globally hyperbolic extensions. The following variation of the last construction
gives a negative answer, when “inextendible” is meant as “inextendible within
the class of globally hyperbolic manifolds”: Let (.#,g) be a simply connected,
analytic, globally hyperbolic spacetime and let (/? ,g) be an inextendible, sim-
ply connected, analytic, globally hyperbolic extension of (.Z,g). Let . be a
Cauchy surface in .#, and remove from .&/ \.# a closed subset € so that .7\ Q
is not simply connected. Let . be a maximal analytic extension of the univer-
sal covering space of .\ €2, with the obvious Cauchy data inherited from .7,
and let (.#,g) be the maximal globally hyperbolic development thereof. Then
(//N ,g) is a globally hyperbolic analytic extension of (.#,g) which is maximal
in the class of globally hyperbolic manifolds, and distinct from (.#, ).
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The examples just discussed exhibit the following undesirable feature: exis-
tence of maximally extended geodesics of affine length near which the spacetime
is locally extendible in the sense of [238]. This local extendibility pathology can
be avoided by exploiting certain symmetries of the extensions, as follows:

Consider any spacetime (//2 9), and let .# be a proper open subset of
M with the metric g obtained by restriction. Thus (//l g) is an extension of
(A ,g). Suppose that there exists a non-trivial isometry ¥ of (./// , §) satisfying:
a) ¥ has no fixed points; b) ¥(.#) N .# = 0; and ¢) ¥? is the identity map.
Then, by a) and c), M /¥ equipped with the obvious metric (still denoted by
g) is a Lorentzian manifold. Furthermore, by b) A embeds diffeomorphically
into .4 /¥ in the obvious way, and therefore M /¥ also is an extension of .Z,
distinct from (.7, 3).

It follows from the results in [220] that (/? /¥, g) is analytic if (#,g) was
(compare [62, Appendix Al).

Keeping in mind that a spacetime must be time-oriented by definition, M a4
will be a spacetime if and only if ¥ preserves time-orientation. If M is simply
connected, then m; (/?/\IJ) = Zo

EXAMPLE 1.4.1 As a definite example of this construction, denote by (.//? 9)
the Kruskal-Szekeres extension of the Schwarzschild spacetime (., g); by the
latter we mean a connected component of the set {r > 2m} within M. Let
(T, X) be the global coordinates on .7 as defined in (1.2.28). Let W : §2 — 52
be the antipodal map. For p € S? consider the four isometries Wiy of the
Kruskal-Szekeres spacetime defined as

Uiy (T,X,p) = (£ T,+£X,¥(p)).

Set A1y = %/\I/ii. Since ¥, is the identity, .Z, = A is the Kruskal-
Szekeres manifold, so nothing of interest here. Next, both manifolds .#Z_4 are
smooth maximal analytic Lorentzian extensions of (.#,g), but are not space-
times because the maps ¥__4 do not preserve time-orientation. However, .#, _
provides a maximal globally hyperbolic analytic extension of the Schwarzschild
manifold distinct from .#. This is the “RP3 geon” discussed in [118]. O

1.4.2 Inextendibility

A scalar invariant is a function which can be calculated using the geometric
objects at hand and which is invariant under coordinate transformations.

For instance, a function o, which can be calculated in local coordinates
from the metric g and its derivatives will be a scalar invariant if, for any local
diffeomorphism 1 we have

ag(p) = ayg (' (). (1.4.1)

In the case of the scalar invariant g(X, X) calculated using a metric g and
a Killing vector X, the invariance property (1.4.1) is replaced by

g x(p) = Qe 1yx (¥ (D)) (1.4.2)
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A scalar invariant f on (.Z,g) will be called a C*-compatibility scalar if f
satisfies the following property: For every C'*-extension (//Z ,g) of (A ,g) and
for any bounded timelike geodesic segment ~y in .# such that () accumulates
at the boundary d(¢(.#)) (where 1 is the immersion map 1 : .# — .#), the
function f is bounded along 7.

Any constant function is a compatibility scalar in this terminology, albeit
not very useful in practice. An example of a useful C%-compatibility scalar is
the Kretschmann scalar Ragy(;Raﬁw. Another example is provided by the norm
g(X, X) of a Killing vector X of g:!!

THEOREM 1.4.2 Let X be a Killing vector field on (#,g) and suppose that
there exists a curve v on which g(X,X) is unbounded. Then there exists no
extension (/?, §) of (A ,g), with a C? metric §, in which the curve v acquires
an end point.

PROOF: Suppose that v, when viewed as a curve in M , acquires an end point
p € # . The linear system of equations (A.21.11), p. 309 below, satisfied by the
Killing vector and its derivatives along -y, shows that X oy extends by continuity
to p. This implies that g(X, X) remains bounded along 7, contradicting our
hypothesis. O

The next inextendibility criterion from [71] is often useful:

PROPOSITION 1.4.3 Suppose that every timelike geodesic v in (A ,g) is either
complete, or some C*—compatibility scalar is unbounded on ~. Then (M ,g) is
CF-inextendible.

PROOF: Suppose that there exists a C*—extension (.#,g) of (#,g), with im-
mersion v : .4 — 4. We identify .# with its image ¢(.#) in .

Let p € 0.4 and let & be a globally hyperbolic neighborhood of p. Let
gn € A be a sequence of points approaching p, thus ¢, € & for n large enough.
Suppose, first, that there exists n such that ¢, € I (p) U I~ (p). By global
hyperbolicity of & there exists a timelike geodesic segment ~ from ¢, to p.
Then the part of v which lies within .# is inextendible and has finite affine
length. Furthermore every C*—compatibility scalar is bounded on . But there
are no such geodesics through ¢, by hypothesis. We conclude that

(It UI~ ()Nt =0. (1.4.3)

Let g€ (IT(p)UI (p))N O, thus ¢ & A by (1.4.3). Since I (q) UI (q) is
open, and p € I (q) U I (q), we have g, € IT(q) U I (q) for all n sufficiently
large, say n > ng. Let v be a timelike geodesic segment from ¢,, to ¢. Since ¢
is not in .#, the part of y that lies within .# is inextendible within .# and has
finite affine length, with all C*—compatibility scalars bounded. This is again
incompatible with our hypotheses, and the result is established. O

"'This inextendibility criterion has been introduced in [23] (see the second part of Proposi-
tion 5, p. 139 there).
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1.4.3 Uniqueness of a class of extensions

In this section we address the question of uniqueness of analytic extensions.

We start with some terminology. A maximally extended geodesic ray ~ :
[0,s7) — . will be called s—complete if s, = oo unless there exists some
polynomial scalar invariant « such that

lim sup |a(y(s))| = co.
S*}S+

A similar definition applies to maximally extended geodesics v : (s_,s") — 4,
with some polynomial scalar invariant (not necessarily the same) unbounded
in the incomplete direction, if any. Here, by a polynomial scalar invariant we
mean a scalar function which is a polynomial in the metric, its inverse, the
Riemann tensor and its derivatives. It should be clear how to include in this
notion some other objects of interest, such as the norm g(X, X) of a Killing
vector X, or of a Yano-Killing tensor, etc. But care should be taken not to take
scalars such as ln(RZ-jk.lRijkl) which could blow up even though the geometry
remains regular; this is why we restrict attention to polynomials.

A Lorentzian manifold (.#,g) will be said to be s—complete if every maxi-
mally extended geodesic is s—complete. The notions of timelike s—completeness,
or causal s—completeness are defined similarly, by specifying the causal type of
the geodesics in the definition above.

We have the following version of [172, Theorem 6.3, p. 255] (compare also the
Remark on p. 256 there), where geodesic completeness is weakened to timelike
s—completeness:

THEOREM 1.4.4 Let (M ,q), (A',g') be analytic Lorentzian manifolds of di-
mension n + 1, n > 1, with .# connected and simply connected, and A’
timelike s—complete. Then every isometric immersion fy : U C M — M,
where U is an open subset of A , extends uniquely to an isometric immersion

[l — A

We start by noting two preliminary lemmas, which are proved as in [172]
by replacing “affine mappings” there by “isometric immersions”:

LEMMA 1.4.5 ([172, Lemma 1, p. 252]) Let A, #' be analytic manifolds, with
M connected. Let f, g be analytic mappings M — A#'. If f and g coincide on
a nonempty open subset of M , then they coincide everywhere. O

LEMMA 1.4.6 ( [172, Lemma 4, p. 254]) Let (A ,q) and (A',g") be pseudo-
Riemannian manifolds of same dimension, with .# connected, and let f and g
be isometric immersions of M into #'. If there exists some point x € M such
that f(x) = g(x) and f(X) = g«(X) for every vector X of T,.#, then f =g
on M . O

Before passing to the proof Theorem 1.4.4, we note a simple Corollary:

COROLLARY 1.4.7 Let (A ,g), (A',q') be two connected, simply connected, s-
complete analytic Lorentzian extensions of (U, g). Then there exists an isomet-

ric diffeomorphism f : M — M.
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PrOOF OF COROLLARY 1.4.7: Viewing U as a subset of .#, Theorem 1.4.4
provides an isometric immersion f : .# — .#' such that f|y = idy. Viewing U
as a subset of .#’, Theorem 1.4.4 provides an isometric immersion f’: .#' —
M such that f|y = id. Then f o f' is an isometry of (.Z’,¢’) satisfying (f o
/v =idy, hence f o f' =1id_y4 by Lemma 1.4.6. Similarly f'o f =id 4, as
desired. O

We can turn our attention now to the proof of Theorem 1.4.4:

PROOF OF THEOREM 1.4.4: Similarly to the proof of Theorem 6.1 in [172], we
define an analytic continuation of fy along a continuous path ¢ : [0,1] — .4 to
be a set of mappings fs, 0 < s < 1, together with a family of open subsets Us,
0 < s <1, satisfying the properties:

e fo=fu onUy=U;

e for every s € [0, 1], Uy is a neighborhood of the point ¢(s) of the path c,
and f, is an isometric immersion f, : Uy C A — MH';

e for every s € [0, 1], there exists a number d; > 0 such that for all s’ € [0, 1],
(|s" — s| < d5) = (c(s') € Us and fy = fs in a neighborhood of ¢(s’)).

We need to prove that, under the hypothesis of s—completeness, such an analytic
continuation does exist along any curve ¢. The argument is simplest for timelike
curves, so let us first assume that c is timelike. To do so, we consider the set:

A:={s €0,1] | an analytic continuation exists along c on [0,s]}  (1.4.4)

A is nonempty, as it contains a neighborhood of 0. Hence 5 := sup A exists and
is positive. We need to show that in fact, § = 1 and can be reached. Assume
that this is not the case. Let W be a normal convex neighborhood of ¢(s) such
that every point z in W has a normal neighborhood containing W. (Such a W
exists from Theorem 8.7, chapter III of [172].) We can choose s; < § such that
c(s1) € W, and we let V be a normal neighborhood of ¢(s1) containing W. Since
s1 € A, fs, is well defined, and is an isometric immersion of a neighborhood
of ¢(s1) into .#"; we will extend it to V N I*(c(s1)). To do so, we know that
exp : V* — V is a diffeomorphism, where V* is a neighborhood of 0 in T,,(,,).#,
hence, in particular, for y € VN 1T i(c(sl)), there exists a unique X € V* such
that y = exp X. Define X’ := f¢,,X. Then X’ is a vector tangent to .#" at the
point fs, (c(s1)). Since y is in the timelike cone of ¢(5), X is timelike, and so is
X', as fs, is isometric. We now need to prove the following:

LEMMA 1.4.8 The geodesic s — exp(sX') of #" is well defined for 0 < s < 1.
PROOF: Let
s* = sup{s € [0,1] | exp(s'X’) exists Vs’ € [0, s]}. (1.4.5)

First, such a s* exists, is positive, and we notice that if s* < 1, then it is
not reached. We wish to show that s* = 1 and is reached. Hence, it suffices
to show that “s* is not reached” leads to a contradiction. Indeed, in such a



60 CHAPTER 1. AN INTRODUCTION TO BLACK HOLES

case the timelike geodesic s — exp(sX’) ends at finite affine parameter, thus,
there exists a scalar invariant ¢ such that p(exp(sX’)) is unbounded as s — s*.
Now, for all s < s*, we can define h(exp(sX)) := exp(sX’), and this gives an
extension h of fs, which is analytic (since it commutes with the exponential
maps, which are analytic). By Lemma 1.4.6, h is in fact an isometric immersion.
By definition of scalar invariants we have

p(exp(sX')) = @(exp(s X)),

where ¢ is the invariant in (.#, g) corresponding to ¢. But this is not possible
since ¢(exp(sX)) has a finite limit when s — s*, and provides the desired
contradiction. 0O

From the last lemma we deduce that there exists a unique element, say h(y),
in a normal neighborhood of fs, (¢(s1)) in .#’ such that h(y) = exp(X’). Hence,
we have extended fs, to a map h defined on V N I*(c(s1)). In fact, h is also an
isometric immersion, by the same argument as above, since it commutes with
the exponential maps of .Z and .#’. Then, since the curve c is timelike, this
is sufficient to conclude that we can do the analytic continuation beyond ¢(3),
since V' N I*(c(s1)) is an open set, and thus contains a segment of the geodesic
c(s), for s in a neighborhood of s.

Let us consider now a general, not necessarily timelike, continuous curve
c(s),0 < s <1, with ¢(0) € U. As before, we consider the set:

{s € [0,1] | there exists an analytic continuation of fy along c(s"),0 < s’ < s},

(1.4.6)
and its supremum §. Assume that 5 is not reached. Let again W be a normal
neighborhood of ¢(§) such that every point of W contains a normal neighbor-
hood which contains W. Then, let z be an element of the set I (c(s)) N W.
I~ (z) N W is therefore an open set in W containing ¢(5). Hence we can choose
s1 < § such that the curve segment c([s1,35]) is included in I~ (z) N W, see
Figure 1.4.1. In particular, 2 € I (c(s1)) N W. Since there exists an analytic

Figure 1.4.1: The analytic continuation at ¢(8).

continuation up to ¢(s1), we have an isometric immersion f,, defined on a neigh-
borhood Uy, of ¢(s1), which can be assumed to be included in W. Hence, from
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what has been seen previously, fs, can be extended as an isometric immersion,
by, on U, := U, U(IT(c(s1)) N W), which contains z. We now do the same op-
eration for ¢ on U,: we can extend it by analytic continuation to an isometric
immersion ¢y defined on U, U (I~ (z) N W), which is an open set containing the
entire segment of the curve x between c¢(s1) and ¢(5). In particular, ¥ and v,
coincide on U,, i.e. on their common domain of definition; thus we obtain an
analytic continuation of fs, along the curve ¢(s), for s; < s < §; this continua-
tion also coincides with the continuation fs, s € [s1, 5[ . This is in contradiction
with the assumption that 5§ is not reached by any analytic continuation from
fu along x. Hence s = 1 and is reached, that is to say we have proved the
existence of an analytic continuation of fi; along all the curve .

The remaining arguments are as in [172]. O

1.5 The Reissner-Nordstrom metrics

The Reissner-Nordstrom metrics are the unique spherically symmetric solutions
of the Einstein-Maxwell equations with vanishing cosmological constant. They
turn out to be static, asymptotically flat, and describe black hole spacetimes
with interesting global properties for a certain range of parameters. The metric
takes the form

2 2 dr?
1y _(1 _2mo Q_2)dtz P Y13 (1.5.1)
r r 2m  Q
1-—+=
T T

where m is, as usual, the ADM mass of g and @ is the total electric charge.
The electromagnetic potential takes the form

Q

r

A="dt. (1.5.2)

The equation ¢(9;,d;) = 0 has solutions r = ry provided that |Q| < m:
re =m+\/m2— Q2.

These hypersurfaces become Killing horizons, or bifurcate Killing horizons, in
suitable extensions of the Reissner-Nordstrém metric.

Calculating as in Example 1.3.9, p. 41, one finds that the surface gravities
of the Killing horizons r = r4 of the Reissner-Nordstrém metric equal

1 1 2m Q2 mry — Q?
S R (L LSl
+ 2 Tgtt’T T4 9 T , 2 S Ti
m2 — 02
_ Y@
3
For r = ry this is strictly positive unless |Q| = m; so we see that Reissner-

Nordstrém black holes are non-degenerate for || < m, and degenerate when
QI =m.

The global structure of a class of maximal extensions of non-degenerate
Reissner-Nordstrom spacetimes is presented in Example 4.3.1, p. 141, while
that of degenerate solutions can be found in Example 4.3.6, p. 147.
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INCIDENTALLY: Suppose that the metric (1.5.1) models an electron, for which
me ~ 9.11 x 10~ 3'kg, Q.~ —1.60 x 10719C.

Our form of the metric requires units in which G/c? = 1 and G/(4megc?) = 1. Using

1 _ _
=k ~899%x10°N-m?-C 7, Ga~667x10"""N.-m? kg °
4dreg
we find
2 Amencd
Me ~ 6.75 x 10~ m x = Q. ~ —1.38 x 10~30m x 1/ 2
G G
leading to

1Qel ~2.04 x 10%'.
Me

We see that a point electron is then described by a naked singularity.
For a proton we have instead
m, =~ 1.67 x 10~ *"kg,
with the charge @, = —Q)., which gives
Q

Mp

~1.11 x 10'8.

The difference is, however, that the proton is not a point particle, so the Reissner-
Nordstrom metric applies, at best, only outside the charge radius of the proton
rp & 0.85 fm. O

In dimensions n + 1 > 5 one has [214] the following counterpart of (1.5.1)-
(1.5.2):

+r2d0%,  (1.5.3)

2m Q?
=2 " 2(n-2)

Q

= rn72

A dr, (1.5.4)

where m is related to the ADM mass, and @ to the total charge.

INCIDENTALLY: The RN metrics have the interesting property of being timelike
geodesically complete, but not null geodesically complete. To see that, consider a
timelike geodesic v parameterised by proper time, thus we have
2m Q N\ 2 2002 1 20,52
*1*7<177m—2 +r2("—2))t + v o + 72(0% +sin” %) .

pn—2 r2(n—2)

Conservation of “energy”, g(%,0;) = —FE, implies that

2m Q? .
(1 ©n—2 + r2(n—2) )t =F,
hence
7;2 _ E2 .
—1= o ik +r2(0% + sin® 6p?) . (1.5.5)
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Equivalently,
. 2m Q? : . .
7'2 = E2 — (1 — rn72 + m) (1 + T2(92 + Sln2 9()02))
>1
2m Q?
2

As r approaches zero the right-hand side becomes negative, which is not possible. It
follows that timelike geodesics cannot approach r» = 0. It is then not too difficult to
prove that maximally extended timelike geodesics are complete in the extensions of
Figures 4.3.1, p. 142 and 4.3.6, p. 148, and timelike geodesic completeness follows.

Obvious modifications of the above calculation similarly show that null geodesics
with non-zero angular momentum, g(, d,) # 0, cannot reach the singular boundary
{r = 0} and are complete.

On the other hand, radial null geodesics reach » = 0 in finite affine parameter:
For then we have zero at the left-hand side of (1.5.5), without an angular-momentum
contribution, giving

r=+FE = r(s)—ro==LE(s—s0).

Hence null radial geodesics reach r = 0 in finite affine time either to the future or
to the past, showing null geodesic incompleteness. O

1.6 The Kerr metric

The Kerr family of metrics provide a “rotating generalisation” of the Schwarzschild
metric. Its importance stems from the black hole uniqueness theorems, which
establish uniqueness of Kerr black holes under suitable global conditions (cf.,
e.g., [72] and references therein). It should, however, be kept in mind that the
Schwarzchild metric describes not only spherically symmetric black holes, but
also the vacuum exterior region of any spherically symmetric matter configura-
tion. There is no such universality property for stationary axi-symmetric con-
figurations. Indeed, the construction of axisymmetric stationary stellar models
is a rather complicated undertaking, we refer the reader to [202] for more in-
formation about the subject.

As such, the two parameter family of Kerr metrics in Boyer-Lindquist co-
ordinates take the form

2mr

g=—dt* + T(dt — asin®(0)dp)?
+ (1% + a®) sin® Odp* + %dﬂ + X%d6* . (1.6.1)
Here
¥ =72+ a?cos?(0), A=r?+a®>—-2mr=(r—ry)(r—r_),(1.6.2)

and r4 < r < 0o, where

ri:m:t(mQ—a?)%.
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The metric satisfies the vacuum Einstein equations for any values of the
parameters a and m, but we will mainly consider parameters in the range

0<l|al <m.

The case |a| = m will sometimes require separate consideration, as then A
acquires one double root at r = m, instead of two simple ones. When a = 0,
the Kerr metric reduces to the Schwarzschild metric, and therefore does not
need to be discussed any further. The case a < 0 can be reduced to a > 0 by
changing ¢ to —; this corresponds to a change of the direction of rotation.
There is therefore no loss of generality to assume that a > 0, which will be done
whenever the sign of a matters for the discussion at hand. The Kerr metrics
with |a] > m can be shown to be “nakedly singular” (compare (1.6.5) below),
whence our lack of interest in those solutions.

It is straightforward to check that the metric (1.6.1) reduces to the Schwarzschild
one when a = 0. It turns out that the case m = 0 leads to Minkowski spacetime:
For a = 0 this is obvious; for a # 0 the coordinate transformation (cf., e.g., [45,
p. 102))

R? =72 + a%sin?(0) , Rcos(©) = rcos(h), (1.6.3)
brings ¢ to the Minkowski metric 7 in spherical coordinates:
n = —dt* + dR* + R? (d©? + sin*(©)dy?) . (1.6.4)

As m = 0 turns out to be Minkowski, and a = 0 Schwarzschild, it is cus-
tomary to interpret m as a parameter related to mass, and a as a parameter
related to rotation. This can be made precise by calculating the total mass and
angular momentum of the solution using e.g. Hamiltonian methods. One then
finds that m is indeed the total mass, while

J =ma

is the component of the total angular momentum in the direction of the axis of
rotation sin(f) = 0.

INCIDENTALLY: It might be of interest to put some numbers in. Consider, for
instance the sun. As such, there are several ways of calculating the total angular
momentum Jg of our nearest stellar neighbour, see [158] for a discussion of the
various estimates and their discrepancies. If we choose the averaged value [158]

Jo ~ 1.92 x 10*! kg m? s7!

for the angular momentum of the sun, and keep in mind the estimate Mg =~
1.99 x 10*°kg for the mass of the sun (cf., e.g., http://nssdc.gsfc.nasa.gov/
planetary/factsheet/sunfact.html), we find

ae = Jo o 0.96 x 10"°m?s™! ~ 322m x ¢,
Mg
M,
o0 c148km, 22 ~0229
c Mg c
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Keeping in mind that the units used in (1.6.1) are such that G = ¢ = 1, we see that
|a| < m for the sun, with both values of a and m being of the same order.

If we consider the earth to be a rigidly rotating uniform sphere, the correspond-
ing numbers are

Js = 7.10 x 10%* kg m? s, My ~ 5.98 x 10*'kg, ag ~3.96m x c,
MsG

2 ~ 0.44cm,

aéc
~ 890.
&G

We conclude that if the earth collapsed to a Kerr metric without shedding angular-
momentum, a naked singularity would result. O

The metric (1.6.1) is not defined at points where ¥ vanishes:
=0 <= r=0,cos0=0.

There is a “real singularity on ¥”, in the sense that the metric cannot be
extended across this set in a C? manner. The standard argument for this in
the literature invokes the Kretschmann scalar (cf., e.g., [181])

48m?2(r? — a? cos? 0)(X? — 16a%r? cos®(0))

Rapys RO = 6 J

(1.6.5)

which is unbounded when the set {3 = 0} is approached from most directions.
Now, this does not quite settle the issue because Ram(;RO‘BV‘S =0e.g. on all
curves approaching {¥ = 0} with 72 = a? cos? §. Similarly, Ra[gwRO‘BV‘S remains
bounded on curves on which either 72 — a? cos?(0) or £2 — 16ar2 cos?(#) go to
zero sufficiently fast. So, one can imagine that spacetime could nevertheless be
extended along some clever family of curves approaching 3 in a specific way.
This problem is unfortunately not cured by considering the length of the

Killing vector 0,

2mr
g(@t, 8,5) =-1 + T 3

which again tends to infinity as 3 is approached from most directions. This only
implies inextendibility “along most directions” at {¥ = 0} by Theorem 1.4.2,
p. 57.

It turns out that the issue can be resolved by a result of Carter [43, p. 1570]
(compare [225, Proposition 4.5.1]), which we quote here without proof:

PROPOSITION 1.6.2 Causal geodesics accumulating at {3 = 0} lie entirely in
the equatorial plane {cosf = 0}. O

Now, on the equatorial plane we have

2m
g(atv at)’cos@zo =-1+ T ’

which is unbounded on any curve approaching {¥ = 0}. We can therefore
invoke Proposition 1.4.3, p. 57, to conclude that, indeed, no extensions are
possible through {¥ = 0}.
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Equation (1.6.3) suggests that the topology of the singular set has something
to do with a ring, though it is not clear how to make a precise statement to
this effect.

The Kerr metric is stationary with the Killing vector field X = 0, generating
asymptotic time translations, as well as axisymmetric with the Killing vector
field Y = J, generating rotations.

The metric components g,,, can be read-off from the expanded version of
(1.6.1):

A — a2 sin2 4 2
g=— a® sin (0)dt2 _ 4amrsin 9dtdgp+
by by
(r? +a?)? — Aa?sin? 0

5
= sin? 0dy? + Zdﬂ +Xdf?*.  (1.6.6)

REMARK 1.6.3 An elegant way of associating global invariants to Killing vectors X
is provided by Komar integrals, which are integrals of the form

/ VeXPdS,s, (1.6.7)
R,t=T

where R and T' are constants, and dS,s form a basis of the space of two-forms
defined as

1
dSap = Feapsds’ A da® . (1.6.8)

A key property of (1.6.7) is that in vacuum, and with zero cosmological constant,
the integrals are independent of r and ¢. This follows from the divergence theorem
together with the identity (compare (A.21.8), p. 308)

VaVoXP = R XP.

In Kerr spacetime it is of interest to calculate (1.6.7) for both Killing vectors
X =0, and X = 0,. In order to do the calculation for both vectors at once let us
denote either 0; or 0, by O, hence X,, = g,.x. For the calculations we need the
inverse metric, the components of which are

i 4mr (a® +1?)
gom T (a2 +r(r — 2m)) (cos(20)a? + a2 + 2r2)”’
v 02— 2mr + 12 00 1
T a2 cosQ(O) +7r2’ T a2 cos2(0) +r2’

oo csc?(0) (a? cos(26) + a® + 2r(r — 2m))
~ (a? + r(r —2m)) (a2 cos(20) + a2 + 2r2)’
4amr

g == (a2 + 7“(7“ —2m)) (a2 005(26) +a2+ 27“2) . (1.6.9)

Then

/ VeXPdS.s = / Ve xAds,; = / Vi, X,09""g"?dS g
R,t=T R,t=T R,t=T

= / a[VX#]g“ag”ﬂdSa,ﬁ = 2/ a[y glttgl/’! dSt
Rjt=T Rt=T

2/ a[ugu])\g#tgyrdstr = / (argu)\ - a,ugr/\)gutgrrdstr
=R,t=T =R,t=T

/ arg,u/\gutgrrdstr = / (argt/\gtt + argcp)\gcpt)g?rdstr .
Rt=T =R, t=T
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As a by-product of T- and R-independence of (1.6.7), one can calculate the integrals
by passing to the limit R — oo, which simplifies the calculations considerably. Thus

/ VeXPdS,s = lim (0rgirg"™ + 0rgprg?")g" 1% sin(0)d6 dep .
r=R,t=T R—oo [ Rt=T —_——
=:d2p
(1.6.10)

To finish the calculation we need the asymptotic behaviour of the metric functions
for large r. We find:

2 4
g=— (1 - Tm + O(’I“_Q)) dt* — ( C;m + 0(7_2)) sin’ 0 dt dyp
2 .2 2 2m -2 2
+ (r* + O(1)) sin® 0dp* + (1 +e Oo(r )> dr
+(r* +0(1)) a¢*. (1.6.11)

This shows explicitly asymptotic flatness of the metric. For the inverse metric, one
obtains

2 2 1
gt=-1- Tm +O0(r™?), g =1~ Tm O™, ¢" =5 +007Y),
) 2am
W= 1O ?), ¢¥=—" 400 1.6.12
97 = g 00T, 9= S0 (1612
We are ready to return to (1.6.10):
/ VaXﬁdSag = lim (0rgerg™ + 8Tg¢Ag‘Pt)r2d2u. (1.6.13)
r=R,t=T R—oo [ Rt=T
When X = 0, this becomes
[ vextas. = i (—0rgut + Ongoug™ )12 dp
r=R,t=T R—oo Jo_Rt=T
= — lim Orgur?d®p = 8mm . (1.6.14)
R—oo Jr=Rt=T
When X = 0, we obtain instead
/ VeXPdS,s = lim (=01 Gty + 0rgupg? )r?d*p
r=R,t=T R—oo Jo_Ri=T
= lim (=0rgty + Org g‘pt)r2d2u
R—oo Jo_Ri=T v e
= 7127ram/ sin®(0) df = —16mam . (1.6.15)
0

a

Because of the occurrence of the function A in the denominator of g,.,, the
metric (1.6.6) is singular at » = r4. Similarly to the Schwarzschild case, it
turns out that the metric can be smoothly extended both across » = r4 and
r = r_, with the sets

oy ={r=ry}

being smooth null hypersurfaces in the extension.
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INCIDENTALLY: Higher dimensional generalisations of the Kerr metric have been
constructed by Myers and Perry [214].

We will give an extended discussion of a family of maximal analytic exten-
sions of the Kerr metric, and their global structure, in Section 4.7.3, p. 167. As
a first step towards this we consider the extension obtained by replacing ¢ with

a new coordinate ) )
v:t+/r Za dr, (1.6.16)

with a further replacement of ¢ by

¢=go+/%dr. (1.6.17)

It is convenient to use the symbol § for the metric ¢ in the new coordinate
system, obtaining

2
g o= - (1 — ’;”)dv? + 2drdv + £d6? — 2asin(0)dedr

(r? +a?)? — a®sin(0)A
Dy

4amr sin?(6)
by

sin?(0)d¢?® — dodv(1.6.18)
In order to see that (1.6.18) provides a smooth Lorentzian metric for v € R and
r € (0,00), note first that the coordinate transformation (1.6.16)-(1.6.17) has
been tailored to remove the 1/A singularity in (1.6.6), so that all coefficients
are now analytic functions on R x (0,00) x S2. A direct calculation of the
determinant of ¢ is somewhat painful, a simpler way is to proceed as follows:
first, the calculation of the determinant of the metric (1.6.6) reduces to that of
a two-by-two determinant in the (¢,1)) variables, leading to

det g = —sin?(9)%?. (1.6.19)
Next, it is very easy to check that the determinant of the Jacobi matrix

(v, r,0,0)/0(t,r,0,0)

equals one. It follows that det § = —sin?(0)%2 for r > r,. Analyticity implies
that this equation holds globally, which (since ¥ has no zeros) establishes the
Lorentzian signature of ¢ for all positive 7.

Let us show that the region r < 71 is a black hole region, in the sense
of (1.2.12). We start by noting that Vr is a causal vector for r_ < r < rg.
A direct calculation using (1.6.18) is again somewhat lengthy, instead we use
(1.6.6) in the region 7 > r to obtain there

A (r—r)r—r)

1
A — — rr = — = — = . 1 2
§(Vr V) = g(Vr V) =g = = = 5 = 5w (1.6.20)

But the left-hand side of this equation is an analytic function throughout the
extended manifold R x (0, 00) x $2, and uniqueness of analytic extensions implies
that g(Vr, Vr) equals the expression at the extreme right of (1.6.20) throughout.
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(The intermediate equalities have only been assumed to be valid for » > ry in
the calculation above, since g has only been defined for » > r;.) Thus Vr
is spacelike if » < r_ or » > 74, null on the hypersurfaces {r = ry} (called
“Killing horizons”, see Section 1.3.2), and timelike in the region {r_ <r < ri};
note that this last region is empty when |a| = m.

We choose a time orientation so that Vt is past pointing in the region r > 7.
Keeping in mind our signature of the metric, this means that ¢ increases on
future directed causal curves in the region r > ry.

Suppose, now, that a®> < m?, and consider a future directed timelike curve
v(s) that starts in the region r > r, and enters the region r < ry. Since %
is timelike it meets the null hypersurface {r = r; } transversally, and thus r is
decreasing along ~ at least near the intersection point. As long as « stays in
the region {r_ < r < r;} the scalar product g(%, Vr) has constant sign, since
both 4 and Vr are timelike there. But

% = §'Vir = g;;5'Vr = g(%, Vr), (1.6.21)
and dr/ds is negative near the entrance point. We conclude that dr/ds is
negative along such v’s on {r_ < r < ry}. This implies that r is strictly
decreasing along future directed causal curves in the region {r_ <r <ry}, so
that such curves can only leave this region through the set {r = r_}. In other
words, no causal communication is possible from the region {r < r;} to the
“exterior world” {r > r,} in the extension that we constructed so far.

The Schwarzschild metric has the property that the set g(X, X) = 0, where
X is the “static Killing vector” 9, coincides with the event horizon r = 2m.
This is not the case any more for the Kerr metric, where we have

2mr )

900, 0,) = (0, 0v) = Guow = —(1 12 4 a2cos26

The equation §(0,,0,) = 0 defines instead a set called the ergosphere:
§(0y,0y) =0 <= rL=m=*m?—a?cos?0,

see Figures 1.6.1 and 1.6.2. The ergosphere touches the horizons at the axes of
symmetry cos@ = £1. Note that 9r1 /060 # 0 at those axes, so the ergosphere
has a cusp there. The region bounded by the outermost horizon r = r; and
the outermost ergosphere r = 74 is called the ergoregion, with X spacelike in
its interior.

It is important to realise that the ergospheres

Ei = {r =171}

are not Killing horizons for the Killing vector d;. Recall that part of the defini-
tion of a Killing horizon 7 is the requirement that J# is a null hypersurface.
But this is not the case for &4: Indeed, note that the Killing vectors 0, and 0;
are both tangent to &4, and thus are all their linear combinations. Now, the
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Figure 1.6.1: A coordinate representation [233] of the outer ergosphere r = 7,
the event horizon r = r, the Cauchy horizon r = r_, and the inner ergosphere
r = 7_ with the singular ring in Kerr spacetime. Computer graphics by Kayll
Lake [181].

character of the principal orbits of the isometry group R x U(1) is determined
by the sign of the determinant

det( it Ity ) = —Asin?(). (1.6.22)
Gto  YGep

Therefore, when sin = 0 the orbits are either null or one-dimensional, while for
0 # 0 the orbits are timelike in the regions where A > 0, spacelike where A < 0
and null where A, = 0. Thus, at every point of &4 except at the intersection
with the axis of rotation there exist linear combinations of d; and 9, which are
timelike. This implies that these hypersurfaces are not null, as claimed.

We refer the reader to Refs. [43] and [225] for an exhaustive analysis of the
geometry of the Kerr spacetime.

INCIDENTALLY: One of the most useful methods for analysing solutions of wave
equations is the energy method. As an illustration, consider the wave equation

Ou=0. (1.6.23)

Let .7 is a foliation of .# by spacelike hypersurfaces, the energy E; of u on .%
associated to a vector field X is defined as

B(t) = / ", X",
S
where T}, is the usual energy-momentum tensor of a scalar field,
1 (a7
Ty = VyuuVyu — §V uVal g -

The energy functional E has two important properties: 1): E > 0 if X is causal,
and 2): E(t) is conserved if X is a Killing vector field and, say, v has compact
support on each of the .#;.
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Figure 1.6.2: Isometric embedding in Euclidean three space of the ergosphere
(the outer hull), and part of the event horizon, for a rapidly rotating Kerr solu-
tion. The hole in the event horizon arises because there is no global isometric
embedding for the event horizon when a/m > v/3/2 [233]. Somewhat surpris-
ingly, the embedding fails to represent accurately the fact that the cusps at the
rotation axis are pointing inwards, and not outwards. Computer graphics by
Kayll Lake [181].

Now, the existence of ergoregions where the Killing vector X becomes spacelike
leads to an E(t) which is not necessarily positive any more, and the energy stops be-
ing a useful tool in controlling the behavior of the field. This is one of the obstactles
to our understanding of both linear and non-linear, solutions of wave equations on a
Kerr background'?, not to mention the wide open question of non-linear stability of
the Kerr black holes within the class of globally hyperbolic solutions of the vacuum
Einstein equations. O

The hypersurfaces
oy ={r=ry}

provide examples of null acausal boundaries. Because g(Vr,Vr) vanishes at
., the usual calculation (see Proposition A.13.2, p. 271) shows that the inte-
gral curves of Vr with r = r1 are null geodesics. Such geodesics, tangent to a
null hypersurface, are called generators of this hypersurface. A direct calcula-
tion of Vr from (1.6.18) requires work which can be avoided as follows: in the
coordinate system (¢,r,0,¢) of (1.6.6) one obtains immediately

A

Vr =g"o,ro, = gﬁr .

Now, under (1.6.16)-(1.6.17) the vector 0, transforms as

a r2+a2

O = 0, + 0y +

Oy -

More precisely, if we use the symbol 7 for the coordinate r in the coordinate
system (v, 7,0, ¢), and retain the symbol r for the coordinate r in the coordinates

2See [25,101] and refs. therein for further information on that subject.
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(t,r,0,¢), we have

r2+a2
A

or 0 o, a

d, = By .

Forgetting the hat over r, we see that in the coordinates (v, 7,6, ¢) we have
1
Vr = E(A&n +ady + (r* 4+ a*)oy,) .

Since A vanishes at r = r4, and 72 + a? equals 2mry there, we conclude that
the “stationary-rotating” Killing field X + 2, Y, where

a _ a

X = 6t = av, Y = a¢ = 6<p, Q+ = 2mr+ = a2 T ri s (1624)
is proportional to Vr on {r > r  }:
X 40 Y =0+~ 0y= -2 Vr on #
— = T on .
+ Y 2mry T a2 r +

It follows that d; + €20, is null and tangent to the generators of the horizon
.. In other words, the generators of 7, are rotating with respect to the
frame defined by the stationary Killing vector field X. This property is at the
origin of the definition of Q2 as the angular velocity of the event horizon.

1.6.1 Non-degenerate solutions (a* < m?): Bifurcate horizons

The study of the global structure of Kerr is somewhat more involved than those
already encountered. An obvious second extension of the coordinate system of
(1.6.6) is obtained when ¢ is replaced by a new coordinate!?

r .2 2
u:t—/ ey, (1.6.25)
T4 A

with a further replacement of ¢ by
Y= —dr. (1.6.26)

If we use the symbol g for the metric ¢ in the new coordinate system, we obtain

2
g = — (1 - %)dqﬂ — 2drdu + $d§? + 2asin®(0)dydr

(r? +a?)? — a? sin2(0)A
by

o damr sin?(0)
by

sin’(6)da dipdu . (1.6.27)
In Schwarzschild one replaces (t,7) by (u,v), and with a little further work a
well behaved extension is obtained. It should be clear that this shouldn’t be
that simple for the Kerr metric, because the two extensions constructed so far

13The discussion here is based on [32,43]. T am grateful to Julien Cortier for useful discus-
sions concerning this section.
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involve incompatible redefinitions of the angular variable ¢, compare (1.6.17)
and (1.6.26).

The calculations that follow are essentially a special case of the general
construction of Racz and Wald [239], presented in Theorem 1.7.3, p. 89 below,
where the argument is traced back to the fact that the surface gravity is constant
on the horizons {r = ry}.

Now, recall that we have seen in Remark 1.2.12, p. 26, how to regularise
two-dimensional Lorentzian metrics with a singularity structure as in (1.2.43).
The first step of the calculation there gets rid of the zero in the denominator of
grr provided that there is a first order zero in gy at that point; then it is easy to
remove the multiplicative first order zero in g, by a logarithmic transformation
to the variables @ and v as in (1.2.45). Note that a first-order zero requires

a2 < m?,

which we are going to assume in the remainder of this section; this is not an
ad-hoc restriction, as the geometry of the spacetime is essentially different in
the extreme case a®> = m?, see the last sentence of Section 1.6.6.

So, under the current conditions the Kerr metric has a first order pole in
grr at v = r4, but there is no zero in gy at those values of r. The trick is to

change ¢, near r = r4, to a new angular variable

a

=p— t, 1.6.28
I ( )
choosing the free constants a # 0 so that the new gy vanishes at ri. Indeed,
after tedious but otherwise straightforward algebra, in the coordinate system

(t,r,0,94) the metric (1.6.6) takes the form

by 2
g= Kdr2 + gudt® + 29, 1dp+dt + (r2 +a®+ %) sin2(0)dg0?t +2db?,

(1.6.29)
with
a? sin 1 a?rsin?( a2 sin?(0
g = (2) - 2() A - ()(’I“—Oéi)Q,
a sin?
Jpit = QinE ( (X +2mr)A + (2m) r(r— ai)) :

to avoid ambiguities, we emphasise that go,; = ¢(0p.,0;). Recalling that
A = (r—ry)(r —r_), one sees that the choice

ay =714 (1.6.30)

leads indeed to a zero of order one in g4, as desired. As a bonus one obtains a
zero of order one in g,, ¢+, which will shortly be seen to be useful as well.

REMARK 1.6.6 It is of interest to check smoothness of the transition formulae from
the coordinates (u, v, 0, 1) to the coordinates (v,r, 6, ¢) of (1.6.16)-(1.6.17), or to
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(u,r,0,1) of (1.6.25)-(1.6.26). For example, near r = r;. we have

T T .2 2
pr = o tid”r/ Ry —— u+/ i 2 A
2mry e A 2mry SRA
L) (2 2
= g 4 9 / mre = (74 (1.6.31)
2mry  2mry J, A

Now,
omry — (r? +a?) =2m(ry —7r) — A,
which vanishes at » = r1. This shows that the integrand in (1.6.31) can be rewritten
as a smooth function of r near r = r;, and so the new angular coordinates ¢ are
smooth functions of (u,r, 1) near r = ry.
Similar calculations apply for ¢_ near r = r_, and for the coordinates (v, r, 8, ¢).
a

Keeping in mind (1.6.24), we see that (1.6.28) together with (1.6.30) is
precisely what is needed for the Killing vectors 9; + a(2mry)~'9,, tangent to
the generators of the horizons {r = r4}, to annihilate ¢4 :

a

(8t + 2mry

&p)%pi =0.

Thus (¢4, 0) provide natural coordinates on the space of generators.
We can now get rid of the singularity in g, by introducing
r? + a?

u=t—f(r), v=t+f(r), f= A (1.6.32)

so that, keeping in mind that A(ry) = 0 <= r% + a? = 2mry,

2mry
fr)y=————In|r —rg| + he(r),
T+ — T
where the hi’s are smooth near r = ry. This is somewhat similar to (1.2.44),
but the function f has been chosen more carefully because of the #—dependence
of g.. One then has

1 A
dt:i(du—i—dv), drzm(dv—du),
so that
— EA 2 it 2
9 = A2 + a2)? (du — dv)” + Z(du + dv)* + gy tdo+ (du + dv)

2
+ (r2 +a?+ %) sin®(0)dy?. + Sd6>.

There are no more unbounded terms in the metric, but one needs yet to get
rid of a vanishing determinant: Indeed, as seen in (1.6.19), the determinant of
the metric in the (r,t,0, ) variables equals —sin?(#)%. Since the Jacobian of
the map (¢,7,¢) — (t,7,¢4) is one, and that of the map (¢,7, o+) — (u,v, 1)
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is —2f" = —2(r? + a?)/A, we find that the determinant of the metric in the
(u,v,0,p1) coordinates equals

YAZsin?()
—_— 1.6.
4(r? 4+ a?)? (1.6.33)
To get rid of this problem we set, as in (1.2.45),
= —exp(—cu), ©=exp(cv). (1.6.34)
Now,
du = _d_zf ) dv = d_/i) )
ct cv
0 = —exp(c(v — u)) = —|r — ry[femre/£=1%) exp(2ch (1)) .
As before, one chooses
_ =TTy
 Admry
so that, for r > r4,
—rz)h
0 = —exp(c(v —u)) = —(r —r+)exp ((Ti rs) i(r)) .
2mr4
The functions "
T w:= (r —ry)exp <(Ti —r3) i(r)> (1.6.35)
2mry

have a non-vanishing derivative at r = r1. Hence, by the analytic implicit
function theorem, there exist near w = 0 analytic functions r4 (w) inverting
(1.6.35). So, near r = ry we can write

r—ry = —uvHy(—u0),

where the Hi’s are analytic near v = 0, non-vanishing there, with a similar
resulting formulae for A. Since gy and g, + both contain a multiplicative factor
r —ry ~ b, we conclude that the coefficients g, 4, gy, 4, as well as

1
Jav = — 5 ~~9uw
cAuv
can be analytically extended across r = ry. This is somewhat less obvious for

1 1

Gaua = Wguua 9op = ngv-

However, with some work one obtains

Asin?(0) | a*sin?(0) 9 9
= = —(A+4 A —
Juu Gvy (4m7":|:)22{ (7“2 T a2) |: ( + mr) + (T:I: r )

+(A + 6mr)A + 20,2(7“2 — 7“:2,[)} .
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This shows that both g, and g,, have a zero of order two at r = r4, which is
precisely what is needed to cancel the singularities arising from 42 in ggq and
from 972 in gpp.
The Jacobian of the map (u,v) + (@,?) equals c?iud, and it follows from
(1.6.33) that the metric has Lorentzian signature in the coordinates (u, 0, 6, ¢+ ).
The metric induced on the Boyer-Lindquist sections of the event horizons
of the Kerr metric, as well as on the bifurcate Killing horizon, reads

(R? + a?)%sin%(0) |, ,

2 2., 2 2 2
= 1. .
ds* = (R* 4 a” cos*(0)) dO* + RZ+ a? cos2(0) dy”, (1.6.36)

where R = m + v'm?2 — a?2. We note that its Ricci scalar, which we denote by
K, is [181]
(R% + a?)(3a? cos®(0) — R?)

K =
(R? + a? cos?(6))3

1.6.2 Surface gravity, thermodynamical identities

Recall that the surface gravity . of a Killing horizon 4%, is defined through

the formula
Ou(X*Xo) |, = =26 X, (1.6.37)

The following provides a convenient procedure to calculate x4: Let b be any
one-form which extends smoothly across the horizon and such that b(X) = 1.
Then k, can be obtained from the equation

— 2%, = —2k.b(X) = b(V(X X)) e, -

Note that the leftermost side of the last equation is independent of the choice
of b, and so is therefore the right-hand side.
In order to implement this for the Kerr metric, recall that the Killing vector

a a

8<p = at + T8¢ = at + Q*&p (1638)

X, =0
* et 2mr, a? + r?

is null on the Killing horizon J# = {r = r.}, where r, € {r_,r,} is one of
the roots of A. As already pointed out, the parameter €2, is called the angular
velocity of the horizon. The equation ¢g(X., X,)|r=,, = 0 is most easily checked
using the following rewriting of the metric:

(2
g = % (%drz - d«92> + 2 ©) (adt — (r* + a2)de)”
A .2 0 2
-5 (dt — asin®(0) dp)”~ . (1.6.39)

Let us use the coordinates (1.6.16)-(1.6.17), so that

r2+a2
A
dp = dgp—%dr. (1.6.41)

dv = dt+

dr, (1.6.40)
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Setting
r? + a?
A
we see that b extends smoothly across the Killing horizon 47, and satisfies
b(X,.) = 1. Thus, using

b=dt+

dr = dv,

Tr _ A
9= r2 + a2 cos? 0
A (12 + 0 cos? 0
(X, X)) = — (1 + o cos )+O((r—r*)2) (1.6.42)

(a? +72)?
(the last equation easily follows from the fact that the last term in the first line
of (1.6.39) is +O((r — 74)?)) we find

1 1 r? + a? v
f = V(X X)) = — 2+ ) (0, (9(X.. X.)0,)

. . (TQ + CL2) rr
= m oo e X))
N 67~A _ Ty — MM

2(T2 + a2) =Ty B 2mr

2 _ 42

- 4 m a (1.6.43)

o2m(m £+ vm? —a?)’

where the plus sign applies to the event horizon {r = r;}, and the minus sign
should be used for the Cauchy horizon {r =r_}.

In the extreme cases m = +a only the plus sign is relevant. We see that s
vanishes then, and is not zero otherwise.

Let J = ma be the “z-axis component” of the angular momentum vector,
and let A, be the area of the cross-sections of the event horizon: Denoting by
(z4) = (0, p) we have, using the fact that the metric is t-independent,

A, = / v/ det gap df dp
=7y, v=const
= lim vV det gap df dy

"7+ Jp=const’, v=const

— lim Vdet gap df dyp
)

T="x Jyr=const’, t=const+F(r

= lim v det gap df dy

=7+ Jp=const’, t=const
s
= or(ri+ a2)/ sin(f) df = 4n(r? + a?). (1.6.44)
0
By a direct calculation, or by general considerations [15,98, 161, 272|, one has
the “thermodynamical identity”

SMy = g—*éA*+Q*5J. (1.6.45)
T

(Some care must be taken with the overall sign in (1.6.43) when the identity
(1.6.45) is considered, as that sign is related to various orientations involved.
The positive sign for the horizon r, = r4 is clearly consistent in this context.)
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1.6.3 Carter’s time machine

An intriguing feature of the Kerr metric in the region {r < 0} is the existence
of points at which

9o = 9(p, ) < 0. (1.6.46)

In other words, there exists a non-empty region where the Killing vector 9, is
timelike. Indeed, we have
(r? +a?)? — Aa?sin?(0) . ,

Jop = S sin®(0)

2a’mr sin’(6)
— ain2 cammrsm=v) o 2
= sin (0)<a2c052(9)+r2+a —i—r)

_ sin(0) (@' + 0’ cos@)A + atr@m A 3r) +2t)
B a?cos(20) + a? + 2r2 - (1.6.47)

We are interested in the set where g, < 0. The second line above clearly shows
that this never happens for > 0, or for |r| very large. Nevertheless, for all
m > 0 the set
YV = {9y, <0}
4 2 2,.2 4
a* + 2a“mr 4 3a“r + 2r
= 0 20) < —
{r <0, cos(20) < IA ,
=:G(r)
¥ #0, sin(f) # 0} (1.6.48)

is not empty. In order to see this, note that G(0) = —1, and G’(0) = —4m/a® <
0. This implies that for small negative r we have G(r) > —1, and hence there
exists a range of # near § = 7/2 for which the inequality defining ¥ is satisfied.
This is illustrated in Figure 1.6.3.

L L
-10 -08

Figure 1.6.3: The function G(ax) of (1.6.48) with m/a € {0.5,1,2,3,4,5}.

It turns out that any two points within ¥ can be connected by a future
directed causal curve. We show this in detail for points p := (¢,7,6,¢) and
p = ({t+1T,r0,¢) for any T € R: Indeed, for n large consider the curve

T
[0,2n7] 2 s+ (s) = (t + ——s, 7,0, 0 £ 5),
2nm

where the plus sign is chosen if d, is future-directed in ¥, while the negative
sign is chosen otherwise. Then ¥ = £0, + %&t, which is timelike future
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directed for all n large enough. As the ¢ coordinate is 2w-periodic, the curve ~
starts at p and ends at p'.

A similar argument applies for general pairs of points within 7.

In particular the choice T'= 0 and n = 1 gives a closed timelike curve.

Interestingly enough, the non-empty region ¥ can be used to connect any
two points p1 and py lying in the region r < r— by a future-directed timelike
curve. To see this, choose some future-directed timelike curve ~; from p; to
some point p € ¥, and some future-directed timelike curve from some point
p' € ¥ to pa. The existence of such curves 71 and 9 is easy to check, and follows
e.g. by inspection of the projection diagram for the Kerr metric of Figure 4.7.3,
p- 171 below. We can then connect p; with ps by a future-directed causal curve
by first following -1 from p; to p, then a future-directed causal curve v from p
to p’ lying in ¥, and then following 7, from p’ to ps.

So, in fact, the region ¥ provides a time-machine for the region r < r_, a
property which seems to have been first observed by Carter [42, 43].

We have been assuming that m > 0 in our discussion of the time-machine.
It should, however, be clear from the arguments given that the time-travel
mechanism for Kerr metrics just described exists in the region r» > 0 if and only
if m < 0.

2

1.6.4 Extreme case a> = m?: horizon, near-horizon geometry,

cylindrical ends

The coordinate transformation leading to (1.6.18) can be used for a = m as
well, leading to

2
§g = — (1 - %)va + 2drdv + S0 — 2m sin?(8)dpdr
2 2\2 2 in2 A 4 2 a2 0
("t m7)” = m7sinZO)A 2 gyag? — 2SO e 6.49)
> S
As before it holds that
det g = —sin?(0)%?, (1.6.50)

which shows that the metric is smooth and Lorentzian away from the set ¥ = 0.

Near-horizon geometry

The near-horizon geometry gnux of the extreme Kerr solution can be ob-
tained [14] by replacing the coordinates (t,r, @) of (1.6.1), p. 63, by new co-
ordinates (£, 7, $) defined as

. A t
r=m+er, t=¢ ', p=¢+—, (1.6.51)
2me

and passing to the limit ¢ — 0 compare Section 1.3.5. Some algebra leads to

1 + cos?(¢ N A 2r2 sin?(0
gNHK:i() __gdt2+7(2)dr2+r(2)d€2 + 2 (9)

205 0) (41 L i)
2 s 7 1+cosz(0)(¢+r_g ) ’

(1.6.52)
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where rg = v/2m. This metric is singular at # = 0, but a second change of
coordinates
. ’I“g PO 7
v=1t——, p=¢—log|— ], (1.6.53)
T To

leads to a manifestly-regular form of the near-horizon Kerr metric:

2r2 sin?(6)

1+ cos?(6)
[ 1 + cos?(6)

~2
o |~ S dv? + 2dv i+ 6] +

0

P 2
YNHK = (daﬁ + —de> .
0
(1.6.54)
This is again a vacuum solution of the Einstein equations with a degenerate
horizon located at # = 0, but with rather a different asymptotic behaviour as

the radial variable 7 tends to infinity.

Cylindrical ends

It turns out that the degenerate Kerr spacetimes contain CMC slices with
asymptotically conformally cylindrical ends, in a sense which will be made pre-
cise: In Boyer-Lindquist coordinates the extreme Kerr metrics, with a® = m?,

take the form, changing ¢ to its negative if necessary,
2mr

r2 + m? cos?(0)

r2 + m? cos?(f)

(r —m)?

The metric v induced on the slices ¢t = const reads, keeping in mind that » > m,

g = —dt*+ (dt — msin®(0)dp)? + (r* + m?) sin?(0)dp?

dr® + (r* +m? cos?(0))do? (1.6.55)

2 2 cog?
N 0
vo= r (rm— :1;))82 ( )dr2 + (r% + m? cos?(0))d6?
(r2 + m?)? — (r — m)?*m?sin?(0)
2 + m?2 cos2(f)

sin®(0)dy? . (1.6.56)

Introducing a new variable z € (—o0, 00) defined as

dr

T—m

doe = —

x=—In(r—m),

so that x tends to infinity as r approaches m from above, the metric (1.6.56)
exponentially approaches

Y —aosee mA(14 cos?(0))dz® + g

= m?(1+cos?()) (dm2 + db? + %d&) (1.6.57)

=:h

We see that the space-metric « is, asymptotically, conformal to the product
metric da? + h on the cylinder R x S2.

Let us mention that the limiting metric, as one recedes to infinity along
the cylindrical end of the extreme Kerr metric, can also be obtained from the
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metric (1.6.36) on the bifurcation surface of the event horizon by setting a = m
there:

sin?
g=m? ((1 + cos?(0))do? + ﬁT@S(f()H)dapQ) . (1.6.58)

We note that the slices t = const are maximal. This follows from the fact
that the unit normal n to these slices takes the form n = n'd, + n¥d,, so that

1
try K = ——=0 det g|n*
: = Ou(VTaetgln’)

- ﬁ (0:(v/Tdetgin) +0,(+/Tdet gln?)) = 0.

It then follows from the scalar constraint equation shows that R > 0.

When studying the Lichnerowicz equation for metrics of cylindrical type it
is of interest to study the sign of the scalar curvature of the various metrics
occurring in the problem at hand. Recall that the scalar curvature, say &, of a
metric of the form df? + e2/(? dp? equals

k= =2(f"+(f)?).

Hence the sphere part h of the limiting conformal metric appearing in (1.6.57)
has scalar curvature equal to

4 cos(20)
(cos20 4+ 1)’

which is negative on the northern hemisphere and positive on the southern one.
Finally, the metric § has scalar curvature

~ 2(3cos?(9) — 1)

— m2(1 + cos2(6))3

and the reader will note that x changes sign as well.

1.6.5 The Ernst map for the Kerr metric

A key role for proving uniqueness of the Kerr black holes is a harmonic map
representation of the field equations: here, to every stationary axisymmetric
solution of the vacuum Einstein field equations (.#, g) one associates a pair of
functions (f,w), where f is norm of the axisymmetric Killing vector, say n:

f=gmn)),

while the function w, called the twist potential, is defined as follows: One intro-
duces, first, the twist form w,dx* via the equation

Wy = ewmno‘vﬂn7 .

It follows from the vacuum field equations that w is closed, see (1.3.38), p. 46.
So if, e.g., . is simply connected, there exists a function w such that

Wy = oW .
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The complex valued function f + iw is called the Ernst potential.
In Boyer-Lindquist coordinates of (1.6.6) the twist potential w reads [103]

ma? cos @ sin* 0
3
It is important for the study of such metrics that the leading order term in w is

uniquely determined by ma. The Ernst potential f + iw can now be obtained
by reading f = gy, from (1.6.6).

w = ma(cos® § — 3cos ) — (1.6.59)

1.6.6 The orbit space metric

Let M denote the space of orbits of the isometry group in the domain of outer
communications:

M = {((A))](R xU(1)).

Note that M can be viewed as the submanifold {t = 0 = ¢} of ((.#)), coordi-
natized by 6 € [0, 7] and 7, with r{ < 7 < occ.
Let Xy = 0;, Xo =n = 0,, and let

o ={n=0}={0=0}U{d=r}

be the axis of rotation. We will use the same symbol &7 for the axis of rotation
in ., as well as for the corresponding set in M. . The orbit space metric h on
M\ < is defined as follows: for Y, Z € T(M \ &),

WY, Z) = g(Y, Z) = 6°'9(Xa, Y )g( X0, Z) (1.6.60)

where ¢ is the matrix inverse to g(X,, X3). Note that det g(X,, X;) < 0 on
((A)) \ o/, which shows that h is well defined there.
Since g, = 95, = 97t = Gip = 0, h is obtained by simply forgetting the part
of the metric involving dt and de:
dr?

h = (7 + a cos? é)((f_m)(f_r_) +df?). (1.6.61)

So, {6 = 0} and {# = 7} are clearly smooth boundaries at finite distance for h,
with h extending smoothly by continuity there. On the other hand, the nature
of {¥ = r;} depends upon whether or not ry = r_. In the subextreme case,
where r_ and 7 are distinct, the set {7 = r1} is seen to be a totally geodesic
boundary at finite distance by introducing a new coordinate x by the formula

dx 1

o . 1.6.62
ai =G -) e

We then have

Ty 1= rlggrx > —00,
as the right-hand side of (1.6.62) is integrable in 7 near {r = ry}. The same
formula in the extreme case 7— = 7, gives an x-variable which diverges log-
arithmically as r approaches r_, leading to a cylindrical end for the metric
h.
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1.6.7 Kerr-Schild coordinates

The explicit, original, Kerr-Schild form of the Kerr metric (cf., e.g., [51]) reads

2mis3

G =T+ O

where
1 _ z
Qde” = dCCO — m [’I"("Ed:ﬂ + ydy) + CL(SCdy - ydﬂ?)] - ?dZ,

and where 7 is defined implicitly as the solution of the equation

22?22 —a?) —a?? = 0.

This form of the metric makes manifest the asymptotic flatness of the metric,
and turns out to be useful for performing gluing constructions, see [70].

1.6.8 Dain coordinates

Dain [103] has invented a system of coordinates which nicely exhibits the
“Finstein-Rosen bridges” of the Kerr metric. One wants to write the space-
part of the Kerr metric in the form

g = e~20+2a (dp® + d2?) + p2e=2U (dyp + pB,dp + A.dz)* . (1.6.63)

If |a] < m let 7 = m + vVm? — a? be the largest root of A, and let r = 0
otherwise. For
r>Try,

so that A > 0, define a new radial coordinate 7 by

it
Il

(r=m+va); (1.6.64)

DN | =

After setting
p=r7sinf, 2z=rcosb, (1.6.65)

one obtains (1.6.63). We have

2 2

- m°—a
r=r+m+——

1.6.66
4ar ( )

We emphasize that while those coordinates bring the metric to the form (1.6.63),
familiar in the context of the reduction of the stationary axi-symmetric vacuum
Einstein equations to a harmonic map problem, the coordinate p in (1.6.65) is
not the area coordinate needed for that reduction'® except when m = a.

“The correct (p,z) coordinates for the harmonic map reduction are p = v/Asin(f), z =
(7 —m) cos 6. In the last coordinates the horizon lies on the axis p = 0, which is not the case
for Dain’s coordinates except if a = m.
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To analyse the behavior near » = 0 we have to distinguish between the
extreme and non-extreme cases. Let us first assume that m? # a?. We can
calculate eV from (1.6.6), and using (1.6.64) we then have

U =2In (2—77:) —ln‘l— ;—22‘ +O(7). (1.6.67)

With a little work it can now be seen that that » = 0 corresponds to another
asymptotically flat region for the metric (1.6.63).

On the other hand, in the extreme case m? = a? one similarly finds
~ f 1 2 -
U= <%) + 51 (1+ cos?(9)) + O(F). (1.6.68)

This implies that the space geometry near ¥ = 0 approaches is that of an
“asymptotically cylindrical end”, as discussed in general in Section 1.3.4.

1.7 Majumdar-Papapetrou multi black holes

In all examples discussed so far the black hole event horizon is a connected hy-
persurface in spacetime. In fact [37, 64, 75], there are no regular, static, vacuum
solutions with several black holes, consistently with the intuition that gravity
is an attractive force. However, static multi black holes become possible in
presence of an electric field. Well-behaved examples are exhausted [94] by the
Majumdar-Papapetrou black holes, in which the metric g and the electromag-
netic potential A take the form [197, 229

19 = —u=2dt? + u?(da® + dy? + d2?),
A=u"ldt,

with some nowhere vanishing function u. Einstein—-Maxwell equations read then

ou ?u  *u  O*u

— =0 —+ —+—=0. 1.7.3

=" o2 T or T o2 (17:3)
The solutions will be called standard MP black holes if the coordinates x# of
(1.7.1)-(1.7.2) cover the range R x (R3\ {@;}) for a finite set of points @; € R?,

i=1,...,1I, and if the function u has the form
I i
=1 E L 1.7.4
' ! = |7 dil ’ ( )

for some positive constants ;.

INCIDENTALLY: The property that these are the only regular black holes within the
MP class has been proved in [84], see also [89, 146]; the fact that all multi-component
regular static black holes are in the MP class has been established in [94], building
upon the work in [200,248,255]; a gap in [94] related to analyticity of the metric
has been removed in [75].

When I = oo, it is a standard fact in potential theory that if the series (1.7.4)
converges at some point, it converges to a smooth function everywhere away from the
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punctures. This case has been analysed in [61, Appendix B], where it was pointed
out that the scalar F,, F'*” is unbounded whenever the @;’s have accumulation
points. It follows from [84] that the case where I = oo and the @;’s do not have
accumulation points cannot lead to regular asymptotically flat spacetimes.

Calculating the flux of the electric field on spheres | — @;| = ¢ — 0, one
finds that u; is the electric charge carried by the puncture ¥ = @;: Indeed, let
F = dA be the Maxwell tensor, we have

F=—u2dundt=—-u20udxtAdt.

The flux of F' through a two-dimensional hypersurface S is defined as

/*F,
S

where x is the Hodge dual, see Appendix A.15, p. 274. A convenient orthonor-
mal basis of T*M is given by the co-frame

00 =utdt, 6°=uds’,
in terms of which we have
F=—u20mu6" N,
This gives
1 o
*F = —u29u % (0°N60°) = = Z u”29pu %07 A 0
2 <
Lik
1 L
= 3 Z OpueT*dz? A da® .
ijk
Consider a sphere S(d;, €) of radius € centred at a;, shifting the coordinates by
a; we can assume that a@; = 0, then dyu approaches
— i /| T
on S(d;,€) as € tends to zero. Therefore
lim *F = —4mp; .
e—0 S(ﬁi,e)

In the current conventions the right-hand side is —47 times the charge, which
establishes the claim.

We will see shortly that punctures correspond to connected components of
the event horizon, so u; can be thought of as the negative of the electric charge
of the ¢’th black hole.

Higher-dimensional generalisations of the MP solutions have been derived
by Myers [213]. The metric and the electromagnetic potential take the form

n+1g = —u2dt? + u% ((d;pl)Q +...+ (d:];")z) , (175)
Azuildr) (176)
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with v being time independent, and harmonic with respect to the flat metric
(dz')? + ...+ (dz™)%. Then, a natural candidate potential u for solutions with
black holes takes the form

= HZ% (1.7.7)

for some a; € R™. Here configurations with NV = oo and which are periodic
in some variables are also of interest, as they could lead to Kaluza-Klein type
four-dimensional solutions.

Let us point out some features of the geometries (1.7.5) with N < co. First,
for large |Z| we have

N
> i=1 Mi > —(n—1
uw=1+ ==L L o)~y
=L 0l )

so that the metric is asymptotically flat, with total ADM mass equal to ZZ]\L 1 M-

Next, choose any i and denote by r := |Z — @;| a radial coordinate centred
at @;. Then the space-part g of the metric (1.7.5) takes the form

_ s 1,2 2\ _ 2 25 d_7"2
g = u 2((d$)+...+(daz))—ru 2(7“2 —|—h>
= (7w (d(nr)? + h)
1 2 -
= (ro—2u)n-2(dz® +h), (1.7.8)

where h is the unit round metric on S®~!. Now, the metric dz? + h is the
canonical, complete, product metric on the cylinder R x S”~!. Further
T"_iQU —za; M > 0.

Therefore the space-part of the Majumdar-Papapetrou metric approaches a
multiple of the canonical metric on the cylinder R x S"~! as & approaches @;.
Hence, the space geometry is described by a complete metric which has one
asymptotically flat region |Z| — oo and N asymptotically cylindrical regions

It has been shown by Hartle and Hawking [146] that, in dimension n = 3, ev-
ery standard MP spacetime can be analytically extended to an electro—vacuum
spacetime with I black hole regions. The calculation, which also provides some
information in higher dimensions n > 3 but runs into difficulties there, pro-
ceeds as follows: Let, as before, r = |Z — @;|; for r small we replace ¢ by a new
coordinate v defined as

v=t+ f(r) = dt = dv — f'(r)dr,
with a function f to be determined shortly. We obtain
g = —u % (dv — fldr)? + u%(dr2 + 72h)
= —u2dv? + 20 fdvdr + (u% — u_Q(f’)2>dr2 + Wz rh
(1.7.9)
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2
We have already seen that the last term wn—272h is well behaved for 7 small.
Let us show that in some cases we can choose f to get rid of the singularity in
- For this we Taylor expand the non-singular part of u near @; as follows:

S E—; &(1 + O(r”—l)) , (1.7.10)

=

with & — an analytic function of r and of the angular variables, at least for
2
small 7. We choose f so that 7n-2 —4~2(f")? vanishes:

f, g &n72
This shows that the function
) |G- L G-I N el s
rr v /EL w
~r—2 ~~ ~~
1+0(rm—1) 140(rn—1)

is an analytic function of r and angular variables for small r.
The above works well when n = 3, in which case (1.7.9) reads

_ U 2
g = —u de2+2( - > dvdr+ gp dr*+ u*r® h.
~r2 ~—~ — =u2
" =140(r?) =0 HAOM)

At 7 = 0 the determinant of 3*1g equals —pufdeth # 0, which implies that
3+1gW can be analytically extended across the null hypersurface 7% = {r =
0} to a real-analytic Lorentzian metric defined in a neighborhood of J#. By
analyticity the extended metric is vacuum. Obviously 7 is a Killing horizon
for the Killing vector 9; = 0,, since 3T1g,, vanishes at 7.

We note that the differential of g(d,,0,) vanishes at r = 0 as well, which
shows that all horizons have vanishing surface gravity.

Let us return to general dimensions n > 4. The problem is that the deter-
minant of the metric vanishes now at » = 0. One could hope that this can be
repaired by a change of coordinates. For this, consider "*1g,.,:

N 2 —n 3—n
Hgodrdo = uw 2f'drdo = (9) Gns dr dv = (1—|—O(r ))u" 2103 dy
u
3—n
n—2
= (1+00" ) Esdn 2 dv

=:p

We see that this term will give a non-vanishing contribution to the determinant
if we introduce a new radial variable p = r"~2. This, however, will wreak havoc

ntlg .dr?, as well as in various other terms because then r = pﬁ, which
introduces fractional powers of the new coordinate p in the metric, leading to
a continuous but non-manifestly-differentiable extension.
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Now, none of these problems occur if N = 1, in which case u = 4, hence
+1g,, = 0; furthermore,

o __ . -2 2
A (1 + %) = il (1.7.11)

= (ap)™2 = [z +p)7z, (1.7.12)

3—n 2)_2_

" gdr dv = s dpdy = e dpdy = %dpdv (1.7.13)

2
un-272

which proves that the metric can be extended analytically across a Killing
horizon {p = 0}, as desired. (The case N = 1 is of course spherically symmetric,
so this calculation is actually a special case of that in Remark 1.2.12, p. 26.)

Equation (1.7.11) shows that the Killing vector d; = 0, is spacelike every-
where except at the horizon p = 0: ¢(9,,0,) > 0. In particular ¢(9,,d,) > 0
attains a minimum on the horizon, hence its derivative vanishes there. As before
we conclude that the black hole is degenerate, xk = 0.

For n > 4 and N > 1 the above construction (or some slight variation
thereof, with f not necessarily radial, chosen to obtain "*lg,. = 0) produces
a metric which can at best be extended by continuity across a Killing horizon
“located at £ = @;”, but the extensions so obtained do not appear to be dif-
ferentiable. The optimal degree of differentiability that one can obtain does
not seem to be known in general. As such, it has been shown in [276] that the
metric cannot be extended smoothly when n > 4 and N = 2 or 3.

More can be said for axi-symmetric solutions [39]: In dimension n = 5,
C? extensions for multi-component axi-symmetric configurations can be con-
structed, and it is argued that generic such solutions do not possess C® ex-
tensions. Examples are constructed where smooth extensions are possible for
one central component, or for an infinity string of components. In dimension
n > 5, C! extensions for multi-component axi-symmetric configurations can
be constructed, and it is argued that generic such solutions do not possess C?
extensions.

PROBLEM 1.7.2 Study, for n > 4, whether (1.7.7) can be corrected by a harmonic
function to give a smooth event horizon. Alternatively, show that there are no
regular static multi-component electro-vacuum black holes in higher dimensions. O

1.7.1 Adding bifurcation surfaces

When trying to prove results about spacetimes containing non-degenerate Killing
horizon, it is extremely convenient to have a compact bifurcation surface at
hand. For example, this hypothesis is made throughout the classification the-
ory of static (non—degenerate) black holes (cf. [71,72] and references therein).
The problem is, that while we have good control of the geometry of the do-
main of outer communications, various unpleasant things can happen at its
boundary. In particular, in [239] it has been shown that there might be an ob-
struction for the extendability of a domain of outer communications in such a
way that the extension comprises a compact bifuraction surface. Nevertheless,
as far as applications are concerned, it suffices to have the following: Given a
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spacetime (M, g) with a domain of outer communications ((Mex)) and a non—
degenerate Killing horizon, there exists a spacetime (M’,¢), with a domain of
outer communications ((M/,.)) which is isometrically diffeomorphic to ((Mext)),
such that all non—degenerate Killing horizons in (M’, ¢’) contain their bifurca-
tion surfaces. Racz and Wald have shown [239], under appropriate conditions,

that this is indeed the case:

THEOREM 1.7.3 (I. Racz & R. Wald, 96) Let (M, gup) be a stationary, or stationary—
rotating spacetime with Killing vector field X and with an asymptotically flat re-
gion Meyy. Suppose that J(Meyxt) is globally hyperbolic with asymptotically flat
Cauchy surface 3 which intersects the event horizon N' = O{((Mext)) N J T (Mext)
in a compact cross—section. Suppose that X is tangent to the generators of N
and that the surface gravity of every connected component of N is a non—zero
constant. Then there exists a spacetime (M’ g',) and an isometric embedding

W ((Mext)) = ((Meg)) € M
where ((M]

t 1)) is a domain of outer communications in M', such that:

1. There exists a one-parameter group of isometries of (M',g.,), such that
the associated Killing vector field X' coincides with ¥*X on ((Ml)).

2. Every connected component of O((M!..)) is a Killing horizon which com-
prises a compact bifurcation surface.

8. There exists a local “wedge-reflection” isometry about every connected
component of the bifurcation surface.

It should be emphasized that neither field equations, nor energy inequalities,
nor analyticity have been assumed above. However, constancy of surface gravity
has been imposed; compare Section 1.3.3.

1.8 The Kerr-de Sitter /Kerr-anti-de Sitter metric

The Kerr-de Sitter (KdS) and the Kerr-anti de Sitter (KAdS) metrics are solu-
tions of the vacuum Einstein equations with a cosmological constant [44]. They
describe an axi-symmetric stationary black hole solving the vacuum Einstein
equations with a positive (KdS) or negative (KAdS) cosmological constant. A
description of some of their global properties can be found in [4,45,87]. Our
presentation follows [223].
In Boyer-Lindquist coordinates the metric takes the form [44]'%,
sin?(6)

1 1 2
2 2 2 2, 2
g = p ( Tdr + 6d9 > + 7 Ag (adt — (r* + a®)dp)

5The transformation between the coordinates used in [44] and the Boyer-Lindquist coordi-
nates above is [45, p. 102]

A=r, p=acos(f), Y=o, x+a’=
p=da?, hzlfﬁTA, e=0, q=20.

t,

[m]=

Note that the papers [44, 45] use the convention that de Sitter corresponds to A < 0; in other
words, Carter’s A is the negative of ours.
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1

. 2
—AT@ (dt — asin®(0) dp)” , (1.8.1)
where
p° = r?+a?cos’(h), (1.8.2)
2, 2 A,

A, = (r°+a%) (1 - 37 > —2mr, (1.8.3)

ZA
Ny = 1+ “Tcos?(e), (1.8.4)

ZA
= — HQT’ (1.8.5)

with t € R, 7 € R, and 0, ¢ being the standard coordinates parameterizing the
sphere. Note that the metric functions are only well-defined away from zeros
of p and A,, and the determinant vanishes at sin() = 0.

When m = 0, g is the de Sitter (A > 0; “dS”) or the anti-de Sitter (A < 0;
“AdS”) metric: Indeed, for a = 0, and after obvious renaming of coordinates,
one obtains directly the standard form of the (A)dS metric in manifestly static
coordinates (7, R, 0, ®):

— _1_ A_R2 2 1 2 2 2 | win? 2
gayas = —(1 )dT* + dR* + R* (d©7 + sin”*(0©)d®?) . (1.8.6)

AR?
3 -5

For a # 0 an explicit coordinate transformation which brings the metric to the
form (1.8.6) has been given in [45, p. 102], see also [4, 149]:

A
® = p—a——t. (1.8.7)

If a =0 = A and m # 0 one obtains the Schwarzschild metric. In what
follows we will assume that A # 0.

When m # 0 but a = 0 one obtains the Schwarzschild-de Sitter or the
Schwarzschild-anti de Sitter metric:

1 .
gs(ays = —(1— —— - ?)dT2 + 1AR—22de2 + R? (d6* + sin®(0)dp?) .
-3 T R
(1.8.8)
The parameter m determines its mass
From now on we assume ma # 0. When a < 0, we can replace ¢ by —p to
obtain a positive value of a, and therefore, to reduce the number of cases to be

considered, we will assume

a>0. (1.8.9)
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With the same reasoning we require
m > 0;

for m < 0 a new positive value for m is obtained by replacing r by —r.
The determinant of (1.8.1) is

4

det(g) = — 27 sin®(0) (1.8.10)

—

and the metric is manifestly Lorentzian at » = 0, which shows that (1.8.1) de-
fines a Lorentzian metric on any connected set on which the metric components
remain bounded, i.e., away from zeros of A,, the “ring singularity” at p = 0,
and the trivial spherical coordinates singularity at 6 € {0, 7}.

The inverse metric reads

—2

v = 2 22 2 .2 2
g“ auay —m <(a +r ) Ag — " S1n (H)AT) at
2 =2 2 A A,) 0:0 Ar o2
—_ ma((a +T) 6 — 7’) t(p—i_ﬁfr
+E—2 (A, — a®sin®(0)Ag) 92 + 20 42 (1.8.11)
ArAgp?sin®(6) " P2
Note that
tt_ Grr 900 9o _ _5_4 % i G
det(g) Ay A, T sin?(9)
and

sgn(g"") = sgn(A,),

so either r or —r is a time-function when A, < 0, and ¢t or —t is a time-function
when A, > 0 and gy, > 0. In the region where 9, is timelike,

{(a®> +rH) Ay — a®A, sin*(0) < 0},

which is nonempty for sin(#) # 0, the orbits of the Killing vector d,, are closed
timelike curves.

The character of the principal orbits of the isometry group R x U(1) is
determined by the sign of the determinant

AA
det( ggtt; gg:i ) =-—= % sin%(6). (1.8.12)

Therefore, for # = 0 the orbits are either null or one-dimensional, while for 6 # 0
the orbits are timelike in the regions where A, > 0, spacelike where A, < 0
and null where A, = 0; the last case is only well-defined after the spacetime
has been extended across the zeros of A, which then become Killing horizons.
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Existence of well-behaved spacelike hypersurfaces requires
a?A > -3, (1.8.13)

which will be assumed in what follows.
The following identities are useful when studying the metrics (1.8.1):

Ag (a® +1?) sin?(0)

Jop + asin® @) g, = = )
gip +asin®(Q)gy = —GA%W ,
agpp+ (M +ad®) gy = GA%W ,
agtcp+(T2+a2)gtt = %,
as well as
gtt9pp — gio = —%FQ@ .

1.8.1 Asymptotic behavior

The K(A)dS metrics possess a boundary at infinity a la Penrose: Recall that
a spacetime (M, g) admits a conformal boundary at infinity ¥ if there exists a
spacetime with non-empty boundary (M, g) such that

1. M is the interior of M and .% = M, thus M = M U .9;

2. there exists Q € C°°(M) such that (a) § = Q%g on M, (b) 2 > 0 on M,
and (¢) 2 =0and dQ2# 0 on .7.

This applies to K(A)dS by choosing

1
Q=+y2, Wherey::;.

Then

1+ ay? cos?(0)
—3a?y* + y? (a®A — 3) + A + 6my
3a?Agy* sin?(0) — 3a’y* + y? (a*A — 3) + A + 6my?
* 3 22 (1 4 a2y? cos?(0))
a’Ay? (a2y2 + 1) cos?(0) + a’Ay? + A + 6my?

g = QDg=y’9g=-3

2
5dy

dt?

—2asin’(0 dtd
asin(6) 322 (1 + a2y? cos2(0)) v
T sin?(0) a*Ay? + a2y2fos2 (9) (3 = (a2y2 + 1) — Gmy)
322 (1+ a?y?cos?())
2 A+6 3 3 2 3 1 2,2 2
a (_ + 6my® + 3y*) + do? + + a”y” cos (0)d02. (1.8.14)
322 (1 + a?y? cos?(0)) Ay
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All the metric coefficients can now be analytically extended across, and to a
neighborhood of, the set .# := {y = 0}. At y =0 we have

3
li 2 :__d2
lim g =~y

Agsin?(0
N g sin”(60)

A 1
= de? + =3 (dt — asin2(9)dgp)2 + —

3= Ag
which is manifestly Lorentzian there, and hence in neighborhood of {y = 0}.
. ~ . Riemannian, for A > 0;
As g on OM is { Lorentzian, for A <0,
spacelike, if A > 0;
{ timelike, if A <O0.

In [45, p.102] it is emphasized that the K(A)dS metrics are asymptotically
(A)dS, in the sense that the metrics approach the (A)dS metric as r goes to
infinity. This can be immediately inferred from (1.8.15), where it is seen that
the metric at y = 0 does not depend upon m, and hence coincides there with the
corresponding conformal rescaling of the (A)dS metric. An explicit construction
proceeds through the Kerr-Schild coordinates: Following [4,136], we use the
transformation

do*, (1.8.15)

the conformal boundary .# is

2mr

1
dT = Edt + —2/\ dT s
= ()
al 2mr a
dp = dp— 3—Edt + 21 A, az)ArdT (1.8.16)
to obtain
2mr
IK(A)dS = g(a)ds + F(kudx“)z : (1.8.17)
with
r2A
1-58) Ay 2 2
gayds = —#dﬂ + ( 2A3 = 2)dr2 + Z—d02
= 1-22)(r+a 0
3
2 2 qin2
+ +a:)8m ©) 42, (1.8.18)
A 2 102 0
kudat = Zldr + 2Ap dr — as”;( ) do.
= (1 - TT) (r2 + a?) =

The metric g(a)qs is the (A)dS metric in unusual coordinates, which can be
verified by using the coordinate transformation [45, 136]

r2Ag + a®sin?(9)

R? = = , (1.8.19)

2 2
RZsin2(0) = X% (), (1.8.20)
T = 7, (1.8.21)

> = ¢ (1.8.22)



94 CHAPTER 1. AN INTRODUCTION TO BLACK HOLES

between (1.8.18) and the (A)dS metric in static coordinates (1.8.6). The vector
field k# is null for both g and g(a)qs, as seen by a direct calculation, and tangent
to a null geodesic congruence, as noted in [136].



Chapter 2

Emparan-Reall “black rings”

An interesting class of black hole solutions of the 4 + 1 dimensional stationary
vacuum Einstein equations has been found by Emparan and Reall [112] (see also
[68,111,113] and references therein for further studies of the Emparan-Reall
metrics). The metrics are asymptotically Minkowskian in spacelike directions,
with an ergosurface and an event horizon having S x S? cross-sections. (The
“ring” terminology refers to the S! factor in S! x $2.) Our presentation is an
expanded version of [112], with a somewhat different labeling of the contants
appearing in the metric; furthermore, the gravitational coupling constant G
from that reference has been set to one here.!

While the mathematical interest of the black ring solutions is clear, their
physical relevance is much less so, because of numerical evidence for their in-
stability [110,117,152].

The starting point of the analysis is the following metric:

(dt+,/151_ydzp>2
&r A
)

F(y)

Fl(y _F(x dy? % 2
*ate e |0 (& )
22 x
+F(y) (% + ggxidsf)] , (2.0.1)
where A > 0, v, and {r are constants, and
F(§)=1- ?F (2.0.2)

GE) =ve - +1=v(-&)(E - &)(E &) (2.0.3)

One can check, e.g. using the MATHEMATICA package XACT [199], that (2.0.1)
solves the vacuum Einstein equations.? The constant v is chosen to satisfy
0 < v < vy = 2/3v/3. The upper bound is determined by the requirement that

'T am grateful to R. Emparan and H. Reall for allowing me to reproduce their figures.
2T wish to thank Alfonso Garcia-Parrado and José Maria Martin-Garcia for carrying out
the XACT calculation.
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Figure 2.0.1: Representative plots of F' and G.

the three roots & < & < &3 of G are distinct and real. Note that G(0) = 1 so
that &; < 0. Further G/ = 3v€? — 26 > 0 for &€ < 0, which implies that & > 0.
Hence,

§1 <0< & <&3.

We will assume that?
§o <Ep <&3.

a definite choice of £ consistent with this hypothesis will be made shortly. See
Figure 2.0.1 for representative plots.
Requiring that

guarantees G(z) > 0 and F(z) > 0. On the other hand, both G(y) and F(y)
will be allowed to change sign, as we will be working in the ranges

y € (—00,&1] U (€p, 00) . (2.0.5)

INCIDENTALLY: Explicit formulae for the roots of G can be found, which are not
particularly enlightening. For example, for v > v, one of the roots reads

2 1
g—l———i——, where az6/—108u2+8+12\/§\/27u2—4u,
6v  3dva 3v

and a proper understanding of the various roots appearing in this equation also
gives all solutions for 0 < v < v,. Alternatively, in this last range of v the roots
belong to the set {(zx + &)=}, with

1 2712
2}, = COS <§ {arccos (1 — 721/ ) + 2k7rD .

d

Performing affine transformations of the coordinates, one can always achieve

51:_17 52:17

but we will not impose these conditions in the calculations that follow.

3 According to [112], the choice £ = &2 corresponds to the five-dimensional rotating black
hole of [214], with one angular momentum parameter set to zero.



2.1. X € {51,52} 97

2.1 ze{&,6)

There is a potential singularity of the G~!(x)dz? + G(x)F~!(z)dy? terms in
the metric at x = &, which can be handled as follows: consider, first, a metric

of the form
dz?

T — X0

p=2V/x —x0, =X, (2.1.2)

h = + (x — x0) f(2)dp?,  f(z0) > 0. (2.1.1)

Introducing

one obtains .
A2 f (xo + %)
4
This defines a metric which smoothly extends through p = 0 (when f is smooth)

if and only if ¢ is periodically identified with period, say, 27, and

e (2.1.4)

f(zo)

REMARK 2.1.1 In order to show that (2.1.4) implies regularity, set #! = jcos @,

2% = jsin @, we then have

h=dp*+ prdg* . (2.1.3)

(s + ) 00
h = dp*+ p2d@® + 1 FPd?
Sqpdxodxb Sapdz®dxb —dp2
(5o + ) 100
= Supdatda’ + 1 <5abd$adxb — ﬁfo“xbdx“dxb) .

As f is smooth, there exists a smooth function s such that

X2 (f (w0 + 2) = f(ao)
4

= ﬁQS(ﬁQ) )

so that
h= [(1 + s(ﬁQ)ﬁQ)éab - s(ﬁQ)xa:cb} da®da® (2.1.5)

which is manifestly smooth. This shows sufficiency of (2.1.4).

To show that (2.1.4) is necessary, note that from (2.1.3) we have |Dp|? = 1.
This implies that the integral curves of Dp are geodesics starting at {5 = 0}. When
{p = 0} is a regular center one can run backwards a calculation in the spirit of the
one that led to (2.1.5), using normal coordinates centered at p = 0 as a starting
point, to conclude that the unit vectors orthogonal to the vector 95 take the form
+x(p)0g, where x(p)?p* —,-0 1, and with d; having periodic orbits with period
27r. Comparing with (2.1.3), (2.1.4) readily follows. O

In order to apply the above analysis to the last line of (2.0.1) at g = & we
have
dz? G(z) , ,
d =
Glw) " @)™

r—& Er—x
o ANp(r — &) (z — &)?
j <dp " 1Er — )

| ( A V(= &)(w — &P - &) W)

ﬁ2d¢2> ., (2.1.6)
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so that (2.1.4) becomes
)\ _ 2 \% é.F - 51

= . (2.1.7)
v/Er (& — &) (& — &)
For further purposes it is convenient to rewrite (2.1.6) as
da? G(z) , o 1 2 2\ =2\ ~2 5 ~2
dp® = dp 1 0°)p° | prdp 2.1.
¢ T F® T mHw | +( +s(p7)p )p & (2.1.8)
for a smooth function s with, of course,
H() =v(€—&)(E—&). (2.1.9)
When &F > & one can repeat this analysis at x = &, obtaining instead
IS Em —
A= & — & (2.1.10)

R — &) — &)
Since the left-hand sides of (2.1.7) and (2.1.10) are equal, so must be the right-
hand sides; their equality determines {p:

fp = §162 — &3° (2.1.11)

§1 -2+ &

(Elementary algebra shows that & < &p < &3, as desired.) It should be clear
that with this choice of &p, for y # &, the (x,¢)-part of the metric (2.0.1)
is a smooth (in fact, analytic) metric on S?, with the coordinate z being the
equivalent of the usual polar coordinate § on S?, except possibly at those points
where the overall conformal factor vanishes or acquires zeros, which will be
analysed shortly. Anticipating, the set obtained by varying x and ¢ and keeping
y = & will be viewed as S? with the north pole x = &; removed.

2.2 Signature

The calculation of the determinant of (2.0.1) reduces to that of a two-by-two
determinant in the (¢,) variables, which equals

F2(2)G(y)

, 2.2.1
T yPEG) 220
leading to
F2(2)F'(y)
detg = ——————+% 222
so the signature is either (— + + + +) or (— — — 4+ +), except perhaps at the

singular points * = y, or F(z) = 0 (which does not happen when &p > &o,
compare (2.0.4)), or F(y) = 0.

Now, F(z) > 0, G(z) > 0 (away from the axes x € {{1,£2}) thus, by
inspection of (2.0.1), the signature is

(sign(~F (). sign(~G(y)), sign(~F(y)G(y)), +,+) - (22.3)
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An examination of the four possible cases shows that a Lorentzian signature is
obtained except if F'(y) > 0 and G(y) > 0, which occurs for y € (£1,&2). So y’s
in this last range will not be of interest to us.

We start by considering

y<&, (2.2.4)
which leads to F(y) > 0 and G(y) < 0.

23 y=4&

Note that G(&;1) vanishes; however, it should be clear from what has been said
that —(d—y2 + Md¢2) is a smooth Riemannian metric if (£;,1)) are related to

Gly) * Fy)~ " . R
a new radial variable p and a new angular variable ¢ by

p=2/& —yeR", P =)p,

with A given by (2.1.10) and ¢ being 27-periodic. Analogously to (2.1.8), we
thus have

Note that the remaining terms in (2.0.1) involving di are also well behaved:
indeed, if we set &! = pcos @, 22 = psin¢, then

AP A1 o
ngp Z(xdm —37dz),

(&1 —y)dy =

which is again manifestly smooth.

2.4 Asymptotic flatness

We turn our attention now to the singularity z = y. Given our ranges of
coordinates, this only occurs for z = y = £;. So, at this stage, the coordinate
t parameterises R, the coordinates (y,v) are (related to polar) coordinates on
R?, the coordinates (x, ) are coordinates on S2. If we think of # = £; as being
the north pole of $2, and we denote it by N, then g is an analytic metric on

B (( B x 82 )\ ({0)x (VD).

t YW p,p TS 0p

Before passing to a detailed analysis of the metric for z and y close to &7,
it is encouraging to examine the leading order behavior of the last two lines in
(2.0.1). Recall that (2.1.2) with xg = & gives x = &1 + p?/4, and using (2.1.8)
we rewrite the last line of (2.0.1), for small p,

F(?J)z da? G(x) | 5 - F(fl)Q ~2 | =2 72
P (R L R T

Gx) " F@)”
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Similarly, with y = ¢ — p%/4, and with p small, the second line of (2.0.1) reads,
keeping in mind (2.3.1),

 F@)F(y) (d* G, o\ _ F(£)?
A%wwv<mm+F@ﬂ¢>”ﬂH@xW—>

Since # — y = (5% + p?)/4, adding one obtains

(dp + pd¢ )

16F(&)?

X — . d~2+~2d~2+dA2+A2dA2 )
WH(E) * s gy PP A )

Up to an overall constant factor, this is a flat metric on R*, to which a Kelvin
inversion ¥ — #/|Z|* has been applied, rewritten using polar coordinates in
two orthogonal planes.

We pass now to a complete analysis. Near the singular set R x {0} x {N},
Emparan and Reall replace (p, p) by new radial variables (7, ) defined as

7 ) 5
= oo = p o
B(p* + p?) B(p* +p?)

where B is a constant which will be determined shortly. This is inverted as

= (2.4.1)

~ A

5= — pa— (2.4.2)
P=B@+) T BE+2) -
It is convenient to set
r=\7r2+72.
We note
~2 ) ~2 ")
_ r N -
x_£1+ £1+4.B2 40 y_gl 4 51 4B2T4’
1
TV i

This last equation shows that x — y — 0 corresponds to r — oo.
Inserting (2.1.8) and (2.3.1) into (2.0.1) we obtain

_ _F(x)< V& -y >2
9= TFy\ @ g a W

F(y) X 9\ A2\ A2
RGO (dp2 + 1+ S(PQ)PQ)p2d<p2>

(2.4.3)

FE)H) (472 + (14 57707
The simplest terms arise from the first line above:
5 51 432 1 < 1 ~2 >2
— = dt + X, / Fedg
5 51 + 4327,4 5 4AB2T4

~(1- o _1&) 3 +O0) <dt + O(r‘4)f2d@)2. (2.4.4)
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In order to analyse the remaining terms, one needs to carefully keep track of all
potentially singular terms in the metric: in particular, one needs to verify that
the decay of the metric to the flat one is uniform with respect to directions,
making sure that no problems arise near the rotation axes # = 0 and 7 = 0. So
we write the 2 and the $? terms from the last two lines of (2.4.3) as

9ppd® + g5pd3® = F(a)H(x) (1+ s(5*)5%) a3

+FWH () (1+ ()7 ) idg?

2
FF(y) H(y) (1 + O(r4)f2>f2d¢2] . (2.4.5)
From
dp = B%A (62 = #®)ar - 277dr ), dp = B%A (72 = #*)ar - 277dr)
one finds
2
te = et () @) ~ PP+ 4P ) H )
2 7”27:2
— o (FOHE) + 4P ) - FoHE@) )
__(4B)*F(y) aya
- A (F(m)H(m) +O(r 4)7«2) , (2.4.6)
2
s = s (FOHGE = 2P+ ar @) H@))
(4B)*F (y) 4
= By FWHE) +00H7). (2.4.7)
2
W = T~ ) F W)~ @)
= O(r hHir. (2.4.8)
It is clearly convenient to choose B so that
UBPFA&)
A2H(&)
and with this choice (2.4.4)-(2.4.8) give
g = —(1+067)(at+ 0(7«*4)7@2(@)2 +O(rY) idi Pdi

+(1+0672) (a7 +72dg?) + O(r™)i*dg?

n (1 n O(ﬂ)) (de + f2d¢2) F O Yitdg? . (2.4.9)
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To obtain a manifestly asymptotically flat form one sets

gjlzfcos@, @2 rsin g, yjlzfcosgé, gjzzfsin@,

then
Fdi = gt + P, g = gldg? - %dg",
FdF = gt + P, g = §ldg? - Pdgt

Introducing (z*) = (t, 9%, 92, 7', 9%), (2.4.9) gives indeed an asymptotically flat
metric:

g= (77#1/ + O(r72)>d:c“d:c” .
25 y— £oo
In order to understand the geometry when y — —oo, one replaces y by
Y =-1/y.

Surprisingly, the metric can be analytically extended across {Y = 0} to negative
Y: indeed, we have

9= W [% 2/ AF( ARG
+A2< (g - ) yZKJ;G(y)dYQ}
*Aifglv(au»+z£5mﬁ>
oo
_F(z) [ \/ij—thdzp _ et 2”;”12_ L= VEF qy2 ¢ A% - dYQ]

1 dz? G(z) , ,
+ﬂ$(ﬂ@+ﬂ@w>

Calculating directly, or using (2.2.2) and the transformation law for det g, one
has

(2.5.1)

F2(2)F' (y)y* F2(x)
which shows that the metric remains non-degenerate up to {Y = 0}. Further,
one checks that all functions in (2.5.1) extend analytically to small negative Y
e.g.,

Fl)  &r—x  (Er-—2)Y

O, 1) = g = 2 - ,
9000 00) = g Fly)  &r—vy Yép+1

(2.5.3)

etc.
To take advantage of the work done so far, in the region Y < 0 we replace
Y by a new coordinate
z=-Y!1>0,
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obtaining a metric which has the same form as (2.0.1):

)

F(z dz? G(z
| F@ <m ’ ngi‘“”z)
IE2 X
+F(2) <% + igxidgo?)] . (2.5.4)

By continuity, or by (2.2.3), the signature remains Lorentzian, and (taking into
account our previous analysis of the zeros of G(x)) the metric is manifestly
regular in the range

€3 <z<00. (2.5.5)

2.6 Ergoregion

Note that the “stationary” Killing vector
X = 815 5

which was timelike in the region Y > 0, is now spacelike in view of (2.5.3).
In analogy with the Kerr solution, the part of the region where X is spacelike
which lies outside of the black hole is called an ergoregion. (The fact that
{&x < z < &r} lies outside of the black hole region will be justified shortly.)

Since g(X, X) = 0 on the hypersurface {Y = 0}, this hypersurface is part
of the boundary of the ergoregion, and the question arises whether or not this
is a Killing horizon. Recall that, by definition, a Killing vector X is normal to
its Killing horizon; in other words, it is orthogonal to every vector tangent to
the Killing horizon (compare Appendix A.22). But, from (2.5.4) we find

F(z)(& —2)

AF(z)

F(x)(& — 2)¢r

(€r —2)

)&+ YR

Al +Y71)

[y F)&GY +1)Ep [V F(z)ér
T R T

Since 0y, is tangent to {Y = 0}, and since this last expression is not identically
zero, we conclude that 0; is not normal to {Y = 0}. Hence {Y = 0} is not
a Killing horizons. Now, the part of the boundary of an ergoregion which lies
outside the black hole is called an ergosurface. In the current case its topology
is S1 x S2: the factor S' corresponds to the rotations generated by 1, and the
factor S? corresponding to the spheres coordinatized by = and ¢. Note that
in the Kerr solution the ergosurface “touches” the event horizon at the axis of
rotation, while here the event horizon and the ergosurface are separated by an
open set.

g(at761/1) = -

8

P
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2.7 Black ring

The metric (2.5.4) has a problem at z = &3 because G(£3) = 0. We have already
shown how to solve that in regions where F' was positive, but now F(z) < 0 so
the previous analysis does not apply. Instead we replace ¢ by a new (periodic)
coordinate x defined as

dx = dip + Ygisdz (2.7.1)

However, this coordinate transformation wreaks havoc in the first line of (2.7.5).
This is fixed if we replace t with a new coordinate v:

v—dt—i—\/»z—fl ) Vet (2.7.2)

INCIDENTALLY: The integrals above can be evaluated explicitly; for example, in
(2.7.2) we have

/ Vz—E&r dzzv€3—§F
(z = &)(z — &) &3 — &2

where H is an analytic function defined in (£5, 00):

In(z — &) + H(z), (2.7.3)

H(z) = 2 [ /€F_§2arctan< ;F_§§2> _ \/§3 —¢érln (\/z—fp—l— \/53 —fp)l .

& — &
(2.7.4)
O
In the (v, z, 2, x, ¢)—coordinates the metric takes the form
s . Flx) 51
E e ] Gt Thr
1
WECED F(z) (—G(Z)dx2 +2v/ —F(z)dxdz>
o [ dz®  G(x)
+F(2) <G(x) + F(x)dso . (2.7.5)
This is regular at
& = {z =&},

and the metric can be analytically continued into the region £ < z < £3. One
can check directly from (2.7.5) that g(Vz, Vz) vanishes at &. However, it is
simplest to use (2.5.4) to obtain

A%(z — 2)2G(2)

9(Vz,Vz) =g** = — F@)F(2) (2.7.6)

in the region {z > {3}, and to invoke analyticity to conclude that this equation
remains valid on {z > &r}. Equation (2.7.6) shows that & is a null hypersurface,
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with z being a time function on {z < &3}, which is contained in a black hole
region by the usual arguments (compare the paragraph around (1.6.21)).

We wish to show that {z = &3} is the event horizon: this will follow if
we show that there is no event horizon enclosing the region z < £3. For this,
consider the “area function”, defined as the determinant, say W, of the matrix

g(Ki’Kj)a

where the K;’s, ¢ = 1,2, 3, are the Killing vectors equal to 9;, 0y, and 9, in the
asymptotically flat region. In the original coordinates of (2.0.1) this equals

F(z)G(z)F(y)G(y)
Az —y)t

(2.7.7)

with an identical expression where z replaces y in the coordinates of (2.5.4).
By analyticity, or a direct calculation, this formula is not affected by the intro-
duction of the coordinates of (2.7.5). Now,

_r
&F

and, in view of the range (2.0.4) of the variable z, the sign of (2.7.7) depends
only upon the values of 3 and z. Since F(y)G(y) behaves as —vy* for large
y, W is negative both for y < & and for z > £3. Hence, at each point p of
those two regions the set of vectors in T),.# spanned by the Killing vectors is
timelike. So, suppose for contradiction, that the event horizon J# intersects the
region {y € [—00,&1) Uz € (€3,00]}. Since S is a null hypersurface invariant
under isometries, every Killing vector is tangent to J#. However, at each point
at which W is negative there exists a linear combination of the Killing vectors
which is timelike. This gives a contradiction because no timelike vector can be
tangent to a null hypersurface.

We conclude that {z = &3} forms indeed the event horizon, with topology
R x S x S2: this is a “black ring”.

F(y)G(y) (Er—y)(y— &)y — &)y — &),

2.8 Some further properties

It follows from (2.7.5) that the Killing vector field

L0 AE 00 A& D
v (&G —&)ox Ot V(& &)Y

is light-like at &, which is therefore a Killing horizon. Equation (2.8.1) shows
that the horizon is “rotating”, with angular velocity

o — AVEr  AVUEr(& - &)
TN -V nEr—&

recall that A has been defined in (2.1.10). More precisely, in the coordinate
system (v, x, z, z, ¢) the generators of the horizon are the curves

3 (2.8.1)

(2.8.2)

s (v+s,x+ ANes, &3,2,0).
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We wish, next, to calculate the surface gravity of the Killing horizon &. For
this we start by noting that

fb = gu&hds” = gyudz” + XQg gy dz”
__F(=) v z—§& v z—&
- TFR) (“AQ”@\/;F 4 ) <d”‘ \/g:F 7 dX)

+m)\9(gof’(:ﬂ) (—G(z)dx + M—F(z)dz)

+M)\ng’(:c) (—G(z)dx + M—F(z)dz)

| AN F(x)/—F(&3)
T =G A2(z — £3)2

dz (2.8.3)

Fx vz — 2 N202F(2)G(z
9,8 = _FEZ§ (1—AQ@@ /f_F A51> _ Af(x(_)zy( )
 F@)(&G -2 NOLF(r)G(2)
F(2)(&s—&1)? A2z —z)?
202 T
o€ty = ~ i (€ = 2n. (2:8.4

Comparing (2.8.3) with (2.8.4) we conclude that

o MG (€3) AV Er(§s — &) (2.8.5)

2/—F (&) 2 V&—¢&r

Since k # 0, one can further extend the spacetime obtained so far to one
which contains a bifurcate Killing horizon, and a white hole region; we present
the construction in Section 2.9 below. The global structure of the resulting
spacetime resembles somewhat that of the Kruskal-Szekeres extension of the
Schwarzschild solution.

The plot of Q and & (as well as some other quantities of geometric interest)
in terms of v can be found in Figure 2.8.1.

It is essential to understand the nature of the orbits of the isometry group,
e.g. to make sure that the domain of outer communications does not contain
any closed timelike curves. We have:

e The Killing vector 9, is timelike iff
F(y) >0 <=y <¢&p;
e The Killing vector 9, is always spacelike;

e From (2.0.1) we have

vF(x -
9(0y, 0y) = A2(x (— g)/()gl(ny—) y)

< (Er & -»&-y -G -ne-v?). 286
(*)
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Qp

0 Vs

Figure 2.8.1: Plots, as functions of v at fixed total mass m, of the radius of
curvature R; at & = & of the S' factor of the horizon, the curvature radius R,
at x = &1, total area A of the ring, surface gravity s, and angular velocity at
the horizon Q. All quantities are rendered dimensionless by dividing by an
appropriate power of m. Figure from [112].

For y < & we can write
(r =) (& —y) (& —y) > (@ —y)@—y)*,
—— —— —
>(@—y) >&-y) >(z-y)
which leads to gy, > 0. Similarly, for y > &3,
(y—¢r)(y—6) (y—&) <—(G —y)(z—y)?,
e — e — N —
<ly—2) <@—&) <(y—=)

so that 0, is spacelike or vanishing throughout the domain of outer com-
munications.

e The metric induced on the level sets of ¢ has the form

GyydY? + gupdp? + gredr® + gopde® . (2.8.7)

We have just seen that gy, is non-negative, and g,, and g,, also are for
x in the range (2.0.4). Further

__F@F@) F(z) y (y — &r)
A2z —y)?Gly) A%z —y)%rv  (y—&)(y— &)y —E&)

an expression which is again non-negative in the ranges of interest. It
follows that the hypersurfaces {t = const} are spacelike.

Gyy =

e *281 The main topological features of the manifold .# constructed so farez.s.s.
are summarised in Figure 2.8.3, see also Figure 2.8.2. One thus finds

M =R x [(R2x52)\(w},

7:7:0

where 0 is the origin of R2, and N is the north pole of 52, with the first R
factor corresponding to time. The point ¢° which has been removed from
the R? x S2 factor can be thought of as representing “spatial infinity”.
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y=-1

x =const T

Figure 2.8.2: Coordinate system for black ring metrics, from [111]. The diagram
sketches a section at constant ¢t and ¢. Surfaces of constant y are ring-shaped, while x
is a polar coordinate on S2. Infinity lies at z =y = —1.

INCIDENTALLY: The metric h induced on the sections of the horizon {v = const, z =
&3} can be obtained from (2.8.7) by first neglecting the dy? terms, and then passing
to the limit y — &3. (By general arguments, or by a direct calculation from (2.7.5),
this coincides with the metric of the sections {v = const} of the event horizon &.)
One finds

A — ) (&G - 6) F2(&) ( dz* NG(x) ~2>
TG - 7 T Pa-er\Gw T Fw )
so that (recall (2.1.10))
Jaeth = NUV2(Ey — Ep)32(& — &) A& —Ep)Y 2 — &) 1

= _ X )
£FA3(x — &3)2 ABVB12E3 (&3 — &) (&2 — &1)? 7 (z— &3)?
By integration in « € (£1,&2) and in the angular variables @, ¢ € (0, 27) one obtains
the area of the sections of the event horizon:

167° (& — &r)%2(Er — &)

A= T B -6 —a) 6 a7

(2.8.8)
O

If v = v, then the black ring and the black hole degenerate to the same
solution with & = &p = &3. This is the 1 = a? limit of the five-dimensional
rotating black hole, for which the horizon disappears, and is replaced by a naked
singularity.

The mass m and the angular momentum J can be calculated using Komar
integrals:

_ 3T Er—&1
242 €3 (& — &) (& — &)

(2.8.9)

m
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2z = & — event horizon y = & (rotation axis)

North pole z = & .
|

Buchad’
|
Z — 00,
R
|
|
|
|
I
|
South pole x = & '

\ )
ergosurface

Figure 2.8.3: Space sections of the Emparan-Reall black holes, with the angular
variables ¢ and ¢ suppressed. The x variable runs along the vertical axis, the y
variable runs along the horizontal axis to the right of the ergosurface, while the
z coordinate is used horizontally to the left of the ergosurface. i° is the point
at infinity.

_or (Er — &)
A3V3263(& — &) (&3 — &)

(2.8.10)

Thus, m and J are rather complicated functions of the independent parameters
A and v in view of (2.1.11).

Recall that the spin of the Myers-Perry five-dimensional black holes is
bounded from above [214]:

J: 32
— < —. 2.8.11
m3 < 27w ( )
The corresponding ratio for the solutions here is
J? 32 - &)3
= (&= &) (2.8.12)

m3  2Tm (26 — & — &2)2(&2 — &)

These ratios are plotted as a function of v in Figure 2.8.4. Rather surprisingly,
this ratio is bounded from below:
J? 32

> 0.8437—. 2.8.1
> 08437 (2.8.13)
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0.8437} oo

0 0.2164 Vs

Figure 2.8.4: (277/32)J%/m? as a function of v. The solid line corresponds to
the Emparan-Reall solutions, the dashed line to the Myers-Perry black holes.
The two dotted lines delimit the values for which both solutions with the same
mass and spin exist. From [112].

For 0.2164 < v < v, there are two black ring solutions with the same
values of m and J (but different A). Moreover, these satisfy the bound (2.8.11)
so there is also a black hole with the same values of m and J. This implies
that the uniqueness theorems valid in four dimensions do not have a simple
generalisation to five dimensions, compare [154].

Some algebra shows that the quantities m, J, Qg, x and A satisfy a Smarr
relation

3
=—|—+QuJ|. 2.8.14
" 2(87T+ H> ( )

2.9 A Kruskal-Szekeres type extension

So far we have seen how to construct an Eddington-Finkelstein type extension
of the ER metric (2.0.1) across a Killing horizon. We will denote by (#rur, )
that extension. We will denote by (.}, g) the subset of (#ru,g) exterior to
the Killing horizon, see Figure 2.9.1, p. 114.

To construct a Kruskal-Szekeres type extension we follow [71] and consider,
first, the form of the metric (2.5.4) with the coordinate z in the range z €
(&3,00). There we define new coordinates w, v by the formulae

bdz bdz
do=di+ (2= &)z — &)’ o= dt - (z = &)z — &)’ 291)

where b and & are constants to be chosen shortly. Similarly to the construction
of the extension of the Kerr metric in [32, 43], we define a new angular coordinate
Y by:

dip = dip — adt, (2.9.2)



2.9. A KRUSKAL-SZEKERES TYPE EXTENSION 111

where a is a constant to be chosen later. Let

1 v
o= Z\/&ip (2.9.3)

Using (2.9.1)—(2.9.2), we obtain

dt = 3(dv + dw), (2.9.4)
PR G 53;(; =) gy — dw), dv = dip + 4(dv+dw),  (2.9.5)
—H(2)/2

which leads to

B _ F(x) 2 F(x)F(2) [a®G(z) H*(2)
Jov = Juow = TUR ) (1 +ao(& - Z)> T 4A2(z — 2)2 < ) | GQ) > ’
(2.9.6)
_ F(x) 2 F(x)F(2) [a®G(z) H?(2)
oo = 4R (1+ a6 =) - IA2(z — 2)? ( ) G )  (297)
F F(z)G
G0 = G = —%o@ (1406 - ) - % (298)
F F(z)G
S SRR 2 (299
The Jacobian of the coordinate transformation is
6(w,v,1ﬁ,x,<p) _,0v 2b
At z,,m,0) "0z (2-E&)(z—E&)
In the original coordinates (t, z,, x,¢) the determinant of g was
F?(z)F*
det(g(t727w7x7<p)) = —M s (2910)
so that in the new coordinates it reads
F2 F4 _ 2 o 2
ACt(5y17) =~ 4E:S)z§§(x ?l)gz . (29.11)

This last expression is negative on (7, 00) \ {3}, and has a second order zero
at z = &3. In order to remove this degeneracy one introduces

0 =exp(cv), W= —exp(—cw), (2.9.12)
where c¢ is some constant to be chosen. Hence we have
do = codv, dw = —cwdw, (2.9.13)
and the determinant in the coordinates (w, v, 1&, x,p) reads

. _FA@)F(2)(2 — &)%(z — &)
(@,0.,,0) 44802 (2 — 2)3c4 0202 '

det(g (2.9.14)
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But one has 9?1%? = exp(2c(v — w)), so that
?w? = exp <4cb/ L dz>
(z = &2)(z - &)

4cbh
exp (@(ln(z —&3) —In(z — fg))) . (2.9.15)

Taking into account (2.9.15), and the determinant (2.9.14), we choose the con-

stant ¢ to satisfy:
2¢cb

Ittt 2.9.16
(&3 — &) ( )
We obtain ‘
~ A Z—Gq3
== ) 2.9.17
vw P 52 ( )
" 2(z)F(2)(z — &)*
F(x)F*(z)(z — &
Wt i5.000) =~ 12D (x — 25 (2.9.18)

With this choice, the determinant of g in the (w, 0, 1&, x, ) coordinates extends
to a strictly negative analytic function on {z € (£r,00)}. In fact, z is an analytic
function of 0w on {0w # —1} (that last set corresponds to z = 0o < Y =0,
we will return to this shortly):

&3+ Evw
L — 53T Suw

2.9.19
1+ ow ( )

In the (w, 0, 1/3, x, ) coordinates, one obtains the coefficients of the metric from
(2.9.13) using

oo = ﬁgvm G = ﬁgwuu
9o = —Zo5 0w Yop = w9ui0  Iud = ot %ui - (2.9.20)

In order to show that the coefficients of the metric are analytic on the set

{wv | 2(00) > 5F} ={w,0] 1< i< $3 — gF} (2.9.21)
F—&2
it is convenient to write
L 9 L
Gov = mw Gov,  Gow = mv Juww
o = —ﬁgw, oy = ﬁuﬁgw Gap = —ﬁﬁg@- (2.9.22)

Hence, to make sure that all the coefficients of metric are well behaved at
{w,0 € R | z =¢&3} (i.e. © =0 or w = 0), it suffices to check that there is a
multiplicative factor (z — 53)2 in gy = Guw, as well as a multiplicative factor
(z — &3) in gy and in 9yh = Y- In view of (2.9.6)—(2.9.9), one can see that
this will be the case if , first, a is chosen so that 1 + ac(§1 — 2) = ao(&3 — 2),

that is 1
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and then, if £y and b and chosen such that

_ e (G )6 - &) (& — &)
0 = & &p + 2 (Es— )6 —6) (2.9.24)
With the choice & = &2, (2.9.24) will hold if we set
p o= (& — &) (2.9.25)

v2a?§p (€3 — &)
So far we have been focussing on the region z € ({r,o0), which overlaps
only with part of the manifold “{z € (&3,00] U [—00,&1]}”. A well behaved

coordinate on that last region is Y = —1/z. This allows one to go smoothly
through Y = 0 in (2.9.17):
1 Y 14 0w
= T8y 1F00 (2.9.26)
1+&Y §3 + §o0w

In other words, 9w extends analytically to the region of interest, 0 <Y < —1/&
(and in fact beyond, but this is irrelevant to us). Similarly, the determinant
det(g(w o (p)) extends analytically across Y = 0, being the ratio of two poly-
nomials of order eight in z (equivalently, in Y'), with limit
F?(x)

det(9(,5,,2,)) 200 ~IARags (2.9.27)

We conclude that the construction so far produces an analytic Lorentzian metric
on the set

A o -4 _ ... & —¢&r 1 2
= — < 2 9.
Q {w,v[ 52_51_vw<£F_£2}><Sw><S(x7<p), (2.9.28)

Here a subscript on S* points to the names of the corresponding local variables.

The map
(0, 0,70, x, @) — (=, =0, =, z, —) (2.9.29)
is an orientation-preserving analytic isometry of the analytically extended met-
ric on €. It follows that the manifold

~

M

obtained by gluing together { and two isometric copies of (AM1,g) can be
equipped with the obvious Lorentzian metric, denoted by g, which is further-
more analytic. The second copy of (.#1,g) will be denoted by (.#7y, g); com-
pare Figure 2.9.1. The reader should keep in mind the polar character of the
coordinates around the relevant axes of rotation, and the special character of
the “point at infinity” z = & = =z.

2.10 Global structure

Our discussion of the global structure of (.//2 ,g) follows closely [71].
The reader is referred to [71] for a rather involved proof of global hyperbol-
icity of A .
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z=&F

I A I

M

I
z =63

./f]v

z=&F

Figure 2.9.1: M with its various subsets. For example, .#, is the union of
M7 and of .11 and of that part of {z = &3} which lies in the intersection of their
closures; this is the manifold constructed in [112]. Very roughly speaking, the
various #’s correspond to x = z = &;. It should be stressed that this is neither
a conformal diagram, nor is the spacetime a product of the figure times S? x S*:
M7 cannot be the product of the depicted diamond with S2 x S', as this product
is not simply connected, while .#; is. But the diagram represents accurately
the causal relations between the various .#n’s, as well as the geometry near the
bifurcate horizon z = £, as the manifold does have a product structure there.

2.10.1 The event horizon has S? x S! x R topology

The analysis in Section 2.9 shows that the set

& ={z=¢}

is a bifurcate Killing horizon. In this section we wish to show that a subset of
& is actually a black-hole event horizon, with S? x S' x R topology.
Now,
A%z — 2)2G(2)
- F@)F(z)

9(Vz,Vz) =g** = (2.10.1)
in the region {z > £3}, and by analyticity this equation remains valid on {z >
¢r}. Equation (2.10.1) shows that & is a null hypersurface, with z being a
time function on {{r < z < &3}. The usual choice of time orientation implies
that z is strictly decreasing along future directed causal curves in the region
{0 > 0,@ > 0}, and strictly increasing along such curves in the region {0 <
0,w < 0}. In particular no causal future directed curve can leave the region
{0 > 0,w > 0}. Hence the spacetime contains a black hole region.

However, it is not clear that & is the event horizon within the Emparan-Reall
spacetime (.#Z1U1r,9), because the actual event horizon could be enclosing the
region z < £3. To show that this is not the case, consider the “area function”,
defined as the determinant, say W, of the matrix

g(KviJ)a

where the K;’s, ¢ = 1,2, 3, are the Killing vectors equal to 9;, 0y, and d,, in the
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asymptotically flat region. In the coordinates of (2.5.4) this equals

F(z)G(z)F(2)G(2)
Atz — 2)4 '

(2.10.2)

Analyticity implies that this formula is valid throughout .#7 7, as well as //? .
Now,
v
F(2)G(z) = §_F(£F —2)(z —&)(z — &) (2 — &),

and, in view of the range of the variable x, the sign of (2.10.2) depends only
upon the values of z. Since F(z)G(z) behaves as —vz*/&p for large z, W is
negative both for z < & and for z > &3. Hence, at each point p of those two
regions the set of vectors in T,.# spanned by the Killing vectors is timelike.
So, suppose for contradiction, that the event horizon J# intersects the region
{z € (&3, 00|} U{z € [—00,&1)}; here “z = £00” should be understood as Y = 0,
as already mentioned in the introduction. Since . is a null hypersurface
invariant under isometries, every Killing vector is tangent to J#. However,
at each point at which W is negative there exists a linear combination of the
Killing vectors which is timelike. This gives a contradiction because no timelike
vectors are tangent to a null hypersurface.

We conclude that {z = £3} forms indeed the event horizon in the spacetime
(M1011, 9), with topology R x S x §2.

The argument just given also shows that the domain of outer communica-
tions within (.#7, g) coincides with (.7, g). R

Similarly, one finds that the domain of outer communications within (., g),
or that within (.#1ur, ), associated with an asymptotic region lying in (.7, g),
is (7, g). The boundary of the d.o.c. in (.#, ) is a subset of the set {z = &3},
which can be found by inspection of Figure 2.9.1.

2.10.2 Inextendibility at z = {r, maximality

The obvious place where (//? ,g) could be enlarged is at z = {r. To show that
no extension is possible there, note that the Lorentzian length of the Killing
vector 0; satisfies
_ _F) _ &
9(0, 0) = —ep<zsep 00 (recall that F(x) > 1 >0). (2.10.3)
F(z) &
Inextendibility of the spacetime across the boundary {z = {r} follows from this
and from Theorem 1.4.2, p. 57.

An alternative way, demanding somewhat more work, of proving that the
Emparan-Reall metric is C?-inextendible across {z = £r}, is to notice that
RQBW;RO‘BW‘S is unbounded along any curve along which z approaches . This
has been pointed out to us by Harvey Reall (private communication), and has
been further verified by Alfonso Garcia-Parrado and José Maria Martin Garcia
using the symbolic algebra package XAcT [199]:

124%LG(Ep) % (x — 2)* (14 O(2 — €F)) _

afys _
Rapolt (€ — 22— Ep)f

(2.10.4)
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(Note that the factor (x — 2)* is strictly bounded away from zero for z — £p.)
The following result is established in [71]:

THEOREM 2.10.1 All maximally extended causal geodesics in (//\, g) are either
complete, or reach a singular boundary {z = {r} in finite affine time.

This, together with Proposition 1.4.3 gives:

THEOREM 2.10.2 (%, g) is mazimal within the class of C* Lorentzian mani-
folds.

2.10.3 Conformal infinity .7

In this section we address the question of existence of conformal completions at
null infinity a la Penrose, for a class of higher dimensional stationary spacetimes
that includes the Emparan-Reall metrics; see the Appendix of [104] and [102]
for the 3 + 1 dimensional case.

We start by noting that any stationary asymptotically flat spacetime which
is vacuum, or electro-vacuum, outside of a spatially compact set is necessarily
asymptotically Schwarzschildian, in the sense that there exists a coordinate
system in which the leading order terms of the metric have the Schwarzschild
form, with the error terms falling-off one power of r faster:

9= gm +O(r~ ") (2.10.5)

in spacetime dimension n + 1, where g,, is the Schwarzschild metric of mass
m, and the size of the decay of the error terms in (2.10.5) is measured in a
manifestly asymptotically Minkowskian coordinate system. The proof of this
fact is outlined briefly in [20, Section 2]. In that last reference it is also shown
that the remainder term has a full asymptotic expansion in terms of inverse
powers of r in dimension 2k + 1, k¥ > 3, or in dimension 4 + 1 for static metrics.
Otherwise, the remainder is known to have an asymptotic expansion in terms
of inverse powers of r and of Inr, and whether or not there will be non-trivial
logarithmic terms in the expansion is not known in general.

In higher dimensions, the question of existence of a conformal completion
at null infinity is straightforward: We start by writing the (n + 1)-dimensional
Minkowski metric as

n = —dt* +dr? +rh, (2.10.6)

where h is the round unit metric on an (n — 2)-dimensional sphere. Replacing
t by the standard retarded time u = t — r, one is led to the following form of
the metric g:

g = —du® — 2dudr + r*h + O(r~ "2\ datda (2.10.7)
where the dz#’s are the manifestly Minkowskian coordinates (t,z!,...,2") co-

ordinates for n. Setting x = 1/r in (2.10.7) one obtains

1
g= —( — 22du® + 2dudx + h + O(m”_4)dyo‘dy6> ) (2.10.8)

22
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with correction terms in (2.10.8) which will extend smoothly to z = 0 in the
coordinate system (y*) = (u,z,v?), where the v4’s are local coordinates on
S"=2. For example, a term O(r~2)dz'dz? in g will contribute a term

O(r=2)dr? = O(r %)z~ 4da? = 272(0(1)dz?),

which is bounded up to x = 0 after a rescaling by 22. The remaining terms in
(2.10.8) are analysed similarly.

In dimension 4 + 1, care has to be taken to make sure that the correction
terms do not affect the signature of the metric so extended; in higher dimension
this is already apparent from (2.10.8).

So, to construct a conformal completion at null infinity for the Emparan
Reall metric it suffices to verify that the determinant of the conformally rescaled
metric, when expressed in the coordinates described above, does not vanish at
x = 0. This is indeed the case, and can be seen by calculating the Jacobian of
the map

(ta 2y ¢a €L, 90) = (u’ €, UA) ;
the result can then be used to calculate the determinant of the metric in the
new coordinates, making use of the formula for the determinant of the metric
in the original coordinates.

For a general stationary vacuum 4 + 1 dimensional metric one can always
transform to the coordinates, alluded to above, in which the metric is manifestly
Schwarzschildian in leading order. Instead of using (v =t —r,2 = 1/r) one can
use coordinates (up,,z = 1/r), where u,, is the corresponding null coordinate u
for the 4 + 1 dimensional Schwarzschild metric. This will lead to a conformally
rescaled metric with the correct signature on the conformal boundary. Note,
however, that this transformation might introduce log terms in the metric, even
if there were none to start with; this is why we did not use this above.

In summary, whenever a stationary, vacuum, asymptotically flat, (n 4+ 1)—
dimensional metric, 4 # n > 3, has an asymptotic expansion in terms of inverse
powers of r, one is led to a smooth .#. This is the case for any such metric in
dimensions 3+ 1 or 2k + 1, k > 3. In the remaining dimensions one always has
a polyhomogeneous conformal completion at null infinity, with a conformally
rescaled metric which is C"~* up-to-boundary. For the Emparan-Reall metric
there exists a completion which has no logarithmic terms, and is thus C* up-
to-boundary.

2.10.4 Uniqueness and non-uniqueness of extensions

In Section 1.4.1 we have seen several examples of non-uniqueness of maximal
analytic extensions of an analytic spacetime, which all apply here.

It turns out that a further example of non-uniqueness, analogous to the
RP3 geon of Example 1.4.1, can be constructed for the black ring solution.
Indeed, let (.#,g) be our extension, as constructed above, of the domain of

outer communication (.#f,g) within the Emparan-Reall spacetime (#um, g),
and let W : .#Z — .# be defined as

U (6,10, 0, z, ) = (0, 0,9 + 7,2, —p). (2.10.9)
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By inspection of (2.9.6)-(2.9.8) and (2.9.20), the map V¥ is an isometry, and
clearly satisfies the three conditions a), b) and c) spelled out on p. 56. Then

M)V is a maximal, orientable, time-orientable, analytic extension of .# distinct
from . .

Further similar examples can be constructed using isometries which do not
preserve orientation, and/or time-orientation.

On the positive side, we have the following uniqueness result for our ex-
tension (//? ,g) of the Emparan-Reall spacetime (.7, g), which follows immedi-
ately from Corollary 1.4.7 and from the properties of causal geodesics of (., g)
spelled-out in Theorem 2.10.1:

THEOREM 2.10.3 (//7, g) is unique within the class of simply connected analytic
extensions of (1, g) which have the property that all mazimally extended causal
geodesics on which Ram(gRo‘m‘s is bounded are complete.

As usual, uniqueness here is understood up to isometry.

The examples presented in Section 1.4.1 show that the hypotheses of The-
orem 2.10.3 are optimal.

It is natural to raise another uniqueness question, namely of the singling-
out features of the Emparan-Reall metric amongst all five-dimensional vacuum
stationary black-hole spacetimes? Partial answers to this can be found in the
work of Hollands and Yazadjiev [153].

2.10.5 Other coordinate systems

An alternative convenient form of the Emparan-Reall metric has been given in
[113]:

_ R%F(x) (dx2 - dy? +G(:c)d 2_@@2)
(

(@—y? \G@) Gy  F@) ~ Fly)
_Fy) (, CRA+y)  \?
o) (dt ) d¢> , (2.10.10)

where

ALT+XNA—-v)
1—-A ’

Fz)=1+Xz, G(z)=(1 —z2)(1+1/z), C = \/

with
2v

A= 2
1402’

O<rv<<l.

If we denote by {A,fc,gj,ﬁ,@} the original coordinates of (2.0.1), then we
have the relation

i -7 A—7 1-\o | ’ 1—Xa¢
=l r=—"T"7 Y=—"—"T—= P=—FT—=¢ =79
-1+ Xz -1+ Xy V11— )2 V11— )2
(2.10.11)
where .
Y . b —
ﬁ: Y s :)\’ Z/:AI/ )\
Av—1 A —1
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The transformation (2.10.11) brings the metric (2.10.10) into the form

_ F@), 51 a2 A?
g= F(@)(dt+A\/)\ (14 9)dp)* + (j_wx
oo di G@E) o\ s (FG) o s
F()? | = ——2d —F(2) | —2£d G(4)d , (2.10.12
(9) (G(i)+F(i)¢> ()(G@)y+ (?/)%Z))] ( )
where
P(2) =1—Az, G(z)=(1-2)1 -0z i=— 7(1_5\0)

Simple rescalings and redefinitions of constants bring (2.10.12) to the form
(2.0.1).






Chapter 3

Rasheed’s Kaluza-Klein black
holes

Kaluza-Klein solutions have attracted a lot of attention as interesting models in
theoretical physics. In vacuum, and with vanishing cosmological constant, the
simplest such solutions are obtained by taking the product of a known vacuum
solution with a flat torus. A more sophisticated class of black-hole solutions
of this kind has been discovered by Rasheed in [240]. The aim of this short
chapter is to discuss their geometry.

3.1 Rasheed’s metrics

In [240] D. Rasheed constructed a family of stationary axi-symmetric solutions

of the five-dimensional vacuum Einstein equations. The globlal structure of

those solutions has been analysed in [15], we follow the presentation there.
The Rasheed metrics take the form

B [A
dsfs) = 7 (da’ + 24,dz")* + Sdsty (3.1.1)

where a, M, P, QQ and ¥ are real numbers satisfying

QQ P2 o E
S+MV3 + »-MV3 T 37 (3.1.2)

M24+32-P2—Q*#0, (M+3/V3)2-Q2#0, (M-x/v3)°— P2 80.3)
[(M+x/v38)"-Q?] [(M—3/v3)*~P?]

M + % #0, F? = MZ15?_P2_(2 >0, (3'1'4)
and where
G 2 VAB AVAB
2 _ 0 2 2 .2 2
ds(4) =75 (dt + w ¢d¢) + Tdr +VABdO” + e sin“(0)d¢* ,
(3.1.5)
with

2Py 5

A = (T _y /\/3)2 - = 2.J PQ cos(0)

(M+2/v3)" - Q>
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B 2 2Q%% 2 cos(0) — 2JPQ) cos(0)
B = (“LE/‘/g) S+ M3 ©) (M -x/v3)* - P2

G = r*—2Mr+P*+Q*—%? +a*cos’(0),

A = rP—2Mr+P?+ Q-5 +d?,

2.J sin?
Wy = 7J82 () [r+ E],
J? = d*F?, (3.1.6)

whereas FE is given by

(M2 + 32— P2 — Q%) (M + %/V3)

E = —M+ >
(M +3%/v3)" — Q2

. (3.1.7)

In Kaluza-Klein theories, vacuum metrics on the Kaluza-Klein bundle lead
to solutions of the Einstein-Maxwell-dilaton field equations. In the Rasheed
case the physical-space Maxwell potential is given by

24, dat = %dt + <w5¢ + %w%) do, (3.1.8)
where
C = 20 (r - E/\/§) _ 2P cos(0) (M : %/V3) . (319
(M —5/v3) ~ P?
W’y = g , (3.1.10)
and

2QJ sin?(0) [r (M — £/V3) + MY/V3+ %2 — P? — Q7]
(0 +3/v5)" - 2]

(3.1.11)
The Rasheed metrics (3.1.1) have been obtained by applying a solution-
generating technique ([240], compare [131]) to the Kerr metrics. This guaran-
tees that these metrics solve the five-dimensional vacuum Einstein equations
when the constraint (3.1.3) is satisfied.
Let us address the question of the global structure of the metrics above. We
have

det g = —A%sin?(6),

which shows that the metrics are smooth and Lorentzian except possibly at the
zeros of A, B, G, A, and sin(6).
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After a suitable periodicity of ¢ as in Section 3.4 below has been imposed,
regularity at the axes of rotation away from the zeros of denominators follows
from the factorisations

2 2
S1) = a”sin (0) (3.1.12)
G a2 cos2(f) — 2Mr + P2 + Q2 + r2 — %2
A sin?(9) 2JC
244 = 2P 5 cos(0) a (H +—p [t E]) : (3.1.13)

where
o 2T (M —-%/V3) +ME/2\/§+22—P2—Q2]. (3.1.14)
(M +x/v3)" -]

It will be seen below that, after restricting the parameter ranges as in (3.2.4)
and (3.2.6), the location of Killing horizons is determined by the zeros of

gt Gty gt4 )
9t 9pe 9oa | = —Asin“(0), (3.1.15)
g4t Gagp J44

and thus by the real roots ry > r_ of A, if any:

re=M++y/M2+%2—-P2_-Q2—q2. (3.1.16)

3.2 Zeros of the denominators

The norms
W d B
= —— a [
Gt AB nd g44 A
of the Killing vectors d; and 0, are geometric invariants, where W = —GA+C?.

So zeros of A and of AB correspond to singularities in the five-dimensional
geometry except if

1. a zero of A is a joint zero of A, B and W, or if

2. a zero of B which is not a zero of A is also a zero of W.

Setting
2JP
A= JPQ , (3.2.1)
2
a2 ((M+E/\/§) —Q2)

one checks that if

2P2% 2

=== —a°(1—|A|)=0, when |A|l>2 or

T o a2,(42 A A (3.2.2)

soais T =0, when A <2,

then A vanishes exactly at one point. Otherwise the set of zeros of A forms a
curve in the (r,6) plane. Let @ — r(0) denote the curve, say ~, corresponding
to the set of largest zeros of A.
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Note that W and A are polynomials in r, with A of second order. If W/A is
smooth, the remainder of the polynomial division of W by r—r;{ must vanish on
the part of v that lies outside the horizon. One can calculate this remainder with
MATHEMATICA, obtaining a function of # which vanishes at most at isolated
points, if at all. It follows that the division of W by A is singular on the closure
of the domain of outer communications (d.o.c.), i.e. the region {r > r }, if A
has zeros there, except perhaps when (3.2.2) holds.

One can likewise exclude a joint zero of W and B in the closure of the d.o.c.
without a zero of A, except possibly for the case where this zero is isolated for
B as well, which happens if

Y+M+/3

QQZ a2B2 .
Z+M\/——i— =0, if |B]<2.

(3.2.3)

{ 2% _ 21— |B))=0, if [B|>2 or

See [157] for a more detailed analysis of the borderline cases.

Summarising: a necessary condition for a black hole without obvious singu-
larities in the closure of the domain of outer communications is that all zeros
of A lie under the outermost Killing horizon r = r,. One finds that this will
be the case if and only if

2P%y 2
—a“(1—1]A]) <0, or
|A[>2 and oMY b 2P2%
M+ I+ PP =P = > 5+ [ — (1 |A)),
or
2P2% 2A2
+ <0, or
e
|A] <2 and x-M - — (3.2.4)
M+\/M2+22_P —QP—a?> I+ Ezzjw%[JraA
except perhaps when (3.2.2) holds.
An identical argument applies to the zeros of B, with the zeros of B lying
on a curve unless (3.2.3) holds. Ignoring this last case, the zeros of B need
similarly be hidden behind the outermost Killing horizon. Setting
2JP
B:=— @ . : (3.2.5)
a2 (M - /v3)* - P?)
one finds that this will be the case if and only if
2°%_ 421~ |B]) < 0 or
Bl>2 and § PEMVE__ b
M+ /MP 32— PT— Q2 —a? > -3+ /295 —a2(1-|B)),
or
2Q2% 232
+ ¢ <0, or
|B| <2 and ;;Mf S . ey (3.2.6)
+VMEP A PR —a? > —5 5 s T

except perhaps when (3.2.3) holds.
While the above guarantees lack of obvious singularities in the domain of
outer communications {r > r;} (d.o.c.), there could still be causality violations
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there. Ideally the d.o.c. should be globally hyperbolic, a question which we have
not attempted to address. Barring global hyperbolicity, a decent d.o.c. should
at least admit a time function, and the function ¢ provides an obvious candidate.
In order to study the issue we note the identity

M = 4J%[r + E)%sin*(0) — ABA .
AAG

A MATHEMATICA calculation shows that the numerator factorises through G,

so that g% extends smoothly through the ergosphere. When P = 0 one can

verify that ¢%° is negative on the d.o.c. For P # 0 one can find open sets of

parameters which guarantee that g% is strictly negative for » > r, when A and

B have no zeros there. An example is given by the condition

>EM+q
r
A Vo

(3.2.7)

(3.2.8)

which is sufficient but not necessary, where ¢ := P? + Q? — X2 +a2. We hope
to return to the question of causality violations in the future.

In Figure 3.2.1 we show the locations of the zeros of A and B for some
specific sets of parameters satisfying, or violating, the conditions above.

—— inner Killing horizon
— outer Killing horizon
ergosurface

— zero setof A
zero set of B

Figure 3.2.1: Two sample plots for the location of the ergosurface (zeros of G),
the outer and inner Killing horizons (zeros of A), and the zeros of A, B. Left

. _ 33 8 923 1, /2(4105960v/34+2770943)
plOt j\4'—870/—1—07 =3 E__€7P__5\/ 12813 ~—786,

with zeros of A and B under both horizons, consistently with (3.2.4) and (3.2.6).
Right plot: M =1,a=1,Q =0, £ =6, P = /4 — 22 ~ 1.08; here (3.2.4)
is violated, while the zeros of B occur at negative r.

Another potential source of singularities of the metric (3.1.1) could be the
zeros of G. It turns out that there are irrelevant, which can be seen as follows:
The relevant metric coefficient is g4, which reads

B C 2 A G AVAB
960 = <w5¢ + Ewoqs) tWg <——ﬁ (W%)" + e sin” 9) (3.2.9)

Taking into account a G~! factor in w0¢, it follows that gs4 can be written as
a fraction (...)/ABG?. A MATHEMATICA calculation shows that the denomi-
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nator (...) factorises through AG?, which shows indeed that the zeros of G are
innocuous for the problem at hand.
Let us write d3%4) as M gapdz®dz’. The factorisation just described works

for g4 but does not work for ) 9s¢- From what has been said we see that the
quotient metric ¥ gy dz®da’ is always singular in the d.o.c., a fact which seems
to have been ignored, and unnoticed, in the literature so far.

3.3 Regularity at the outer Killing horizon H .

The location of the outer Killing horizon H of the Killing field
k= 8t + Q¢8¢ + 948334 R (3.3.1)

is given by the larger root r of A, cf. (3.1.16). The condition that Hy is
a Killing horizon for k is that the pullback of g,,k” to H, vanishes. This,
together with

Aly, =0, Gy, = —a*sin*(0), (3.3.2)
yields
1 a®
Qy = —| =— E) !
¢ qus Hy 2T (T+ + ) 9
Q(Atwod) — A¢)
G = ————
W Hy
~ Q(=3Mry —V3MYX +3P? +3Q% +V3rx — 3%?) (33.3)
a (E+ry) (3M2 +2V/3MY — 3Q2 + ¥2) S
After the coordinate transformation
b=¢—Qpdt, z*=z"-Qudt, (3.3.4)
the metric (3.1.1) becomes
d 2
g=gs+ % + AUdt?, (3.3.5)

where gg is a smooth (0, 2)-tensor, with U := g /A extending smoothly across
A = 0. Introducing a new time coordinate by
o

T=t—ocln(r—ry) = dr=dt— dr, (3.3.6)

r—ry

where o is a constant to be determined, (3.3.5) takes the form
2 2
dr
d -
r) + A

2A 1 AUo?
= g9+ AUdr? + Uo drdr + [ — + _AUo” dr?
r—rg A (r—ry)?

2 2 2
QAUJder—i— (r—ry)*+ A%c°U
r—rg A(r —ry)?

v

g = gs+AU(dT+

rT—Try

= gs+AUdr* + dr?. (3.3.7)
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In order to obtain a smooth metric in the domain of outer communication the
constant ¢ has to be chosen so that the numerator of V' has a triple-zero at
r =r4. A MATHEMATICA computation gives an explicit formula for the desired
constant o, which is too lengthy to be explicitly presented here. This establishes
smooth extendibility of the metric in suitable coordinates across r = r.

3.4 Asymptotic behaviour

When P = 0 the Rasheed metrics satisfy the KK-asymptotic flatness condi-
tions. This can be seen by introducing manifestly-asymptotically-flat coordi-
nates (¢,z,y,z) in the usual way. With some work one finds that the metric
takes the form

2M | 2% 2Q
. T ar ) 0 2]‘/(1) 0 =
0 2%1 o 2; + 1 7asﬂ[:y 2%zz 0
0 2]\;[;::11 2]\7/,13:[/ _ % +1 Q%yz 0 +O(7“_2)
0 2]\;[3:)32 2%3/2 2]7\{[322 _ 2§T + 1 O
2Q 4%
¢ 0 0 0 L4+
(3.4.1)

However, when P # 0, the Rasheed metrics do not satisfy the KK-asymptotic
flatness requirements anymore: Instead, the space of Rasheed metrics decom-
poses into sectors, labelled by P € R, in which the metrics g asymptote to the
background metric

b:= (dz* + 2P cos(0)dy)” — di* + dr® + r?d6® + r>sin®(0)dg® .  (3.4.2)

The metrics (3.1.1) and (3.4.2) are singular at sin(d) = 0. This can be resolved
by replacing z* by Z*, respectively by %, on the following coordinate patches:

zti=a*+2Pp, He|0,7),
{ =2 —2Pp, 0¢€(0,7]. (3.4.3)
Indeed, the one-form
dz* + 2P cos(0)dp = dz* 4+ 2P(cos(0) — 1)dp = dz* — L(mdy — ydx)
r(r+ z)
is smooth for r > 0 on {# € [0,7)}. Similarly the one-form
4 ~4 ~4 2P
dx® + 2P cos(0)dp = dz* + 2P(cos(0) + 1)dp = dz* + ﬁ(xdy — ydz)
r(r—z

is smooth on {# € (0,x], r > 0}. Smoothness of both g and b outside of the
event horizons readily follows.

‘We note the relation
=i+ 4Py, (3.4.4)

which implies a smooth geometry with periodic coordinates Z* and * if and
only if
both 7* and #* are periodic with period 8 Pr. (3.4.5)
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From this perspective z* is not a coordinate anymore: instead the basic coor-

dinates are T for § € [0,7) and #* for 6 € (0, 7], with dz* (but not x*) well
defined away from the axes of rotation {sin(6) = 0} as

dat — { dz* — 2Pdyp, elo,m),

0
di* +2Pdy, 0 € (0,7]. (3.4.6)

Curvature of the asymptotic background

We continue with a calculation of the curvature tensor of the asymptotic back-

ground. It is convenient to work in the coframe

8'=dt, ©' =dr, ©=dy, © =dz, O =di'+2Pcos(d)dyp,
(3.4.7)

which is manifestly smooth after replacing dz* as in (3.4.6). Using

~ 1 ~ ~ ~
d0" = —2Psin(0) df A dp = —2P%@-J (dz A dy Ndz) = —gémxidﬂ A da®
(3.4.8)
where égﬁg € {0,41} denotes the usual epsilon symbol, one finds the following
non-vanishing connection coefficients

. P, N
—4 L e g —t = ok
W= 5T e, ;= 35T e, (3.4.9)

where 2% = 2. This leads to the following curvature forms

— P 3 k; 2P20 b
o P, 3 5 0. 5 ? w5
Q; = 355k <—ﬁx]x —|—5§) o' A@ + Ekmfmﬂ z" 0" N O (3.4.10)

hence the following non-vanishing curvature tensor components

s P 3
R _ fe f_ 9O i k 4
Gk T ,,«361']'6( 2T +5>
. P2 . 2P2 o
4 — E _ o o o o
Ry = o™ R = =5 (Gadiion + Grptysn 7 311)

The non-vanishing components of the Ricci tensor read

_ 2P? . _ P2 o
R " R, = —Fékmgék%xm#. (3.4.12)

o 76 kmzekn] 44

Subsequently the Ricci scalar is R = —2P2 /4.



Chapter 4

Diagrams, extensions

The aim of this chapter is to present a systematic approach to extensions of
a class of spacetimes. We further introduce the conformal and projection dia-
grams, which are a useful tool to visualise the geometry of the extensions.

4.1 Causality for a class of bloc-diagonal metrics

We start with a construction of extensions for metrics of the form
g=—Fdt* + F'dr? + hypdzdzP?,  F=F(r), (4.1.1)
—_——
=:h
where h := hap(t,r, 2¢)dzAda? is a family of Riemannian metrics on an (n—1)-
dimensional manifold N™~!, possibly depending upon ¢ and r. Our analysis is

based upon that of Walker [274].
There is a long list of important examples:

1. F=1- QTW, h = r2dQ?; this is the usual (34 1)-dimensional Schwarzschild
solution. For m > 0 the function F' has a simple zero at r = 2m.

2. F=1- r?ffl, h = 7“2dl01, where h is the unit round metric on an (n—1)-
dimensional sphere S"~!; this is the (n + 1)=dimensional Schwarzschild-

Tangherlini solution. Here F has again one simple positive zero for m > 0.

3F=1-224 ?—22, h = r2dQ?; this is the (3 + 1)-dimensional Reissner-
Nordstrom metric, solution of the Einstein-Maxwell equations, with total
electric charge @, and with associated Maxwell potential A = @Q/r (com-
pare Section 1.5. If we assume that |Q| < m. then F has two distinct

positive zeros
re=ma/m? QP

and a single zero when |@| = m. This last case is referred to as extreme,
or degenerate;

4. F=1- T%ffg +T28—Z), h = r2dQ?; this is an (n+1)-dimensional generaliza-
tion of the Reissner-Nordstrom metric, solution of the Einstein-Maxwell
equations, with total electric charge (), and with associated Maxwell po-
tential A = Q/r;

129
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5. F = —%7“2 +K— 277”, where A is the cosmological constant, and h = TQiLH,

with & having constant Gauss curvature x:
df? +sin? 0de?, Kk > 0;
h. = { df? + dy?, k= 0;
df? + sinh? 0dp?, Kk < 0.
These are the (3 + 1)-dimensional Kottler metrics, also known as the
Schwarzschild-(anti de)Sitter metrics;

6. F(r)y=1- r?ffg - Z—z, where ¢ > 0 is related to the cosmological constant
A by the formula 2A = n(n — 1)/¢2. These are solutions of the vacuum
Einstein equations if h = 1"2;L, provided that h is an Einstein metric
on an (n — 1)~dimensional manifold N~ with scalar curvature equal to
(n —1)(n —2) [28]. We will refer to such metrics as generalised Kottler
metrics or Birmingham metrics. Note that m = 0 requires (N™~!,h)
to be the unit round metric if one wants to avoid a singularity at finite
distance, at r = 0, along the level sets of t.

7. We note finally the metrics

g = —(A=Ar)dt? + A=A Mdr? + AT, (4.1.2)
with k = £1, kA > 0, A € R. The case £k = 1 has been discovered by
Nariai [217].

REMARK 4.1.1 It is worth pointing out that the study of the conformal struc-
ture for more general metrics of the form

()
9= —F(r)Hy(r)dt* + F~1(r)Hy(r)dr?, (4.1.3)

where Hy and Hy are strictly positive in the range of r of interest, can be
reduced to the one for the metric (4.1.1) by writing

) . . .
J= VHH (—th2 n F—ldr2) , where F'= \/HLF. (4.1.4)

4.1.1 Riemannian aspects

We will be mainly interested in functions F' which change sign: thus, we assume
that there exists a real number ry such that

F(TQ):O.

Not unexpectedly, the global properties of g will depend upon the nature of the
zero of F. For example, for the Schwarzschild metric with m > 0 we have a
first-order zero of I' at 2m. This implies that the distance of radial curves to the
set {r = 2m} is finite: indeed, letting v denote any of the curves r — (7,0, ¢),
the length of 7 in the region {r > 2m} is

— d
/\/g(’y,’y)dr = /\/77472
1_ 2m
= \/r2—2mr—|—mln(r—m+ r2—2mr>+C,
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where C' depends upon the starting point. This has a finite limit as r approaches
2m. More generally, if F' has a first order zero, then I’ behaves as some constant
Cy times (r — ) near o, giving a radial distance

since x~+/¢ is integrable near z = 0.
On the other hand, for the extreme Reissner-Nordstrém metric we have, by

definition,
my 2
= (1-™)?
(r) :

1/2

leading to a radial distance

/\/Wdr = / 1mdr:/

r

= r+1In(r—m), (4.1.5)

dr:/ir_m—'—mdr

r—m r—m

which diverges as r — m. Quite generally, if F' has a zero of order k > 2 at
7o, then F behaves as some constant Cy times (r — ro)¥ near g, giving a radial
distance

since the integral of 2~%/2 near & = 0 diverges for k > 2.

The above considerations are closely related to the embedding diagrams,
already seen in Section 1.2.6 for the Schwarzschild metric. In the Schwarzschild
case those led to a hypersurface in Euclidean R"*! which could be smoothly
continued across its boundary. It is not too difficult to verify that this will be
the case for any function F' which has a first order zero at ry > 0.

One can likewise attempt to embed in four-dimensional Euclidean space the
t = const slice of the extreme Reissner-Norsdstrom metric. The embedding
equation arising from (1.2.69) now reads

For r close to and larger than m we obtain

dz 1
el
Integrating as in (4.1.5), one obtains a logarithmic divergence of the graphing
function z near r = m:
z(r) = mln(r —m).

This behaviour can also be inferred from the exact formula:

z = 2\/m(2r—m)+mln< m(2r—m)+m>'

m((2r —m)—m
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2507

-5007

-750

-1,000+

Figure 4.1.1: An isometric embedding in four-dimensional Euclidean space (one
dimension suppressed) of a slice of constant time in extreme Reissner-Nordstrom
spacetime near 7 = m.

The embedding, near r = m, is depicted in Figure 4.1.1

Quite generally, the behaviour near rg of the embedding function z, solution
of (4.1.6), depends only upon the order of the zero of F' at ry. For rog > 0, and
for all orders of that zero larger than or equal to two, if the “angular part” h
of the metric (4.1.1) is of the form h = r2h, where h does not depend upon r,
then the geometry of the slices ¢ = const resembles more and more that of a
“cylinder” dx? + rgioz as rg is approached.

4.1.2 Causality

To understand causality for metrics of the form (4.1.1), the guiding principles
for the analysis that follows will be:

1. the t — r part of g plays a key role;
2. multiplying the metric by a nowhere vanishing function does not matter;

3. the geometry of bounded sets is easier to visualize than that of unbounded
ones.

Concerning point 1, consider a timelike curve ~(s) := (t(s),7(s), z(s)) for
the metric (4.1.1). We have

. dt\? 1 [dt\> dz\? [ dxB\?
0>o13)=—F <d—> +F(£> *has <d—> <d—>
. dt\? 1 (dt\?
—0>9(1,9) = —F <—> f<£> : (4.1.7)

ds
Thus, curves which are timelike for g project to curves (t(s),r(s)) which are
timelike for the metric

2 1
(g) = —Fdt* + Fdr2. (4.1.8)
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Similarly, (4.1.7) shows that, for any set of constants zfl, a curve (t(s),r(s))
which is timelike for the metric ¢ lifts to a curve ((s),7(s), x4 ) which is time-
like for g.

Identical statements hold for causal curves.

Concerning point 2 we note that, for any positive function €2, the sign of
g(%,7%) is the same as that of Q2g(¥,%). Hence, causality for a metric g is, in
many respects, identical to that of the “conformally rescaled” metric Q2g.

Concerning point 3, it is best to proceed via examples, presented in the next

section.

4.2 The building blocs

We proceed to gather a collection of building blocs that will be used to depict
the global structure of spacetimes of interest. We start with:

4.2.1 Two-dimensional Minkowski spacetime

2)
Let (g be the two-dimensional Minkowski metric:

2
(g) = —dt? +dz*, (t,z) € R%.

In order to map conformally R? to a bounded set, we first introduce two null
coordinates v and v:
U+ v—u

u=t—x,v=t+x = t= 5 T (4.2.1)

2
with (g) taking the form
2)
g = —dudv.
We have (t,z) € R? if and only if (u,v) € R?. We bring the last R? to a bounded

set by introducing

U = arctan(u), V = arctan(v), (4.2.2)
thus S o
wvie(-53)*(-33)
Using
du 1 dv 1

dU ~ cos2U’ dV  cos2V’

the metric becomes . )
=—————_dUdV. 4.2.3
g cos2 U cos?2 V ( )

This looks somewhat more familiar if we make one last change of coordinates
similar to that in (4.2.1):

U—i—V’ X:V_U,
2 2

U=T-X,V=T+X <= T-= (4.2.4)
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Figure 4.2.1: The conformal diagram for (1 + 1)-dimensional Minkowski space-
time; see also Remark 4.2.1. T am very grateful to Christa Olz (see [224]) and
Michal Eckstein for providing the figures in this section.

leading to
2) 1

= —dT? 4+ dX?).
I COSQ(T—X)COS2(T+X)( * )

We conclude that the Minkowski metric on R2 is conformal to the Minkowski
metric on a diamond

{-m2<T-X<n/2, —7/2<T+X<7/2},
see Figure 4.2.1.

REMARK 4.2.1 Equation (4.2.3) shows that ¢** = ¢" = 0. This implies (see
Proposition A.13.2, p. 271) that the curves s — (u,v = s) are future directed null
geodesics along which V' approaches 7/2 to the future, and —7/2 to the past. A
similar observation applies to the null geodesics s — (u = s,v). Thus the union of
the boundary intervals

I~ ={Ue€(—n/2,7/2), V=—n/2} U{V € (—7/2,7/2), U= —7/2}
can be thought of as describing initial points of null future directed geodesics; this
set is usually denoted by .# ~, and is called past null infinity. Similarly, the set .# T,
called future null infinity, defined as
It ={U € (-n/2,7/2), V=7/2YU{V € (—7/2,7/2), U =n/2},

is the set of end points of future directed null geodesics.
Next, every timelike future directed geodesic acquires an end point at

it = (V=r/2,U=nr/2),
called future timelike infinity, and an initial point at
im =V =-n/2,U=—-7/2),

called past timelike infinity. Finally, all spacelike geodesics accumulate at both i%
and 9. a
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Figure 4.2.2: Conformal structure of (1+n)-dimensional Minkowski spacetime,
n > 2 (n = 2 in Figure (b)); see also Figure 4.2.3.

4.2.2 Higher dimensional Minkowski spacetime

We write the (n+ 1)-dimensional Minkowski metric using spherical coordinates,
n=—dt* + dr® + r’dQ*

where the symbol d2? denotes the unit round metric on an (n — 1)-dimensional
sphere. In view of our principle that “for causality only the ¢ — r part of the
metric matters”, to understand global causality it suffices to consider the two-
dimensional metric

g = —dt* + dr-.

But this is the two-dimensional Minkowski metric, so the calculations done in
two dimensions apply, with = in (4.2.1) replaced by r. However, one has to keep
in mind the following;:

1. First, r = = > 0, as opposed to x € R previously. In the notation of
(4.2.1)-(4.2.4) this leads to

>0 <= v>u
<— tanV > tanU
= V>U
= X >0.

So instead of Figure 4.2.1 one obtains Figure 4.2.2(a).

2. Next, Figure 4.2.2(a) suggests that » = 0 is a boundary of the spacetime,
which is not the case; instead it is an axis of rotation where the spheres
t = const, r = const degenerate to points. A more faithful representation
in dimension 241 is provided by Figure 4.2.2(b). This last figure also gives
an idea how the left figure should be understood in higher dimensions.
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3. Finally, the conformal nature of the point i® of Figure 4.2.2 needs a more

careful investigation: For this, let us write R > 0 for X, and return to
the equations

= —di* + dr? + 1240 = gl (—dT? + dR?) + r2dQ?,
T+ R =arctan(t +7), T — R =arctan(t —r).

Now,
r=1i(tan(R—T)+tan(R+1T)) = Wﬁ(ﬂ) ’
cos(T — R) cos(R + T) = 4(cos(2R) + cos(2T)),
leading to
1
= 4(—dT? + dR?) + sin®(2R)dQ*).  (4.2.
n (cos(2R) +COS(2T))2( ( + dR?) + sin“(2R) ) (4.2.5)

=gp

(We hope that the reader will not confuse the unit round metric on S2,
usually denoted by d? in the relavistic literature, with the differential of
the conformal factor 2.) The metric

ggs = 4dR* + sin?(2R)dQ? = dyp? + sin®(¥)dQ? |, where ) := 2R,

is readily recognized to be the unit round metric on S”, with R = 0 being
the north pole, and 2R = 7 being the south pole. Hence

o

Gp = —dr? + §g3, where 7:= 2T,

is the product metric on the Finstein cylinder R x S™. Now, for 7 €
(—m,m) and ¢ € (0,7) the condition of positivity of the conformal factor,

cos(7) + cos(yp) >0,

is equivalent to
—T+Y<T<T—1. (4.2.6)

Thus:

PROPOSITION 4.2.2 For n > 2 the Minkowski metric is conformal to the
metric on the open subset (4.2.6) of the Einstein cylinder R x S™, cf. Fig-
ure 4.2.3. O

From what has been said, it should be clear that " is actually a single
point in the conformally rescaled spacetime. Future null infinity £ is
the future light-cone of i in the Einstein cylinder, and reconverges at i+
to the past light-cone of i*. Similarly .#~ is the past light-cone of i®, and
reconverges at i~ to the future light-cone of i~.
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Figure 4.2.3: The embedding of Minkowski spacetime into the Einstein cylinder
R x S3 (two space-dimensions suppressed).

4.2.3 [ F~! diverging at both ends

2) . .
We return now to a ¢ of the form (4.1.8) with non-constant F', and consider
an open interval I = (r1,72), with r; € RU{—o00}, ro € RU {00}, such that F
has constant sign on I. We choose some 7, € I, and we assume that
" ds " ods

li — = 1i — = . 4.2.7
o Ee ) Fe T (4.27)

Equation (4.2.7) will hold in the following cases of interest:

1. At the event horizons of all classical black holes: Schwarzschild with or
without cosmological constant, Kerr-Newman with or without cosmolog-
ical constant, etc. More generally, (4.2.7) will hold if ;1 € R and if F
extends differentiably across r1, with F(r1) = 0; note that the left inte-
gral will then diverge regardless of the order of the zero of F' at 1. A
similar statement holds for ro.

2. In the asymptotically flat regions of asymptotically flat spacetimes. Quite
generally, (4.2.7) will hold if 79 = oo and if F' is bounded away from zero
near 79, as is the case for asymptotically flat regions where F(r) — 1 as
r — 00.

Note that the sign of F' determines the causal character of the Killing vector
X := 0y: X will be timelike if F' > 0 and spacelike otherwise. Alternatively, ¢
or —t will be a time-function if F' > 0, while r» or —r will be a time-function in
regions where F' is negative.
We introduce a new coordinate x defined as
" ds dr

M=) Fe = “TFn

(4.2.8)
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(a) (b)

Figure 4.2.4: The conformal structure for F' > 0 according to whether the
Killing vector X = 0, is future pointing (left) or past pointing (right). Note
that in some cases r might have a wrong orientation (this occurs e.g. in the
region IIT in the Kruskal-Szekeres spacetime of Figure 1.2.7), in which case one
also needs to consider the mirror reflections of the above diagrams with respect
to the vertical axis, compare Figures 4.2.6.

A
\ 4

time

Figure 4.2.5: The conformal structure for F' < 0.

This gives

2)

1
g = —Fdt* + T )2 = F(—dt* + da?). (4.2.9)

dr
~—
Fdx

In view of (4.2.7) the coordinate = ranges over R. So, if F' > 0, then (;) is
conformal to the two-dimensional Minkowski metric, and thus the causal struc-
ture is that in Figure 4.2.4. Otherwise, for negative F', we obtain a Minkowski
metric in which = corresponds to time and t corresponds to space, leading to a
causal structure as in Figure 4.2.5. Rotating Figure 4.2.5 so that time flows to
the future along the vertical positively oriented axis we obtain the four possible
diagrams of Figure 4.2.6.
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time time

time time

(0) (d)

Figure 4.2.6: Figure 4.2.5 rotated so that time flows in the positive vertical
direction. Four different diagrams are possible, according to whether the Killing
vector X = 0 is pointing left or right, and whether Vr is future- or past-
pointing.

4.2.4 [ F~! diverging at one end only

We consider again a general (5) of the form (4.1.8), with F' defined on an open
interval I = (ry,re), with m € RU {—o00}, r2 € RU {oo}, such that F has
constant sign on I. We choose some r, € I and, instead of (4.2.7), we assume
that "oy . g
lim 2 oo, lim / 2~ . (4.2.10)
ronf, |[F(s)] rora Jp, [F(s)|
The case of ry interchanged with ry in (4.2.10) is analysed by replacing r by
—r in what follows. Note that this introduces the need of applying a mirror
symmetry to the diagrams below.
The conditions in (4.2.10) arise in the following cases of interest:

1. We have r; € R, with the set {r = r1} corresponding either to a singular-
ity, or to an axis of rotation. We encountered the latter possibility when
analyzing (n + 1)-dimensional Minkowki spacetime. The former situation
occurs e.g. in Schwarzschild spacetime under the horizons, with r; = 0
and ro = 2m.

2. An example with r; = —o0 is provided by anti-de Sitter spacetime, where
F behaves as r? for large . The variable r here should be the negative of
the usual radial coordinate in anti-de Sitter. Yet another example of this
kind occurs in the de Sitter metric, where F' behaves as —r? for large |r|,
so that r is a time function there.
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O>o <O <D
(a)
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(b) (c) (d)
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Figure 4.2.7: Some possible diagrams for (4.2.10). Time always flows forwards
along the vertical axis. In (a)-(d) the set {r = 0} corresponds to an axis of
rotation; in (e)-(h) it is a singularity. There should be four more such figures
where {r = 0} should be replaced by {r = oo}, corresponding to an asymptotic
region. Similarly there should be four more figures similar to (i)-(1), where a
singularity {r = 0} is replaced by an asymptotic region {r = oo}.

Instead of (4.2.8) we introduce a new coordinate = defined as

x(r) = r: % . (4.2.11)

Equation (4.2.9) remains unchanged, but now the coordinate = ranges over
[0,00). This has already been analysed in the context higher-dimensional
Minkowski spacetime, resulting in the conformal diagrams of Figure 4.2.7.

4.2.5 Generalised Kottler metrics with A <0 and m=0

We consider a positive function F : [0,00) — R which has no zeros, with

 dr
Too i= < 00. 4.2.12

<=, i
This will be e.g. the case for the generalised Kottler metrics (as described on
p. 129, in the introduction to this chapter), with negative A, with x = 1, and
with vanishing mass m = 0, for which

@) .
In this case, we use (4.2.8) with 7. = 0, then = € [0, ); we obtain that ¢ is
conformal to a Minkowski metric on a strip Reime X [0, 2o ), as in Figure 4.2.8(a).
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(a) (b)

Figure 4.2.8: The conformal structure of anti-de Siter spacetime. The two-
dimensional projection is the shaded strip 0 < r < oo of figure (a). Since
{r = 0} is a center of rotation, a more faithful representation is provided by
the solid cylinder of figure (b).

If the “internal space” N"~! is a sphere S~ then {r = 0} = {x = 0} is a
rotation axis, so a more adequate representation of the resulting spacetime is
provided by Figure 4.2.8(b).

4.3 Putting things together

We have now at our disposal a variety of building blocs and a natural question
arises, whether or not more interesting spacetimes can be constructed using
those. We start by noting that no C?-extensions are possible across a boundary
near which |F| approaches infinity: Indeed, FF = —g(X, X), where X = 0, is
a Killing vector. Now, it is readily seen that for any Killing vector the scalar
function ¢g(X, X) is bounded on compact sets, which justifies the claim. It
follows that boundaries at which F' becomes unbounded correspond either to a
spacetime singularity, as is the case in the Schwarzschild metric at » = 0, or to
a “boundary at infinity” representing “points lying infinitely far away”.
So it remains to consider boundaries at which F' tends to a finite value.

4.3.1 Four-blocs gluing

We have seen in Remark 1.2.12; p. 26, how to glue four blocs together, assuming
a first-order zero of F. This allows us to reproduce immediately the Penrose
diagram of the Schwarzschild spacetime, by gluing together across r;1 = 2m two
copies of bloc (a) from Figure 4.2.4 (one for which r increases from left to right,
corresponding to the usual r > 2m Schwarzschild region, with a mirror image
thereof where r decreases from left to right), as well as blocs (i) and (j) from
Figure 4.2.7.
Some further significant examples are as follows:
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Figure 4.3.1: A maximal analytic extension for the Reissner-Nordstrém metric
with |Q] < m.

EXAMPLE 4.3.1 [THE CONFORMAL STRUCTURE OF NON-EXTREME REISSNER-
NORDSTROM BLACK HOLES.] Let us consider a C* function

F:[0,00) > R,
for some k > 1, such that F' has precisely two first-order zeros at 0 < r; < 19 <
o0, and assume that
1

2 dr
lim F(r) =1 .
i B =1, /0 Fir) =%

We further assume that the set {r = 0} corresponds to a spacetime singular-
ity. This is the behaviour exhibited by the electro-vacuum Reissner-Norsdtrém
black holes with |Q] < m, compare Section 1.5.

One possible construction of a (maximal, analytic) extension of the region
{r > rq} proceeds as follows: We start by noting that this region corresponds
to the bloc of Figure 4.2.4(a); this is block I in Figure 4.3.1. We can perform
a four-block gluing by joining together the left-right mirror image of bloc (a)
from Figure 4.2.4, corresponding to the region {r > ro} where now r decreases
from left to right (this is block I in Figure 4.3.1), as well as blocs (b) and (d)
from Figure 4.2.6, corresponding to two regions {r; < r < rg}. This results
in the spacetime consisting of the union of blocs I to IV in Figure 4.3.1. This
spacetime can be further extended to the future, via a four-blocs gluing, by
adding two triangles (c) and (g) from Figure 4.2.7, and yet another region
{r1 < r < ry} from Figure 4.2.6. This leads to a spacetime consisting of the
union of blocs I to VII in Figure 4.3.1. One can now continue periodically in
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Figure 4.3.2: The function F' when (from left to right) a) m is positive but
smaller than the threshold of (4.3.2), b) m is positive and larger than the
threshold, and ¢) m is negative.

time, both to the future and to the past, obtaining the infinite sequence of blocs
of Figure 4.3.1.

Note that identifying periodically in time, with distinct periods, provides a
countable infinity of distinct alternative extensions. The resulting spacetimes
contain closed timelike curves, and no black hole region.

Further maximal analytic distinct extensions can be obtained by removing
a certain number of bifurcation spheres from the spacetime depicted in Fig-
ure 4.3.1, and passing to the universal cover of the resulting spacetime. There
are then no causality violations, as opposed to the examples of the previous
paragraph. On the other hand the current construction leads to spacetimes
containing incomplete geodesics on which e.g. the norm of the Killing vector
0; remains bounded, while no such geodesics exist in the spacetimes of the
previous paragraph.

EXAMPLE 4.3.2 (“SCHWARZCHILD-DE SITTER” METRICS.) We consider a func-
tion ' € Ck([0,0)), k¥ > 1, which has precisely two first-order zeros at
0 < r; < rg < 0o, which is negative for large r, and which satisfies

/ © dr <

— < 00
ory |F(7)]
We again assume that the set {r = 0} corresponds to a spacetime singularity.
This is the behaviour of the “generalized Kottler [174] metrics”, also known
as “Birmingham [28] metrics” in n + 1 dimensions (cf. Section 4.6, p. 150),
with cosmological constant A > 0, under suitable restrictions on m: The metric

takes the form

2 2

2m r
pn=2 g2

dr

70 (4.3.1)

ds* = —F(r)dt* + dr? +12h, where F(r)=1—
where £ > 0 is related to the cosmological constant A by the formula 2A =
n(n —1)/¢%, while h denotes an Einstein metric with constant scalar curvature
(n —1)(n — 2) on a manifold N"~!. Representative graphs of the function F
are shown in Figure 4.3.2. We will only consider the case m > 0 and

n—2
<m) A" Emn? <1, (4.3.2)
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Figure 4.3.3: A maximal extension of the class (4.3.2) of generalized Kottler
(Schwarzchild — de Sitter) metrics with positive cosmological constant and mass.

which are sufficient and necessary conditions for exactly two distinct positive
first-order zeros of F'. The remaining cases are discussed in Section 4.6 below.
When n = 3, the condition (4.3.2) reads 9m?A < 1, and the case of equality
is referred to as the extreme Kottler—-Schwarzschild—de Sitter spacetime. In
the limit where A tends to zero with m held constant, the spacetime metric
approaches the Schwarzschild metric with mass m, and in the limit where m
goes to zero with A held constant the metric tends to that of the de Sitter
spacetime with cosmological constant A.

To obtain a maximal extension, as F(r) is positive for r € (r1,72) we can
choose, say, bloc (a) of Figure 4.2.4 as the starting point of the construction;
this is bloc I of Figure 4.3.3. A four-bloc gluing can then be done using further
the mirror reflection of bloc (b) of Figure 4.2.4 as well as blocs (j) and (k) of
Figure 4.2.7 to extend I to the spacetime consisting of blocs I-1V of Figure 4.3.3.
Continuing similarly across » = 73, etc., one obtains the infinite sequence of
blocs of Figure 4.3.3.

Let us denote by (.#, g) the spacetime constructed as in Figure 4.3.3, then
A is diffeomorphic to Riime X Rgpace X N n=1 Note that Figure 4.3.3 remains
unchanged when shifted by two blocs to the left or right. This leads to a discrete
isometry of the associated spacetime (., g), let’s call it ¢. Given k € N, one
can then consider the quotient manifold .4/ Y*, with the obvious metric. This
is the same as introducing periodic identifications in Figure 4.3.3, identifying
a bloc with its image obtained by shifting by a multiple of 2k blocs to the left
or to the right. The resulting spacetime will have topology R x S x N1,
in particular it will contain compact spacelike hypersurfaces, with topology
St x N*=1. For distinct k’s the resulting spacetimes will be diffeomorphic, but
not isometric.

EXAMPLE 4.3.3 [KOTTLER/DE SITTER METRICS WITH POSITIVE COSMOLOGI-
CAL CONSTANT, AND VANISHING MASS PARAMETER m.] We consider the met-
rics (4.3.1) with m = 0, thus F(r) = 1 — r2/¢2. Then F has one simple zero
for positive r. By arguments already given above one is led to the conformal
diagram of Figure 4.3.4.

EXAMPLE 4.3.4 [KOTTLER/ANTI DE SITTER METRICS WITH NEGATIVE COS-
MOLOGICAL CONSTANT.| The reader should have no difficulties to show that
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It It

!~I {t=0px s

Ve

Figure 4.3.4: The generalized Kottler (de Sitter) metrics with positive cosmo-
logical constant and vanishing mass parameter m. Left figure: a conformal
diagram; the lines {r = 0} are centers of rotation. The right figure makes it
clearer that the Cauchy surface {¢t = 0}, as well as .#* and .#~, have spherical
topology.

the metrics (4.3.1) with A < 0 and m # 0 can be extended to a spacetime as in
Figure 4.7.12, p. 187 below, without however the shaded region there as there
are no time-machines in the solution when the angular-momentum parameter
a vanishes.

EXAMPLE 4.3.5 [NARIAI METRICS WITH AA > 0.] The Nariai metrics can be
written in the form

g = —(A=Ar)dt? + A= Ard)rdr? + |A| " Ry (4.3.3)

with constants satisfying k = £1, kA > 0, A € R. The metric g will satisfy the
Lorentzian (n + 1)-dimensional vacuum Einstein equations with cosmological
constant proportional to A (equal to A in spacetime dimension four) if and only
if hy, is a Riemannian Einstein metric on a (n — 1)-dimensional manifold, say
N, with scalar curvature equal to a suitable, dimension dependent constant,
whose sign coincides with that of k.

The lapse function g has two first order zeros r— < r4 if and only if
AA > 0, with the Killing vector d; timelike between r_ and r; in all remaining
cases AA < 0 we obtain directly an inextendible spacetime, without Killing
horizons, and thus a somewhat dull product structure. When r» — 00 we have
lgtt| — oo, and since the norm of a Killing vector is a geometric invariant, no
extension is possible there. One can then obtain a global extension shown in
Figure 4.3.5.

The case AA > 0 but A < 0 leads to a global structure described by rotating
Figure 4.3.5 by 90 degrees.

For further reference we note alternative forms of g. When A > 0 and A > 0,
a constant rescaling of ¢ and r leads to

dr? o
g=A""! (_(1 —r?)dt* + - _Tr2 + hk> . (4.3.4)

In the region r? < 1 (regions I and I in Figure 4.3.5) we can set r = cos(x),
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Figure 4.3.5: A maximal extension of Nariai metrics with A > 0 and A > 0.

so that
g=A"! (— sin?(x)dt? + dz? + hk> . (4.3.5)

In the region r2 > 1 (regions II, IV, V and VI in Figure 4.3.5) we can set
r = cosh(7) and y = ¢ in (4.3.4), which results in

g=A""! (—d7'2 + sinh?(7)dy® + hk) . (4.3.6)

In either case, the space-part of the metric has cylindrical structure, with a
product metric on R x .

Amusingly, the metric (4.3.6) can be obtained from (4.3.5) by replacing x —
it and t — y. Further complex substitutions in (4.3.6), namely 7 — 7 + im/2
and y — 1y, lead to the metric

g=A""! (—d72 + cosh?(7)dy? + hk> , (4.3.7)

with cylindrical spatial slices and boring global structure.
When A and A are both negative, a constant rescaling of ¢ and r leads

instead to
dr

2
g = |A|*1 (_(r2 — 1)dt2 + 27 + hk;> , (438)

subsequently leading to obvious sign changes in (4.3.5)-(4.3.7).

4.3.2 Two-blocs gluing

The four-blocs gluing construction requires a first order zero of F'; but there
exist metrics of interest where I’ has zeros of order two. Examples are provided
by the extreme Reissner-Nordstrém metrics, with |Q| = m, or by the extreme
generalized Kottler metrics, for which the inequality in (4.3.2) is an equality.
In such cases a two-bloc gluing applies, which works regardless of the order of
the zero of F', and which proceeds as follows: Consider a function F' defined on
an interval I, which might or might not change sign on I, with one single zero
there. As in (1.2.44) of Remark 1.2.12, p. 26, we introduce functions « and v
defined as

(4.3.9)

u=t-f(r), v=t+i0), f=x.
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But now one does not use u and v simultaneously; instead one considers, first,
a coordinate system (u,r), so that
7 = —F( _dt )+ Lar? = “Pdu? — 2dudr
~—~ F '

du—l—%dr

Since det (§2]) = —1, the resulting metric extends smoothly as a Lorentzian metric
to the whole interval of definition, say I, of F'. If we further replace u by a
coordinate U = arctanu, as in (4.2.2), each level set of U is extended from
its initial range r € (r1,72) to the whole range I. In terms of the blocs of,
say, Figure 4.2.4, this provides a way of extending across the lower-left interval
r = 11 and/or across the upper-right interval r = ro; similarly for the remaining
blocs. Equivalently, the (u, r)-coordinates allow one to attach another bloc from
our collection at the boundaries V = —7/2 and V = 7/2, with V = arctan v as
in (4.2.2).
Next, using (v,7) as coordinates one obtains
7 = —F( dt )+ L = “pa? + 2dvdr.
~~ F

dv—%dr

The (V,r)-coordinates provide a way of extending across the boundary inter-
vals U = £7/2; in Figure 4.2.4 these are the (open) lower-right or upper-left
boundary intervals.

EXAMPLE 4.3.6 [THE GLOBAL STRUCTURE OF EXTREME REISSNER-NORDSTROM
BLACK HOLES |@Q| = m.] For extreme Reissner-Nordstrom metrics the function

F equals
m 2
Fy = (1-™Y'.
(r) -

Although this is not needed for our purposes here, we note the explicit form of
the function f in (4.3.9):

fry=r-

+2mlnjr—m| .

To construct a maximal extension of the exterior region r € (m, o), we start
with a bloc (a) from Figure 4.2.4 with r € (m,c0); this is region I in Fig-
ure 4.3.6. This can be extended across the upper-left interval with a bloc (e)
from Figure 4.2.7, providing region II in Figure 4.3.6. That last bloc can be
extended by another bloc identical to I. Continuing in this way leads to the
infinite sequence of blocs of Figure 4.3.6.

4.4 General rules

For definiteness we will assume in this section that the full spacetime metric

takes the form

dr?

—F(r)dt2 + For)

+ r2hpp(29)da?dz® | (4.4.1)
=:h
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Figure 4.3.6: A maximally extended extreme Reissner-Nordstrom spacetime.

which holds for many metrics of interest. The reader should have no difficulties
adapting the discussion here to more general metrics, e.g. such as in Section 4.7
below. The function r in (4.4.1) will be referred to as the radius function.

Our constructions so far lead to the following picture: Consider any two
blocs from the collection provided so far, with corresponding functions F} and
F5, and Killing vectors X; and X, generating translations in the coordinate ¢
of (4.4.1). Then we have the following rules:

1. Before any gluing all two-dimensional coordinate-domains should be viewed
as open subsets of the plane, without their boundaries.

2. Two such blocs can be attached together across an open boundary interval
to obtain a metric of class C* if the corresponding radius functions take
the same finite value at the boundary, and if the function F5 extends Fj
in a C* way across the boundary. One might sometimes have to change
the space-orientation x — —x of one of the blocs to achieve this, and
perhaps also the time orientation so that the (extended) Killing vector
X1 matches Xy at the relevant boundary interval.

3. The calculation in Example 1.3.9, p. 41, shows that the surface gravity of
a horizon r = r,, where F(r,) = 0, for metrics of the form (4.4.1) equals
F'(r)/2. Hence, in view of what has just been said, a necessary and
sufficient condition for a C! gluing of the metric across an open boundary
interval is equality of the radius functions r together with equality of the
surface gravities of the Killing vectors 0; at the boundary in question.

4. Two-bloc gluings only attach the common open boundary interval to the
existing structure, so that the result is again an open subset of R?. In
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particular two-bloc gluings never attach the corners of the blocs to the
spacetime.

5. Four-bloc gluings can only be done across a first-order zero of F' at which
F is differentiable. A function F' which is of C*-differentiability class
leads then to a metric which is of C*~!-differentiability class.

6. A four-bloc gluing attaches to the spacetime the common corner of the
four-blocs, as well as the four open intervals accumulating at the corner.
(The result is of course again an open subset of R2.)

4.5 Black holes / white holes

One of the points of the conformal diagrams above is, that one can by wvisual
inspection decide whether or not a spacetime, constructed by the prescription
just given, contains a black hole region. The key observation is, that each
boundary which is represented by a line of 45-degrees slope corresponds to a
null hypersurface in spacetime. If the spacetime is faithfully represented by a
collection of blocks on the plane, the corresponding hypersurfaces are two-sided
in spacetime, and can therefore

only be crossed by future directed causal curves from one side to the other.

So consider a spacetime which contains a block with a boundary which has
a slope of either 45 or —45 degrees. Let I' denote a straight line in the plane
which contains that boundary. Assuming the usual time orientation, it should
be clear that no future directed causal curve with initial point in that part of
the plane which lies above I" will ever reach that part of the plane which lies
under I'. In other words, the region above I' is inaccessible to any observer that
remains entirely under I'.

We conclude that if a physically preferred bloc lies under I', then anything
above I' will belong to a black-hole region, as defined relatively to that block.

One can similarly talk about white hole regions, by reversing time-orientation.

As an example consider bloc I of Figure 4.3.1, p. 142, describing one con-
nected component of the infinitely many “exterior”, r > r, regions of a maxi-
mally extended non-degenerate Reissner-Nordstrom solution. Everything lying
above the line of 45-degrees slope bounding this bloc belongs to a black hole
region, as defined with respect to this block. Everything lying below the line
of minus 45-degrees slope bounding this bloc belongs to a white hole region, as
defined with respect to block I.

Note that this argument might fail if the spacetime is not faithfully rep-
resented by a subset of the plane, for example if some identifications between

various blocks are made, as already mentioned at the end of Example 4.3.1,
p. 141.
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4.6 Birmingham metrics

Further examples of interesting causal diagrams can be constructed for the
Birmingham metrics [28], which are higher-dimensional generalisations of the
Schwarzschild metric, including a non-vanishing cosmological constant. The
object of what follows is to discuss those metrics, with particular emphasis on
the global structure of extensions and their causal diagrams.

Consider an (n + 1)-dimensional metric, n > 3, of the form

dr?

) + 12 hap(x®)dztdz? (4.6.1)

g=—f(r)dt* +

=h

where h is a Riemannian Einstein metric on a compact (n — 1)-dimensional
manifold N, and where we denote by z# the local coordinates on N. As first
pointed out by Birmingham in [28], for any m € R and

e R*UV—-1R*

the function . )
R 2m r

= - - — 4.6.2

=D m2 @ (462)

where R is the (constant) scalar curvature of h, leads to a vacuum metric,

n
RHV == g_Qg’u,z/, (4.63)
where ¢ is a constant related to the cosmological constant A € R as
1 2A
- =" 4.6.4
2 n(n-1) ( )

A comment about negative A, and thus purely complex £’s, is in order.
In this section we will be mostly interested in a positive cosmological constant,
which corresponds to real . When considering a negative cosmological constant
(4.6.4) requires ¢ € /—1R, which is awkward to work with. So when A < 0 it
is convenient to change r2/¢? in f to —r?/¢?, change the sign in (4.6.4), and
use a real £. We will often do this without further ado.

Clearly, n cannot be equal to two in (4.6.2), and we therefore exclude this
dimension in what follows.

The multiplicative factor two in front of m is convenient in dimension three
when £ is a unit round metric on $2, and we will keep this form regardless of
topology and dimension of V.

There is a rescaling of the coordinate r = br, with b € R*, which leaves
(4.6.1)-(4.6.2) unchanged if moreover

h=0h, m=b"m, T=bt. (4.6.5)
We can use this to achieve

Bi=————— e {0,+1}. (4.6.6)
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Figure 4.6.1: The (t,r)-causal diagram when m < 0 and f has no zeros.

This will be assumed from now on. The set {r = 0} corresponds to a singularity
when m # 0. Except in the case m = 0 and § = —1, by an appropriate choice
of the sign of b we can always achieve r > 0 in the regions of interest. This will
also be assumed from now on.

For reasons which should be clear from the main text, we are seeking func-
tions f which, after a suitable extension of the spacetime manifold and metric,
lead to spatially periodic solutions.

4.6.1 Cylindrical solutions

Consider, first, the case where f has no zeros. Since f is negative for large |r|,
f is negative everywhere. It therefore makes sense to rename r to 7 > 0, t to
x, and —f to F' > 0, leading to the metric

dr?

9=~Fm T F(7)dz? + 7%h . (4.6.7)

The non-zero level-sets of the time coordinate 7 are infinite cylinders with
topology R X M , with a product metric. Note that the extrinsic curvature of
those level sets is never zero because of the 2 term in front of }Ol, except possibly
for the {r = 0}-slice in the case § = —1 and m = 0.

Assuming that m # 0, the region » = 7 € (0,00) is a “big-bang — big freeze”
spacetime with cylindrical spatial sections. The corresponding Penrose diagram
is an infinite horizontal strip with a singular spacelike boundary at 7 = 0, and
a smooth conformal spacelike boundary at 7 = oo, see Figure 4.6.1.

In the case m = 0 and 8 = 0 the spatial sections are again cylindrical, with
the boundary {7 = 0} being now at infinite temporal distance: Indeed, setting
T = In7, in this case we can write

dr? 12

g = —62—2+€—2d:c2+7'2;L
T

2
= —dT? + T (% + B) :
When £ is a flat torus, this is one of the forms of the de Sitter metric [147,
p. 125].
The next case which we consider is f < 0, with f vanishing precisely at one
positive value r = ry. This occurs if and only if 8 =1 and

n Ty

= == . 4..
70 n—2€’ m CEIE (4.6.8)




152 CHAPTER 4. DIAGRAMS, EXTENSIONS

Figure 4.6.2: The causal diagram for the Birmingham metrics with positive
cosmological constant and f < 0, vanishing precisely at .

Figure 4.6.3: The causal diagram for the Birmingham metrics with positive
cosmological constant and m < 0, 8 € R, or m =0 and 8 = 1, with ry defined
by the condition f(rg) = 0. The set {r = 0} is a singularity unless the metric is
the de Sitter metric (M = $"1 and m = 0), or a suitable quotient thereof so
that {r = 0} corresponds to a center of (possibly local) rotational symmetry.

A (r = 7,t = x)-causal diagram can be found in Figure 4.6.2.

No non-trivial, periodic, time-symmetric (K;; = 0) spacelike hypersurfaces
occur in all spacetimes above. Periodic spacelike hypersurfaces with K;; # 0
arise, but a Hamiltonian analysis of initial data asymptotic to such hypersur-
faces goes beyond the scope of this work.

From now on we assume that f has positive zeros.

4.6.2 Naked singularities

Assuming that m = 0 but 8 # 0, we must have § = 1 in view of our hypothesis
that f has positive zeros. For r > 0 the function f has exactly one zero, r = £.
The boundaries {r = 0} and {r = ¢} of the set {r € [0,¢]} correspond either to
regular centers of symmetry, in which case the level sets of ¢ are S™’s or their
quotients, or to conical singularities. See Figure 4.6.3.

If m < 0 the function f : (0,00) — R is monotonously decreasing, tending
to minus infinity as r tends to zero, where a naked singularity occurs, and to
minus infinity when r tends to oo, hence f has then precisely one zero. The
causal diagram can be seen in Figure 4.6.3.

No spatially periodic time-symmetric spacelike hypersurfaces occur in the
spacetimes above.
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Figure 4.6.4: The causal diagram for Birmingham metrics with A > 0 and
exactly two first-order zeros of f.

4.6.3 Spatially periodic time-symmetric initial data

We continue with the remaining cases, that is, f having zeros and m > 0.
The function f : (0,00) — R is then concave and thus has precisely two first
order zeros, except for the case already discussed in (4.6.8). A causal diagram
for a maximal extension of the spacetime, for the two-first-order-zeros cases, is
provided by Figure 4.6.4. The level sets of ¢ within each of the diamonds in that
figure can be smoothly continued across the bifurcation surfaces of the Killing
horizons to smooth spatially-periodic Cauchy surfaces.

4.6.4 Killing horizons

The locations of Killing horizons of the Birmingham metrics are defined, in
space-dimension n, by the condition

2
2m il

f(ro) = 8- 1_62:0.

po
T

Thus, variations of the metric on the horizons satisfy

2
0=06lrer, = [(&f)ér - mém] ; (4.6.9)
r=rQ
equivalently
1 _ 1 (0-f)
M= Sy O = T e (4.6.10)
where ¥ 1g,,_1 is the “area” of the cross-section of the horizon.
Let us check that s := @LJ) B coincides with the surface gravity of the
horizon, defined through the usuaffgrmula
VKK =—kK, (4.6.11)

where K is the Killing vector field which is null on the horizon. For this, we
rewrite the spacetime metric (4.6.1) as usual as:

g:—fdu2—2dudr+r2iol,
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where du = dt — %dr. The Killing field K = 0, = 0 is indeed tangent to the
horizon and null on it. Formula (4.6.11) implies that

1
k=-T% = _EguA(QgMu — Guu)) - (4.6.12)

The inverse metric equals

0 0 A%
i 92 “ Bl 278
g 9ud +f(8r> R
whence g** = —67, and
1 ©rf)

K= _§guu,r = 5

as claimed. We conclude that on Killing horizons it holds that
1

om = =T K

SA. (4.6.13)

r=ro

Equation (4.6.13) if often referred to as the first law of black hole dynamics.

4.6.5 Curvature

In this section we study the geometry of metrics of the form

dr? 27 C\ g, A g, B
—— +r°hap(a”)dz’dz (4.6.14)

(V2

=:h

in the region where f < 0. For visual clarity it is convenient to make the
following replacements and redefinitions:

r—71, t—z, f——e¥X, (4.6.15)
which bring g to the form
g=—e XN qr2 L XD 4 72 (4.6.16)

To calculate the Riemann tensor we use the moving-frames formalism. For
A=1,...,nlet #4 be an ON-coframe for h,

n—1
= 0w,
A=1

and let Wwap and Q 4B be the associated connection and curvature forms. It
holds that

0 = déA—i-dJAB/\éB,
O = dig+0tc NS5,
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Let 6* be the following g-ON-coframe:
00 = e Xdr, 64 = T@OA, 0" = eXdx .

The vanishing of torsion gives

0 = di°+ w0 AO* =0 AO™ + W04 A O,

0 = do* +w?, AO* = dr A O 4+ 7df* +w™, A 6"

= dr A0+ WA N0+ WA A"+ (Wi — 0t ) A 6P,
0 = do"+w", N0 =d(eX) Ndz +w", N O
Xy 0O A"+ wo A0+ W AOA.

This is solved by setting

wnA = 07

n X A 1 5
why = eXxb :§(e><)dm,
wly = eXe4,
wig = olp.

The curvature two-forms are thus

1 .
Q% = dul, + wou Awh, = dw®, = E(CQX)dT A dzx
L5000 A gn Lo 50450 v
= §(€2X)9 N = 5(62X)5[ng]n¢9“/\¢9 , (4.6.17)
1 . .
Q% = dwy —|—wou ANwhy = §(e2><)90 ANOg+ eXdhs + eX0p A wB 4
1, 5 1, 5
= §(e2x)f100 N4 =5( 2) 7100, 90 40" N 67 (4.6.18)
1 -
D"y = dw"g+wW"y ANwha= 5(62)()7'71(9" N
1 .
= §(e2X)T—15ngV]A0” N (4.6.19)
QAB = dWAB +WAH ANwtpg = QAB + X7 7294 A Op

1. . .
= 5 2%opt” AOP + e 200 A O
1

_ 57*2((’2%@ +2eX0i40p5) 0 N OV . (4.6.20)
Using
1
Qr, = §R”m5¢9a AOP (4.6.21)

we conclude that, up to symmetries, the non-zero frame-components of the
Riemann tensor are

Ron,uu = (€§X)5[Hgy}n, (4622)
RO = (2)77'00,g,4, (4.6.23)
Rap = (2770004, (4.6.24)
R'scp = 720" pop +26%6(0p5) (4.6.25)
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Hence the non-vanishing components of the Ricci tensor are

R = 3 (5 + (0= 1)) = ~Run, (4.6.26)

Rap = 7 2Rip+ ((n —2)7 22X 4 (er)Tfl) JAB - (4.6.27)

If h is Einstein, Rap = (R/(n — 1))hap, the last equation becomes

R .
Rap = T_2< 1 +(n—2)eX + T(QQX))QAB . (4.6.28)

n p—
It is now straightforward to check that for any m € R and £ € R* the function

o2X R n 2m +7'_2
 (n—=1D(n-—-2) T2 2

(4.6.29)

(compare with (4.6.2) and (4.6.14)-(4.6.15)) leads to a vacuum metric:

n
RMV = e_quV . (4630)

For further reference we note that the Ricci scalar R equals, quite generally,
R=(8)+(n—1) (2(eéx)f1 +(n— 2)7*2e2><) TR, (4.6.31)

Suppose that g is a Birmingham metric with m = 0, thus

for a constant 3, then

1, 5 1, 5.0 _ _ 1
(€)= S (e2)7 =72 (e 4 ) = P

If his a space-form, with
Mpep = 2&5{55]3]3,
consistently with (4.6.6), we obtain

2
R,uz/pa = e_ggu[pga}u .

If, however, h is not a space-form, we have
Mpep = 2ﬁ5f%5D]B +r4pep,

for some non-identically vanishing tensor rpcp, with all traces zero. Hence
we obtain

Ruypo = g_ggu[pga}y + T_QTqua >
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where the functions r,,, are 7-independent in the current frame, and vanish
whenever one of the indices is 0 or n. This gives

y 2n(n +1 y
RHvpo RHVPU — (T) + rH paT/wpU
n—1

_ 2n(n+1) g Z

7 (raBep)?,

A,B,C,D=1

which is singular at 7 = 0.
Recall, now, that the calculations so far also apply to

2

TR B g 4.6.32
g=—f(r)

f(r)

with the following replacements and redefinitions:

r—T1, t—ax, f-—o—eX. (4.6.33)

Strictly speaking, f should be negative when using the substitutions above,
but the final formulae hold regardless of the sign of f. For convenience of
crossreferencing we rewrite the formulae obtained so far in this notation:

RTt/U/ = *flléfugy]t s (4634)
RTAMV = _f/r_l(sfugy]A s (4635)
RtA/u/ = _f/'riléﬁugy]A s (4636)
Ripep = r*(Q%pep — 2f6it0piB) (4.6.37)
R, = 0= Ria = Rya, (4.6.38)
1
R, = 3 (f"+(n-1fr") = —Ry, (4.6.39)
Rip = TﬁQ}?AB - ((n — 2)7“72f + f’ril) JAB - (4.6.40)
R=—f"—(n—1)2fr + (n—2r2f) +r°R. (4.6.41)
If b is Einstein .
o R -
Rap = ——has, (4.6.42)
the last equation becomes
L R :
Rup = r <n_1_(n_2)f—rf>gAB. (4.6.43)
As before, for any m € R and £ € R* the function
R 2m 2
= — —e— 0,+1 4.6.44
I~ Dm g o Ee SEE (4.6.44)

leads to an Einstein metric:

n
Ruy = 56—2'%“, . (4645)
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4.6.6 The Euclidean Schwarzschild - anti de Sitter metric

An important role in Euclidean quantum gravity [137] is played by solutions of
the field equations with Riemannian signature. An example of such a metric is
provided by the Euclidean Schwarzschild anti-de Sitter metric which, in (n+1)-
dimensions, takes the form

2 2m dr?
- Lt sv== RS S
A e —— 62 ,r,n—2
=:F(r)

where £ > 0 and m are real constants, k € {0,+1}, and where ("~ !N, h,) is an
(n — 1)-dimensional Einstein manifold with Ricci tensor equal to (n — 2)kh,,.

The metric (4.6.46) is obtained from the Schwarzschild - anti-de Sitter metric
by replacing dt? by —dt?. Such a substitution preserves the condition that the
Ricci tensor is proportional to the metric, which can be seen as follows:

Quite generally, let g be a metric such that 0;g,,, = 0 in a suitable coordinate
system. Consider the tensor field, say g(a), where every occurrence of dt in g
is replaced by adt, where a € C. Let R,,(a) denote the Ricci tensor of g(a).
Then R, (a) — Aguv(a) is a holomorphic function of a away from the set where
det g(a),,, vanishes. When a € R the metric g(a) can be obtained from g by a
coordinate transformation ¢ — at, hence R, (a) — Ag,,(a) with a € R vanishes
if

RMV(l) - )\QW(l) = Ry — A\guw
did. Since a holomorphic function vanishing on the real positive axis vanishes
everywhere, we conclude that R, (a) — Ag(a) = 0 for all a on the connected
component of C containing 1 on which det g(a),, # 0.
We conclude that g given by (4.6.46) is indeed an Einstein metric.
Let 7. > 0 be any first-order zero of g,
72 2m

*

After introducing a new coordinate p by the formula

T
1
p(7) :/ = ds, (4.6.47)
T \/Z_2+/'<v_ ngn}2
one can rewrite the metric (4.6.46) as
g =dp* + p*H(p)dt* + r?h,. (4.6.48)

where H is obtained by dividing g;; by p?. Elementary analysis, using the fact
that r, is a simple zero of F', shows that

F'(r.)?
H(0) = .
) ="
This implies that a periodic identification of ¢ with period
T 47

F(ry)
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guarantees that dp? + p?H (p)dt? is a smooth metric on R? with a rotation axis
at p=0. As a result, (4.6.48) defines a smooth Riemannian metric on

M:=R*>x"IN.

The metric (4.6.46) can be smoothly conformally compactified by introduc-
ing, for large 7, a coordinate z := 1/r and rescaling:

dz?

1
2 n 2
279 = (= + k — 2ma™)dt* +
9= ) 7 + ka? — 2ma”

€2

B - (4.6.49)

Hence, the conformal boundary OM := {z = 0} of M is diffeomorphic to
S x "=I N with conformal metric

dt?
A + hy . (4.6.50)

Horowitz-Myers-type metrics

Consider an (n + 1)-dimensional metric, n > 3, of the form

g=f(r)dy* + ;% + 72 hap(z©)dz? da® (4.6.51)

=:h

where now h is a Riemannian or pseudo-Riemannian Einstein metric on an
(n—1)-dimensional manifold N with constant scalar curvature R and, similarly
to the last section, the z4’s are local coordinates on N.! This metric can be
formally obtained from (4.6.1) by changing ¢ to itp. It therefore follows that
for m € R and ¢ € R* the function

2m r2

f=b-m—ep, e€{0.£1}, B:me{o,il}.@lﬁ.w)

leads to a metric satisfying (4.6.3).

EN
Ru = 9w, €€{0.%1}, (4.6.53)

where ¢ is a constant related to the cosmological constant as in (4.6.4).

Suppose that f has zeros, and let us denote by rg the largest zero of f. We
assume that rq is of first order, and we restrict attention to r > ry. Imposing
a suitable 1p-periodicity condition on ¥ € [0,y], the usual arguments imply
that the set {r = ro} is a rotation axis in a plane on which /r — ¢ and v are
coordinates of polar type: Indeed, if we set

/’" 1 dr — Vr—rg
ro \/ f(r) 2/ f'(r0)

1To avoid a proliferation of notation we use the symbol h both for the metric on N appearing
in (4.6.1) and for the metric on the manifold N relevant for (4.6.51). Typically (N,h) is
a compact Riemannian manifold, while (N, k) in (4.6.51) will be Lorentzian with N non-
compact.

p=F(r), with F = (1+0(r —ro)),
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we find

2
d% + fdy? = dp? + f(F~H(p))dy? = dp? + (2f'(r0))*(1 + O(p*))p*d?,

which defines a smooth metric near p = 0 if and only if
Y = Ma, (4.6.54)

where « is a new 2m-periodic coordinate, and

1
A= ——. 4.6.55
26]”(7“0) ( )
In the case where
e=-1,

one obtains Einstein metrics with a negative cosmological constant.
Whatever e, a conformal completion at spacelike infinity can be obtained
by introducing a new coordinate = = ¢/r, bringing ¢ to the form
02 da? v
= flla™"PNdo® + ———— + P2}
g flz™) o +x4f(€x_1)+ r
= 2720%(— (e — B2 + O(x™)N2da? — (e + Bx? + O(z"))dz? + h)(4.6.56)
We see explicitly that the conformal class of metrics induced by x2g on the

boundary at infinity,
I ={r=0}~S"xN,

is Lorentzian if h is Lorentzian and if e = —1.
B=0,n=3
In [156] Horowitz and Myers consider the case n + 1 =4, ¢ = —1,2 and choose

h=—0"2dt2 + dy?, with ¢ being a 27-periodic coordinate on S'. Thus
dr?

f(r)

Equation (4.6.56) shows that timelike infinity .# ~ R x S! x S! is conformally
flat:

2
9= ——dt? + f(r)2\2da® +

7 + r2dp?. (4.6.57)

22 = oo —dt? + 2(N2da? + da? + dp?). (4.6.58)

Some comments about factors of £ are in order: if we think of r as having
dimension of length, then ¢, t and ¢ also have dimension of length, m has
dimension length®~!, while f, z, and the 24’s (and thus ¢) are dimensionless.

A uniqueness theorem for the metrics (4.6.57) has been established in [279].

2The case # = 0 and ¢ = 1 leads to a signature (4+———) for large r; our signature (—+-+-)
is recovered by multiplying the metric by minus one, but then one is back in the case ¢ = —1
after renaming m to —m.
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b=+x1,n=3
We consider the metric (4.6.51) with? ¢ = —1 and h of the form

. 2 -2 2 —1-
{ do* +sin*(0)de®, B =1 (4.6.59)

h= d6? + sinh?(0) dp?, B = —1.

In regions where f is positive, one obtains a Lorentzian metric after a “double
Wick rotation”
0=il"'t, p=igp,

resulting in

__T_zdt2+d—7“2+f( )EQ)\Qd 2+ 2{
9="n o) r o +r
Taking a and ¢ periodic one obtains again a conformal infinity diffeomorphic
to R x T2. Note that the conformal metric at the conformal boundary is not
conformally stationary anymore, as opposed to the metrics (4.6.58). We have
not attempted to study the nature of the singularities of g at sinh(¢71¢) = 0 or
at sin(¢~'t) = 0.

sinh?(¢~1) d¢?, B =1;

sin(¢-1)dg?, B =—1. (4.6.60)

Negative coordinate mass

For completeness we show that the metric (4.6.51) has the striking property that
its total coordinate mass is negative when m is positive; the latter is needed
for regularity of the metric. This has already been observed in [156] in space-
dimension three with a toroidal Scri. Here we check that this remains correct
in higher dimensions, for a large class of topologies of Scri.

Before continuing, we note that Lorentzian Horowitz-Myers-type metrics
with a smooth conformal compactification at infinity exist only with negative
A: Indeed, to obtain the right signature for large » when € > 0 one needs to
multiply the metric by minus one. But then the resulting metric has negative
Ricci scalar, and hence solves Einstein equations with a negative cosmological
constant.

Somewhat more generally, consider those metrics of the form (4.6.51) for
which

N = Ry x N ,

where (N, ﬁ) is a compact Riemannian manifold, and where

h=—02dt> + h, (4.6.61)
so that
2 d7“2 9 _9,,9 -
g=fr)dy”+ ot (—¢72dt* + h) . (4.6.62)

The question arises, how to define the mass of such a metric.

To avoid ambiguities, let us write f,,, for the function f of (4.6.52).

Let us denote by f,, the function f of (4.6.52). One assigns a coordinate
mass to a metric such as (4.6.62) by writing it in the form (4.6.1)-(4.6.2), p. 150,
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with some function fjs, then the parameter M is, by definition, the coordinate
mass.
For this we introduce in (4.6.62) a new coordinate r = r(p):

dr? 72 ;
—(—dt® + 2,
) + ( +£°h)

B r? dr\ 2 dp?
- () 5
+r2((1 + O(Br~2) + O(mr~™)N2da® + 1), (4.6.63)

g9 = fm(r)PXdo® +

where the error terms have to be understood for large r. We will have

dp?
fu(p)

for some parameter M possibly different from m, provided that

g ~ —fu(p)dt*+ + p*(\?da® + ),

dp

P = 2 Far(p)(1+ o(p™)). (d—) Funlr) = Far(p)(1 +o(p™™),  (46.64)

The first equation determines r as a function of p up to correction terms o(p~").
Inserting the result into the second equation determines M, provided that the
asymptotic expansion of the left-hand side is compatible with that of the right-
hand side.
Now, it is straightforward to check that these equations are compatible if
and only if
B8=0. (4.6.65)

We conclude that for metrics satisfying (4.6.51)-(4.6.52) and (4.6.61)
the coordinate mass is only defined if 8 = 0.

Assuming (4.6.65), after asymptotically solving the first equation in (4.6.64)
and inserting the result into the second one, we find that

M

Tnfl

+O(r~ 1)y, (4.6.66)

p=r+

and that the coordinate mass equals

m

M=— (4.6.67)

n—1"

In particular M is negative for positive m.

4.7 Projection diagrams

We have seen that a very useful tool for visualizing the geometry of two-
dimensional Lorentzian manifolds is that of conformal Carter-Penrose dia-
grams. For spherically symmetric geometries, or more generally for metrics
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in bloc-diagonal form, the two-dimensional conformal diagrams provide useful
information about the four-dimensional geometry as well, since many essential
aspects of the spacetime geometry are described by the t—r sector of the metric.

The question then arises, whether some similar device can be used for met-
rics which are not in bloc-diagonal form. In the following sections we show,
following closely [87], that one can usefully represent classes of non-spherically
symmetric geometries in terms of two-dimensional diagrams, called projection
diagrams, using an auxiliary two-dimensional metric constructed out of the
spacetime metric. Whenever such a construction can be carried-out, the is-
sues such as stable causality, global hyperbolicity, existence of event or Cauchy
horizons, the causal nature of boundaries, and existence of conformally smooth
infinities become evident by inspection of the diagrams, in a way completely
analogous to the bloc-diagonal case.

4.7.1 The definition

Let (#,g) be a smooth spacetime, and let R™ denote the (n + 1)-dimensional
Minkowski spacetime. We wish to construct a map 7 from (.#, g) to R\ which
allows one to obtain information about the causality properties of (4, g). Ide-
ally, m should be defined and differentiable throughout .#. However, already
the example of Minkowski spacetime, discussed in Section 4.2.2, p. 135, shows
that such a requirement is too restrictive: the map used there is not differ-
entiable at the axis of rotation. So, while we will require that 7 is defined
everywhere, it will be convenient to require that 7 be differentiable, and a sub-
mersion, on a subset of .#Z which we will denote by %. (Recall that 7 is a
submersion if 7, is surjective at every point.) This allows us to talk about
“the projection diagram of Minkowski spacetime”, or “the projection diagram
of Kerr spacetime”, rather than of “the projection diagram of the subset % of
Minkowski spacetime”, etc. Note that the latter terminology would be more
precise, and will sometimes be used, but appears to be an overkill in most cases.

Now, to preserve causality it appears a good idea to map timelike vectors
to timelike vectors. This will be part of our definition: 7 will be required to
have this property on %. But note that a necessary condition for existence of
a map from .# to R"! which maps timelike vectors to timelike vectors is stable
causality of % : Indeed, if ¢ is a time function on RY!, then t o will be a time
function on % for such maps; but the existence of a time function on % is
precisely the definition of stable causality. So causality violations provide an
obvious obstruction for the construction of 7.

Having accepted that % might not be the whole of .#, a possible require-
ment could be that % is dense in .#, as is the case for Minkowski spacetime.
Keeping in mind that the Kerr spacetime contains causality-violating regions,
which obviously have to be excluded from the domain where 7 has good causal-
ity properties, we see that the density requirement cannot be imposed in general.
Clearly one would like % to be as large as possible: the larger %, the more
information we will get about .#. We leave it as an open question, whether or
not there is an optimal largeness condition which could be imposed on % . We
simply use % as part of the input data of the definition, hoping secretly that
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it is as large as can be.

As already mentioned, we will require timelike vectors to be mapped to
timelike vectors. Note that if some timelike vectors in the image of m within
Minkowski spacetime will not arise as projections of timelike vectors, then there
will be Minkowskian timelike curves in the image of m which will have nothing
to do with causal curves in .. But then no much insight into the causality of
# will be gained by inspecting causal curves in R, In order to avoid this,
one is finally led to the following definition:

DEFINITION 4.7.1 Let (#,g) be a Lorentzian manifold. A projection diagram
is a pair (7,% ), where

w C M,

1s open and non-empty, and where
oMW

is a continuous map, differentiable on an open dense subset of M , such that
Tla, is a smooth submersion. Moreover:

1. for every smooth timelike curve o C w(% ) there exists a smooth timelike
curve vy in (%, g) such that o is the projection of v: 0 = mwo~;

2. the image wo~y of every smooth timelike curve v C % is a timelike curve
in RLL,

Some further comments are in order:

First, we have assumed for simplicity that (.#,g), 7|4, and the causal
curves in the definition are smooth, though assuming that 7 is C' on % would
suffice for most purposes.

As already discussed, the requirement that timelike curves in 7(% ) arise as
projections of timelike curves in .# ensures that causal relations on 7 (% ), which
can be seen by inspection of 7(% ), reflect causal relations on .#. Conditions
1 and 2 taken together ensure that causality on 7w(% ) represents as accurately
as possible causality on %.

The second condition of the definition is of course equivalent to the require-
ment that the images by m, of timelike vectors in T% are timelike. This implies
further that the images by m, of causal vectors in T% are causal. But it should
be kept in mind that projections lose information, so that the images by m,
of many null vectors in T% will be timelike. And, of course, many spacelike
vectors will be mapped to causal vectors under .

The curve-equivalent of the last remarks is that images of causal curves in
% are causal in w(%); that many spacelike curves in % will be mapped to
causal curves in 7(%); and that many null curves in % will be mapped to
timelike ones in 7(%).

The requirement that 7 is a submersion guarantees that open sets are
mapped to open sets. This, in turn, ensures that projection diagrams with
the same set % are locally unique, up to a local conformal isometry of two-
dimensional Minkowski spacetime. We do not know whether or not two sur-
jective projection diagrams m; :  — #;, i = 1,2, with identical domain of
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definition % are (globally) unique, up to a conformal isometry of #; and #5.
It would be of interest to settle this question.

In many examples of interest the set % will not be connected; we will see
that this happens already in the Kerr spacetime.

Recall that a map is proper if inverse images of compact sets are compact.
In the definition we could further have required w to be proper; indeed, many
projection diagrams below have this property. This is actually useful, as then
the inverse images of globally hyperbolic subsets of #  are globally hyperbolic,
and so global hyperbolicity, or lack thereof, can be established by visual inspec-
tion of #. It appears, however, more convenient to talk about proper projection
diagrams whenever 7 is proper, allowing for non-properness in general.

As such, we have assumed for simplicity that m maps .# into a subset of
Minkowski spacetime. In some applications it might be natural to consider
more general two-dimensional manifolds as the target of 7; this requires only
a trivial modification of the definition. An example is provided by the Gowdy
metrics on a torus, discussed at the end of this section, where the natural
image manifold for 7 is (—o0,0) x S!, equipped with a flat product metric.
Similarly, maximal extensions of the class of Kerr-Newman - de Sitter metrics
of Figure 4.7.8, p. 182, require the image of 7 to be a suitable Riemann surface.

4.7.2 Simplest examples

The simplest examples of projection diagrams have already been constructed
for metrics of the form

g = el (—Fdt? + F1dr?) + hapdzida?® F=F(r), (4.7.1)
—h

where h = hap(t,r, 2¢)dzAdz? is a family of Riemannian metrics on an (n —
1)-dimensional manifold N™~!, possibly depending upon ¢ and r, and f is a
function which is allowed to depend upon all variables. It should be clear
that any manifestly conformally flat representation of any extension, defined
on # C RV, of the two-dimensional metric —Fdt? + F~'dr?, as discussed in
Section 4.3, provides immediately a projection diagram for (# x N"~! g).

In particular, introducing spherical coordinates (¢, r, xA) on

U = {(t,7) € R"" |z| £ 0} c RM" (4.7.2)

and forgetting about the (n — 1)-sphere-part of the metric leads to a projection
diagram for Minkowski spacetime which coincides with the usual conformal
diagram of the fixed-angles subsets of Minkowski spacetime (see the left figure
in Figure 4.2.2, p. 135). The set % defined in (4.7.2) cannot be extended to
include the world-line passing through the origin of R™ since the map 7 fails to
be differentiable there. This diagram is proper, but fails to represent correctly
the nature of the spacetime near the set |Z| = 0.

On the other hand, a globally defined projection diagram for Minkowski
spacetime (thus, (%,g) = R"™) can be obtained by writing R*" as a product
RLT x R?! and forgetting about the second factor. This leads to a projection
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Figure 4.7.1: The conformal diagram for (1 + 1)-dimensional Minkowski space-
time.

diagram of Figure 4.7.1; compare Figure 4.2.1, p. 134. This diagram, which is
not proper, fails to represent correctly the connectedness of #+ and .#~ when
n > 1.

It will be seen in Section 4.7.8 below that yet another choice of m and of the
set (% ,g) C R leads to a third projection diagram for Minkowski spacetime.

A further example of non-uniqueness is provided by the projection diagrams
for Taub-NUT metrics, discussed in Section 4.8.2.

These examples show that there is no uniqueness in the projection diagrams,
and that various such diagrams might carry different information about the
causal structure. It is clear that for spacetimes with intricate causal structure,
some information will be lost when projecting to two dimensions. This raises the
interesting question, whether there exists a notion of optimal projection diagram
for specific spacetimes. In any case, the examples we give in what follows appear
to depict the essential causal properties of the associated spacetime, except
perhaps for the black ring diagrams of Section 4.7.8-4.7.9.

Non-trivial examples of metrics of the form (4.7.1) are provided by the
Gowdy metrics on a torus [141]. These are vacuum U(1) x U(1)-symmetric
metrics which can globally be written in the form [57, 141]

g =ef (—di? + o) + |1 (eP (da' + Q da?)” + e—P(dx2)2) . (47.3)

with t € (—o0,0) and (0, x!,2%) € S x S! x S1. Unwrapping 6 from S* to R and
projecting away the x' and 2? coordinates, one obtains a projection diagram
the image of which is the half-space ¢ < 0 in Minkowski spacetime. This can be
further compactified as in Section 4.2.4, keeping in mind that the asymptotic
behavior of the metric for large negative values of ¢ [245] is not compatible with
the existence of a smooth conformal completion of the full spacetime metric
across past null infinity. Note that this projection diagram fails to represent
properly the existence of Cauchy horizons for non-generic [246] Gowdy metrics.

Similarly, generic Gowdy metrics on S x S2, S3 or L(p,q) can be written
in the form [57,141]

g = e (—dt® + db?) + Ry sin(t) sin(6) (eP (dz' +Q dm2)2 + e*P(dxz)Q) ,
(4.7.4)
with (¢,6) € (0,7) x [0,7], leading to the Gowdy square as the projection
diagram for the spacetime. (This is the diagram of Figure 4.7.13, p. 190, where
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the lower boundary corresponds to t = 0, the upper boundary corresponds to
t = 7, the left boundary corresponds to the axis of rotation 6 = 0, and the right
boundary is the projection of the axis of rotation # = 7. The diagonals, denoted
as y = yp, in Figure 4.7.13, correspond in the Gowdy case to the projection of
the set where the gradient of the area R = Rysin(t)sin(f) of the orbits of the
isometry group U(1) x U(1) becomes null or vanishes, and do not have any
further geometric significance. The lines with the arrows in Figure 4.7.13 are
irrelevant for the Gowdy metrics, as the orbits of the isometry group of the
spacetime metric, which are spacelike throughout the Gowdy square, have been
projected away.)

Let us now pass to the construction of projection diagrams for families of
metrics of interest which are not of the simple form (4.7.1).

4.7.3 The Kerr metrics

Consider the Kerr metric in Boyer-Lindquist coordinates,

A —a?sin?(0) g2 2asin®(0) (r? + a> — A)
g = > >
sin?(6) ((r2 + a2)2 —a? sin2(9)A)

)y

dtdy

+

d* + %dﬂ + %d6?. (4.7.5)
Here
Y =r2+a%cos?h, A=r2+a®>-2mr=r—r)(r—r_), (47.6)
for some real parameters a and m, with
re =m= (m? — a2)% , and we assume that 0 < |a| < m.
Recall that in the region » < 0 there exists a non-empty domain on which

the Killing vector J, becomes timelike:

Y = {9, <0}
4 9 2 3 2..2 24
= {r<o, cos(20)<—a * amz:Aar e ,

S #£0, sin(6) # 0} (4.7.7)

(see (1.6.48)). Since the orbits of d, are periodic, this leads to causality vio-
lations, as described in detail in Section 1.6.3. But, as pointed out above, the
existence of a projection diagram implies stable causality of the spacetime. It
is thus clear that we will need to remove the region where J, is timelike to
construct the diagram. It is, however, not clear whether simply removing %
from .# suffices. Now, in the construction below we will project-out the 6§ and
 coordinates, and we will see that removing those values of r which correspond
to ¥ suffices indeed.
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We start by recalling (cf. (1.6.47), p. 78)

2amr sin?(6)

w2 2, 2

Gpp = sin“(0) (a20082(0)+r2 +a’+r >
sin?(0) (a* + a? cos(20) A + a®r(2m + 3r) + 2r?)

— 4.7.8
a? cos(20) + a? + 2r2 o )

where the first line makes clear the non-negativity of g, for r > 0.

To fulfill the requirements of our definition, we will be projecting-out the
f and ¢ variables. We thus need to find a two-dimensional metric v with the
property that g-timelike vectors Xt0;, + X790, + X%y + X Y0, project to 7-
timelike vectors X'9; + X"0,. For this, in the region where 0, is spacelike
(which thus includes {r > 0}) it turns out to be convenient to rewrite the t — ¢
part of the metric as

grdt?® + 2g1,dtdp + gopdp?

2 2
g
= Yoy (dso + gt—“’dt> + <gtt - ﬂ)dﬂ , (4.7.9)
e o
with
Gy 2AY.
g Jep at 4+ a?Acos(20) 4 a?r(2m 4 3r) 4 2rt
For » > 0 and A > 0 it holds that
AX 9t AY
oy < 9 — —£|< 3 = (4.7.10)
(a® +r?) Gop — T(a*(2m 1) +13)

with the infimum attained at 6 € {0, 7} and maximum at § = 7/2. One of the
2
key facts for us is that gy — 5;%; has constant sign, and is in fact negative in
this region.
In the region r > 0, A > 0 consider any vector

X = X0, + X"0, + X995 + X¥0,

which is causal for the metric g. Let 2(r,0) be any strictly positive function.
Since both ggy and the first term in (4.7.9) are positive, while the coefficient of
dt? in (4.7.9) is negative, we have

2
0 Z Q2g(X7X) = Q2guVXMXV Z Q2 (gtt - ggﬂ> (Xt)2 + Q2g7‘7‘(XT)2
P
2
> inf <Q2 <gtt - gt—w) (X" + QQer(XT)2>
o o
g2
> —sup (g — 22 N(XH? + inf (Q2g,) (X7)2. (4.7.11)
PP

Thus, regardless of the choice of €2, g-causality of X enforces a sign on the
expression given in the last line of (4.7.11). We will therefore use this expression,
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with a suitable choice of 2 to define the desired projection metric «y It is simplest
to choose Q2 so that both extrema in (4.7.11) are attained at the same value of
0, say 0., while keeping those features of the coefficients which are essential for
the problem at hand. It is convenient, but not essential, to have 6, independent
of . We will therefore make the choice

r? + a®
E b

but other choices are possible, and might be more convenient for other purposes.

Here the ¥ factor has been included to get rid of the angular dependence in

-
A

0 =

(4.7.12)

ngrr = Qz

while the numerator 2+ a? has been added to ensure that the metric coefficient
Yrr in (4.7.14) tends to one as r recedes to infinity. With this choice of €2, (4.7.11)
is equivalent to the statement that

(X)) = X0, + X"0, (4.7.13)
is a causal vector in the two-dimensional Lorentzian metric
A(r? +a?) 5  (r’+a?)
= — dt ~ Zdr”. 4.7.14
7 r(a?2(2m +r) 4+ r3) A " ( )

Using the methods of Walker [274] reviewed in Section 4.3, in the region r4 <
r < oo the metric 7 is conformal to a flat metric on the interior of a diamond,
with the conformal factor extending smoothly across that part of its boundary
at which r — r; when |a| < m. This remains true when |a| = m except at the
leftmost corner i} of Figure 4.7.1.

To make things clear, the map 7 of the definition of a projection diagram is
the projection (t,r,0,¢) — (t,7). The fact that g-causal curves are mapped to
~v-causal curves follows from the construction of . In order to prove the lifting
property, let o(s) = (t(s),r(s)) be a y-causal curve, then the curve

(t(s),7(s),7/2,(s)) ,

where ¢(s) satisfies
dp _ g dt
ds Jpp ds
is a g-causal curve which projects to o.
For causal vectors in the region » > 0, A < 0, we have instead

2
0 > Q%(X,X)>0 (gtt - gt—“")(ﬂ)2 + 0%, (X7)?
e
2
> ilgf (Qz gt — Jie > (X2 —sup (Q%|grr]) (X7)?.  (4.7.15)
0

Jop

Since the inequalities in (4.7.10) are reversed when A < 0, choosing the same
factor Q one concludes again that X'0; + X" 9, is y-causal in the metric (4.7.14)
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Figure 4.7.2: The radius of the “left boundary” #_/m of the time-machine
region as a function of a/m.

whenever it is in the metric g. Using again the results of Section 4.3, in the
region r— < r < r4, such a metric is conformal to a a flat two-dimensional met-
ric on the interior of a diamond, with the conformal factor extending smoothly
across those parts of its boundary where r — r4 or r — r_.

When |a| < m the metric coefficients in « extend analytically from the
(r > ry)-range to the (r— < r < r;)-range. As described in Section 4.3.1, one
can then smoothly glue together four diamonds as above to a single diamond
on which r_ < r < co.

The singularity of v at r = 0 reflects the fact that the metric g is singular
at % = 0. This singularity persists even if m = 0, which might at first seem
surprising since then there is no geometric singularity at ¥ = 0 anymore [43].
However, this singularity of + reflects the singularity of the associated coordi-
nates on Minkowski spacetime (compare (1.6.3), p. 64), with the set 7 = 0 in
the projection metric corresponding to a boundary of the projection diagram.

For r < 0 we have A > 0, and the inequality (4.7.11) still applies in the
region where d,, is spacelike. Setting

U =M\,
where ¥ is given by (4.7.7), throughout % we have

a* + 2a2mr + 3a%r? + 2r4
a? (a® — 2mr + r?)

>1 <« r(a*@m+r)+71°)>0. (47.16)

Equivalently,
<7 %/\/5\/@6 + 27a*m?2 — 9a?m a? -0
r<if_ = — ,
3%/3 %{’/\/g ab + 27a4m? — 9a?m
(4.7.17)

see Figure 4.7.2. In the region r < 7_ the inequalities (4.7.10) hold again, and
so the projected vector m,(X) as defined by (4.7.13) is causal, for g-causal X, in
the metric v given by (4.7.14). One concludes that the four-dimensional region
{—o0 < r < r_} has the causal structure which projects to those diamonds of,
e.g., Figure 4.7.3 with 7, = 0 which contain a shaded region. Those shaded
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Figure 4.7.3: A projection diagram for the Kerr-Newman metrics with two
distinct zeros of A (left diagram) and one double zero (right diagram); see
Remark 4.7.2. In the Kerr case ) = 0 we have 7, = 0, with #_ given by
(4.7.16).

regions, which correspond to the projection of both the singularity r = 0,
0 = m/2 and the time-machine region ¥ of (4.7.7), belong to # = w(.#) but
not to w(% ). Causality within the shaded region is not represented in any
useful way by a flat two-dimensional metric there, as causal curves can exit
this region earlier, in Minkowskian time on the diagram, than they entered it.
This results in causality violations throughout the enclosing diamond unless the
shaded region is removed.

The projection diagrams for the usual maximal extensions of the Kerr-
Newman metrics can be found in Figure 4.7.3.

REMARK 4.7.2 Some general remarks concerning projection diagrams for the
Kerr family of metrics are in order. Anticipating, the remarks here apply also to
projection diagrams of Kerr-Newman metrics, with or without a cosmological
constant, to be discussed in the sections to follow.

The shaded regions in figures such as Figure 4.7.3 and others contain the
singularity ¥ = 0 and the time-machine set {g,, < 0}, they belong to the set
W = mw(A) but do not belong to the set (% ), on which causality properties of
two-dimensional Minkowski spacetime reflect those of % C .#. We emphasise
that there are closed timelike curves through every point in the preimage under
7 of the entire diamonds containing the shaded areas; this is discussed in detail
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for the Kerr metric in Section 1.6.3, and applies as is to all metrics under
consideration here. On the other hand, if the preimages of the shaded region
are removed from .#, the causality relations in the resulting spacetimes are
accurately represented by the diagrams, which are then proper.

The parameters 7+ are determined by the mass and the charge parameters
(see (4.7.54)), with 7y = 0 when the charge e vanishes, and 7} positive other-
wise. The boundaries r = 400 correspond to smooth conformal boundaries at
infinity, with causal character determined by A. The arrows indicate the spatial
or timelike character of the orbits of the isometry group.

Maximal diagrams are obtained when continuing the diagrams shown in all
allowed directions. It should be kept in mind that the resulting subsets of R? are
not simply connected in some cases, which implies that many alternative non-
isometric maximal extensions of the spacetime can be obtained by taking various
coverings of the planar diagram. One can also make use of the symmetries of
the diagram to produce distinct quotients. O

Uniqueness of extensions

Let us denote by (Akerr, gKkerr) the spacetime with projection diagram visu-
alised in Figure 4.7.3, continued indefinitely to the future and the past in the
obvious way, including the preimages of the shaded regions except for the singu-
lar set {¥ = 0}. Note that (.#Kerr, gKerr) is not simply connected because loops
circling around {¥ = 0} cannot be homotoped to a point. Let us denote by
(.//2 Kerr, JKerr) the universal covering space of (#Kerr, gKerr) With the pull-back
metric.

The question then arises of the uniqueness of the extensions so obtained. To
address this, we start by noting the following result of Carter [43] (compare [225,
Theorem 4.3.1, p. 189)):

PROPOSITION 4.7.3 The Kretschmann scalar ROCBMSRO‘BW‘S is unbounded on all
mazximally extended incomplete causal geodesics in (Mxerr, JKerr)-

Proposition 4.7.3 together with Corollary 1.4.7, p. 58, implies:

THEOREM 4.7.4 Let (A ,g) denote the region {r > ry} of a Kerr metric with
la] < m. Then (M Kerr, GKerr) @S the unique simply connected analytic exten-
sion of (M ,g) such that all maximally extended causal geodesics along which
Raﬂngo‘m‘s 1s bounded are complete. O

Theorem 4.7.4 makes it clear in which sense (//? Kerrs JKerr) 18 unique. How-
ever, the extension (e, JKerr) appears to be more economical, if not more
natural. It would be of interest to find a natural condition which singles it out.

Conformal diagrams for a class of two-dimensional submanifolds of
Kerr spacetime

One can find e.g. in [45,147] conformal diagrams for the symmetry axes in the
maximally extended Kerr spacetime. These diagrams are identical with those of
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Figure 4.7.3, except for the absence of shading. (The authors of [45,147] seem
to indicate that the subset r = 0 plays a special role in their diagrams, which
is not the case as the singularity r = cos § = 0 does not intersect the symmetry
axes.) Now, the symmetry axes are totally geodesic submanifolds, being the
collection of fixed points of the isometry group generated by the rotational
Killing vector field. They can be thought of as the submanifolds § = 0 and
0 = 7 (with the remaining angular coordinate irrelevant then) of the extended
Kerr spacetime. As such, another totally geodesic two-dimensional submanifold
in Kerr is the equatorial plane § = 7/2, which is the set of fixed points of the
isometry # — m — 6. This leads one to enquire about the global structure
of this submanifold or, more generally, of various families of two-dimensional
submanifolds on which 6 is kept fixed. The discussion that follows illustrates
clearly the distinction between projection diagrams, in which one projects-out
the 6 and ¢ variables, and conformal diagrams for submanifolds where 6, and
¢ or the angular variable ¢ of (4.7.20) below, are fixed.

An obvious family of two-dimensional Lorentzian submanifolds to consider
is that of submanifolds, which we denote as Ny ,, which are obtained by keeping
6 and ¢ fixed. The metric, say g(0), induced by the Kerr metric on Ny , reads

2

FQ (’I“)

22
g(9) = —2zasin(®) “;m (e)dt2+§dr2 = —Fy(r)di® +

. (4.7.18)

For m? — a? cos?() > 0 the function Fy has two first-order zeros at the inter-

section of Ny , with the boundary of the ergoregion {g(0;,9;) > 0}:

ro+ =m+ \/m? — a2 cos2(f). (4.7.19)

The key point is that these zeros are distinct from those of Fy if cos?6 # 1,
which we assume in the remainder of this section. Since ry  is larger than the
largest zero of Fy, the metric g(#) is a priori only defined for » > rg . One
checks that its Ricci scalar diverges as (r — 79 4)~2 when ry 4 is approached,
therefore those submanifolds do not extend smoothly across the ergosphere, and
will thus be of no further interest to us.

We consider, next, the two-dimensional submanifolds, say ]\797(;,, of the Kerr
spacetime obtained by keeping 6 and ¢ fixed, where ¢ is a new angular coordi-
nate defined as

dp = dp + %dr. (4.7.20)

Using further the coordinate v defined as

(a® +1%)

dv = dt
U +A

dr, (4.7.21)

the metric, say g(0), induced on ]%7(;, takes the form

q0) = _@dqﬂ + 2dvdr
B F(T) by
= —Tdv (dv - 2F(’I“) dr) ) (4.7.22)
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where F(r) := 12 + a?cos?(#) — 2mr. The zeros of F(r) are again given by
(4.7.19). Setting

by
du = dv — 2—=——dr (4.7.23)
F
brings (4.7.22) to the form

g(0) = — Fg) dvdu .

The usual Kruskal-Szekeres type of analysis applies to this metric, leading to
a conformal diagram as in the left Figure 4.7.3 with no shadings, and with ry
there replaced by rg 4+, as long as F has two distinct zeros.

Several comments are in order:

First, the event horizons within ]\797@ do not coincide with the intersection
of the event horizons of the Kerr spacetime with Ny . This is not difficult
to understand by noting that the class of causal curves that lie within Ny s is
smaller than the class of causal curves in spacetime, and there is therefore no a
priori reason to expect that the associated horizons will be the same. In fact,
is should be clear that the event horizons within ]\79@ should be located on the
boundary of the ergoregion, since in two spacetime dimensions the boundary
of an ergoregion is necessarily a null hypersurface. This illustrates the fact
that conformal diagrams for submanifolds might fail to represent correctly the
location of horizons. The reason that the conformal diagrams for the symmetry
axes correctly reflect the global structure of the spacetime is an accident related
to the fact that the ergosphere touches the event horizon there.

This last issue acquires a dramatic dimension for extreme Kerr black holes,
for which |a| = m, where for § € (0,7) the global structure of maximally ex-
tended ]\797@’8 is represented by an unshaded version of the left Figure 4.7.3,
while the conformal diagrams for the axisymmetry axes are given by the un-
shaded version of the right Figure 4.7.3.

Next, another dramatic change arises in the global structure of the ]\797(;,’8
with § = 7/2. Indeed, in this case we have ryy = 2m, as in Schwarzschild
spacetime, and rg _ = 0, regardless of whether the metric is underspinning,
extreme, or overspinning. Since ry _ coincides now with the location of the
singularity, Ng#, acquires two connected components, one where r > 0 and a
second one with » < 0. The conformal diagram of the first one is identical
to that of the Schwarzschild spacetime with positive mass, while the second
is identical to that of Schwarzschild with negative mass, see Figure 4.7.4. We
thus obtain the unexpected conclusion, that the singularity r = cos(6) = 0
has a spacelike character when approached with positive r within the equatorial
plane, and a timelike one when approached with negative r within that plane.
This is rather obvious in retrospect, since the metric induced by Kerr on Nﬂ /2.6
coincides, when m > 0, with the one induced by the Schwarzschild metric
with positive mass in the region r > 0 and with the Schwarzschild metric with
negative mass —m in the region r < 0.
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Figure 4.7.4: The conformal diagram for a maximal analytic extension of the
metric induced by the Kerr metric, with arbitrary a € R, on the submanifolds
of constant angle ¢ within the equatorial plane 6 = 7 /2, with r > 0 (left) and
r < 0 (right).

Figure 4.7.5: A projection diagram for overspinning Kerr-Newman spacetimes.

Note finally that, surprisingly enough, even for overspinning Kerr metrics
there will be a range of angles # near 7/2 so that F will have two distinct first-
order zeros. This implies that, for such 6, the global structure of maximally
extended ]\797@’8 will be similar to that of the corresponding submanifolds of the
underspinning Kerr solutions. This should be compared with the projection
diagram for overspinning Kerr spacetimes in Figure 4.7.5.

The orbit-space metric on . /U(1)

Let h denote the tensor field obtained by quotienting-out in the Kerr metric g
the n := 0, direction,

9(X,n)g(Y,n)
gln,m)

(Compare Section 1.6.6, where the whole group R x U(1) has been quotiented-
out instead.) The tensor field h projects to the natural quotient metric on
the manifold part of .# /U(1). In the region where 7 is spacelike, the quotient
space . /U(1) has the natural structure of a manifold with boundary, where
the boundary is the image, under the quotient map, of the axis of rotation

of ={n=0}.

WX,Y) =g(X,Y)— (4.7.24)

Using t,r,0 as coordinates on the quotient space we find a diagonal metric

N
h = hydt? + Kdﬂ + Xdb?, (4.7.25)
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where )
hi = gu — Fp )
9o

as in (4.7.9). Thus, the metric v of (4.7.14) is directly constructed out of the
(t,r)-part of the quotient-space metric h. However, the analogy is probably
misleading as there does not seem to be any direct correspondence between the
quotient space .# /U(1) and the natural manifold as constructed in Section 4.7.3
using the metric ~.

We note that a Penrose diagram for the quotient-space metric has been
constructed in [138]. The Penrose-Carter conformal diagram of Section 4.6
of [138] coincides with a projection diagram for the BMPV metric, but our
interpretation of this diagram differs.

4.7.4 The Kerr-Newman metrics

The analysis of the Kerr-Newman metrics is essentially identical to that of the
Kerr metric: The metric takes the same general form (4.7.5), except that now

A=r’+ad®>+e—2mr=(r—ry)(r—r_),
and we assume that e + a2 < m so that the roots are real. We have

sin?(0) ((r2 + a2)2 —a’A sin2(9)>
Gpp = = , (4.7.26)
9t AY

e Gep (r2 + a2)® — a2Asin(6)

(4.7.27)

and note that the sign of the denominator in (4.7.27) coincides with the sign of

Jpp- Hence
2

. 9 . .
sign(gn — —) = —sign(A)sign(g,y) -
pp

For g,, > 0, which is the main region of interest, we conclude that the minimum

2
of (gu — %)EilAfl is assumed at § = T and the maximum at 6 = 0, 7, so for
all r for which g,, > 0 we have

AY 9i AY
- ) <gu— 2 <~ 5 (4.7.28)
(r?2 +a?)” — a?A 9o (r2 +a?)
Choosing the conformal factor as
02 — r? + a?
X

we obtain, for g-causal vectors X,

2

0 Z ng(XvX) = Q2guVX'uXV Z Qz (gtt - jtw > (Xt)z + QQQTT(Xr)z
e
A (r? 4 a?) (r* + a?)
— X242 LX), 4.7.29
(T2+a2)2—a2A( A ( )
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This leads to the following projection metric

A (r? + a?) (r* + a?)
= - dt* + ~——2dr?
7 (r2+ a2)2 —a2A A "
A (r2 4 g2 2, .2
_ (r* + a?) dt2+(r + a?)
a?(ri2m+r) —e?)+rt A

dr®,  (4.7.30)

which is Lorentzian if and only if r is such that g,, > 0 for all § € [0, n].
Now, it follows from (4.7.26) that g,, will have the wrong sign if

0 > (r?4d?)”—a’Asin®(6). (4.7.31)

This does not happen when A < 0, and hence in a neighborhood of both
horizons. On the other hand, for A > 0, a necessary condition for (4.7.31) is

0 > (T2 + a2)2 —a’A =1 4+ r%a® + 2mra® — a?e? = f(r). (4.7.32)

The second derivative of f is strictly positive, hence f’ has exactly one real
zero. Note that f is strictly smaller than the corresponding function for the
Kerr metric, where e = 0, thus the interval where f is strictly negative encloses
the corresponding interval for Kerr. We conclude that f is negative on an
interval (7_,7), with 7_ <0 <7y <r_.

The corresponding projection diagrams are identical to those of the Kerr
spacetime, see Figure 4.7.3, with the minor modification that the region to be
excised from the diagram is {r € (r_,7;)}, with now 7, > 0, while we had
7+ = 0 in the uncharged case.

4.7.5 The Kerr - de Sitter metrics

The Kerr - de Sitter metric in Boyer-Lindquist-like coordinates reads [44,
106]

by )y sin?(6 2
g = A_rdTQ + A—6d92 + EQ(E)AG (adt — (r* + a*)dyp)
1
— oA (dt — asin’(0) dp)? (4.7.33)

where
2 2 .2 2, 2 A, =
Y =r*+a"cos?(0), Ay = ("4 a”) 1—57“ —2uEr,  (4.7.34)
and
A A
Ap=1+ §a2 cos2(6), E=1+ §a2, (4.7.35)
for some real parameters a and p, where A is the cosmological constant. In this

section we assume

A>0anda#0.
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By a redefinition ¢ — —¢ we can always achieve a > 0, similarly changing r to
—r if necessary we can assume that ¢ > 0. The case p = 0 leads to the de Sitter
metric in unusual coordinates (see, e.g., [4, Equation (17)]). The inequalities

a>0and pu>0

will be assumed from now on.
The Lorentzian character of the metric should be clear from (4.7.33); alter-
natively, one can calculate the determinant of g:

22
det(g) = —=; sin?6. (4.7.36)
We have _
tt  9rr 900 9o = 1 G
_ - = v , 4.7.37
det(g) Ay A, sin?0 ( )

which shows that either ¢ or its negative is a time function whenever A, and
G/ sin? @ are strictly positive. (Incidentally, chronology is violated on the set
where gy, < 0, we will return to this shortly.) One also has

g == (4.7.38)

which shows that r or its negative is a time function in the region where A, < 0.
The character of the principal orbits of the isometry group R x U(1) is
determined by the sign of the determinant

A A
det( get et > = 2% 6in%9. (4.7.39)
Jot  Gop =

Therefore, for sin(f) # 0 the orbits are two-dimensional, timelike in the regions
where A, > 0, spacelike where A, < 0, and null where A, = 0 once the
spacetime has been appropriately extended to include the last set.

When p # 0 the set {3 = 0} corresponds to a geometric singularity in the
metric. To see this, note that

2 52
9(0,,0) = 28 ;éﬁ Ay g—r +0(1), (4.7.40)

where O(1) denotes a function which is bounded near ¥ = 0. It follows that
for 1 # 0 the norm of the Killing vector d; blows up as the set {¥ = 0} is
approached along the plane cos(6) = 0, which would be impossible if the metric
could be continued across this set in a C? manner.

The function A, has exactly two distinct first-order real zeros, one of them
strictly negative and the other strictly positive, when

(1]

2 3
2 2
W> gEman (3—a’A)" . (4.7.41)

It has at least two, and up to four, possibly but not necessarily distinct, real

roots when 5

2 3
PS5z

a’A < 3, (3 —a’A) (4.7.42)
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Under the current assumptions the smallest root, say 71, is always simple and
strictly negative, the remaining ones are strictly positive. We can thus order
the roots as

r<0<reg<rg<ry, (4.7.43)

when there are four real ones, and we set r3 = r4 := ro when there are only two
real roots 71 < 9. The function A, is strictly positive for r € (ry,r2), and for
r € (rs,r4) whenever the last interval is not empty; A, is negative or vanishing
otherwise.

It holds that

sin?(6) (Ag (r* + a2)2 —a’A, sin2(9)>

Jpp = =55 (4.7.44)
.2 2 a2
sin“(0) ([ 2a“prsin®(0) 9 o
_ . 4.7.45
= <a2(:os2(0)+r2 tar ( )

The second line is manifestly non-negative for » > 0, and positive there away
from the axis sin(f) = 0. The first line is manifestly non-negative for A, < 0,
and hence also in a neighborhood of this set.

Next
gio AgA,LY
git ——— = — 2 . 9
9ep 52 (Ag (r2 +a?)” — Aya®sin (9))
ApA, S
_ 474
=2 (A(r) 1 B(r) cos(20)) (4.7.46)
with
A(r) = g (a* + 30212 + 27" + 2a%ur) | (4.7.47)
a2
B('I") — EE (CL2 + T‘Q — 2#7“) . (4748)
We have
A +B(r) = E(a2+1?)°,
a’u
A()—B(r) = r= (a2 frtg 2—) , (4.7.49)
T

which confirms that for r > 0, or for large negative r, we have A > |B| > 0, as
needed for g,, > 0. The function

Fr.0) o= A0+ B() cos(20)) _ (A(r) + B(r) cos(29))
’ Ag 1+ %a? cos?(6)

satisfies )
af a“= .
% = —A—gAT SIH(QH) , (4750)
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which has the same sign as —A, sin(26). In any case, its extrema are achieved
at 0 =0, 7/2 and 7. Accordingly, this is where the extrema of the right-hand
side of (4.7.46) are achieved as well. In particular, for A, > 0, we find

A,Y
(a? +72)?

SA,

2
gtgo <
~ Er(a?u+4r)+1r3)’

gt — ——
Jop

2

<

[1]

(4.7.51)

with the minimum attained at § = 0 and the maximum attained at 0 = 7 /2.

To obtain the projection diagram, we can now repeat word for word the
analysis carried out for the Kerr metrics on the set {g,, > 0}. Choosing a
conformal factor Q2 equal to

r? + a?
02 = 4.7.52
E ) ( )
one is led to a projection metric
(r? + a?)A, P e
= — dt —dr-. 4.7.53
7 Z3r (a?(2u + 1) 4+ 1r3) + A, " ( )

It remains to understand the set

Vo= {gpe <0}

where g, is negative. To avoid repetitiveness, we will do it simultaneously
both for the charged and the uncharged case, where (4.7.44) still applies (but
not (4.7.45) for e # 0) with A, given by (4.7.54); the Kerr - de Sitter case is
obtained by setting e = 0 in what follows. A calculation shows that g, is the
product of a non-negative function with

x =2a’ur —a?e® +r’a® +rt + (7“20,2 —2a’ur +ad’e® + a4) cos>(0).

This is clearly strictly positive for all » and all  # 7/2 when u = e = 0, which
shows that ¥ = () in this case.

Next, the function x is sandwiched between the two following functions of
7, obtained by setting cos() = 0 or cos?(f) =1 in :

A 2.2 2 2 2
Xo = r +ra“+2a°ur—a‘e”,

X1 = (7“2—1—@2)2.

Hence,  is strictly positive for all r when cos?(f) = 1. Next, for p > 0 the
function xq is negative for negative r near zero. Further, x¢ is convex. We
conclude that, for u > 0, the set on which yg is non-positive is a non-empty
interval [f_, 7] containing the origin. We have already seen that g,, is non-
negative wherever A, < 0, and since ro > 0 we must have

r1<f_§f+<r2.

In fact, when e = 0 the value of 7_ is given by (4.7.17) with m there replaced
by p, with #_ = 0 if and only if 4 = 0.
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Figure 4.7.6: A projection diagram for the Kerr-Newman - de Sitter metric
with four distinct zeros of A,; see Remark 4.7.2.

We conclude that if 4 = e = 0 the time-machine set is empty, while if
|| + €2 > 0 there are always causality violations “produced” in the non-empty
region {r_ <r <7y},

The projection diagrams for the Kerr-Newman - de Sitter family of metrics
depend upon the number of zeros of A,, and their nature, and can be found in
Figures 4.7.6-4.7.9.

4.7.6 The Kerr-Newman - de Sitter metrics

In the standard Boyer—Lindquist coordinates the Kerr-Newman - de Sitter met-
ric takes the form (4.7.33) [44, 259],% with all the functions as in (4.7.34)-(4.7.35)
except for A,, which instead takes the form

A =(1- %A?J) (r? + a®) — 22 ur + Ze?, (4.7.54)
where v/Ze is the electric charge of the spacetime. In this section we assume
A>0, >0, a>0, e#0.

The calculations of the previous section, and the analysis of zeros of A,

3The transition from the formulae in [44] to (4.7.33) is explained in [45, p. 102].
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Figure 4.7.7: A projection diagram for the Kerr-Newman - de Sitter metrics
with three distinct zeros of A,, 11 < 0 < ry = r3 < ry; see Remark 4.7.2.

Figure 4.7.8: A projection diagram for the Kerr-Newman - de Sitter metrics
with three distinct zeros of A,, r1 < 0 < ro < rg = r4; see Remark 4.7.2.
Note that one cannot continue the diagram simultaneously across all boundaries
r = r3 on R?, but this can be done on an appropriate Riemann surface.
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Figure 4.7.9: A projection diagram for the Kerr-Newman - de Sitter metrics
with two distinct first-order zeros of A,, r1 < 0 < ro and u > 0; see Re-
mark 4.7.2. The diagram for a first-order zero at r; and third-order zero at
ro = r3 = r4 would be identical except for the bifurcation surface of the bifur-
cate Killing horizon at the intersection of the lines r = r9, which does not exist
in the third-order case and has therefore to be removed from the diagram.

remain identical except for the following equations: First,

sin?(0) [ a?(2ur — e?)sin(f) 9 o
= 4.7.55
Je¢ ( a® cos?(0) + r? et > ’ ( )

(1]

the sign of which requires further analysis, we will return to this shortly. Next,
we still have

; G, AgA, Y
t—— = -
9ep 52 (Ag (r2 + a2)® — Aa? sin2(9)>
AgA, S
— , 4.7.56
=2 (A(r) + B(r) cos(20)) ( )
but now
Alr) = g (a4 + 3a?r? + 2r* + 2a%pur — a262) , (4.7.57)
o2
B(r) = ZE (a® + 7% = 2ur + %) , (4.7.58)
with
A(r)+ B(r) = E (a2 + 7“2)2 ,
2 2.2
A(r) = B(r) = r= <a2 TIPS S > . (4.7.59)
r r
Equation (4.7.50) remains unchanged, and for A, > 0, we find
A,x ; A
= Ty - q— S (47.60)
(a® +12) gep| ~ E(@®(2ur —e* 4+ 12) + 1)

with the minimum attained at # = 0 and the maximum attained at § = 7/2.
This leads to the projection metric

A 1
= — L dt® + —dr?. 4.7.61
v =3 (a2(2ur — €2 + 12) + 1) + A, r ( )
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We recall that the analysis of the time-machine set {g,, < 0} has already
been carried out at the end of Section 4.7.5, where it was shown that for e # 0
causality violations always exist, and arise from the non-empty region {7_ <
r <7}

The projection diagrams for the Kerr-Newman - de Sitter family of metrics
can be found in Figures 4.7.6-4.7.9.

4.7.7 The Kerr-Newman - anti de Sitter metrics

We consider the metric (4.7.33)-(4.7.35), with however A, given by (4.7.54),
assuming that

a+e?>0, A<O.

While the local calculations carried out in Section 4.7.5 remain unchanged, one
needs to reexamine the occurrence of zeros of A,.
We start by noting that the requirement that = # 0 imposes

1+ éa2 #0.
3
Next, a negative = would lead to a function Ay which changes sign. By inspec-
tion, one finds that the signature changes from (— + ++) to (+ — ——) across
these zeros, which implies nonexistence of a coordinate system in which the
metric could be smoothly continued there.* From now on we thus assume that

[1]

A
=1+ gaQ >0. (4.7.62)
As such, those metrics for which A, has no zeros are nakedly singular when-
ever

e+ |u| > 0. (4.7.63)

This can be easily seen from the following formula for g; on the equatorial
plane:

1

m(—3€ez+63ur+(Aa2—3)r2+Ar4). (4.7.64)

gt =
So, under (4.7.63) the norm of the Killing vector 9; is unbounded and the metric
cannot be C2-continued across {¥ = 0} by usual arguments.
Turning our attention, first, to the region where » > 0, the occurrence of
zeros of A, requires that
w> pe(a,e,A) >0.

Hence, there is a strictly positive threshold for the mass of a black hole at
given a and e. The solution with p = u. has the property that A, and its
r-derivative have a joint zero, and can thus be found by equating to zero the
resultant of these two polynomials in 7. An explicit formula for m, = Eu,

4We, and Kayll Lake (private communication), calculated several curvature invariants for
the overspinning metrics and found no singularity at Ag = 0. The origin of this surprising
fact is not clear to us.
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Figure 4.7.10: The critical mass parameter m.+/|A/3| = Zpuc+/|3/A| as a func-
tion of |a|/|A/3| when ¢ = 0.

can be given, which takes a relatively simple form when expressed in terms of
suitably renormalised parameters. We set

e
I
Bl

a =« ‘T,
o? + g2 3 ((1+a?\’
y=9—3 % = ¢ =Ee? = ( )’y—aQ ,
(1+a2)? Al 3
3VIAlL _ o (1+a?)??
= 5 gy M= e m: === ——-—0.
T SN/

Letting . be the value of g corresponding to ., one finds

9436y + VBB D)
c — 3\/5
(1+a2)? (—9 + 367+ V3 (3 + 47)3»)

162|A

B

= mi=

(4.7.65)

When ¢ = 0, the graph of 3. as a function of « can be found in Figure 4.7.10. In
general, the graph of 5. as a function of a and ¢ can be found in Figure 4.7.11.
Note that if ¢ = 0, then v can be used as a replacement for a; otherwise, -y
is a substitute for g at fixed a.
When e = 0 we have m, = a + O(a®) for small a, and m. —

lal /378

According to [149], the physically relevant mass of the solution is p and not
m; because of the rescaling involved, we have p. — oo as |a| /7 /[3/A|.

We have d?A,/dr? > 0, so that the set {A, < 0} is an interval (r_,ry),
with 0 <7r_ < Ty.

It follows from (4.7.44) that gy, /sin?() is strictly positive for r > 0, and
the analysis of the time-machine set is identical to the case A > 0 as long as

8

3/l

as
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Figure 4.7.11: The critical mass parameter m, %‘ as a function of @ = a %
and ¢ %

= > 0, which is assumed. We note that stable causality of each region on which
A, has constant sign follows from (4.7.37) or (4.7.38).

The projection metric is formally identical to that derived in Section 4.7.5,
with projection diagrams as in Figure 4.7.12.

4.7.8 The Emparan-Reall metrics

We consider the Emparan-Reall black-ring metric as presented in [114]:

2 F(y) 14y ?
R’ Gly) , o dy? dx” G() . o
g PO | E G e+ ry | 07
where
F)=1+X, G =010-)1+rve), (4.7.67)
and
14+ A
C=\/XA=v) T (4.7.68)
The parameter X is chosen to be
2v

with the parameter v lying in (0, 1), so that

O<v<A<l. (4.7.70)
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= —

T

r

Figure 4.7.12: The projection diagrams for the Kerr-Newman - anti de Sitter
metrics with two distinct zeros of A, (left diagram) and one double zero (right
diagram); see Remark 4.7.2.
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The coordinates x, y lie in the ranges —oco <y < —1, —1 < z < 1, assuming
further that (z,y) # (=1, —1). The event horizons are located at y = y, = —1/v

and the ergosurface is at y = y. = —1/A. The Jp-axis is at y = —1 and
the dy—axis is split into two parts x = £1. Spatial infinity i¥ corresponds to
x =y = —1. The metric becomes singular as y — —oo.

Although this is not immediately apparent from the current form of the
metric, it is known [112] that 0, is spacelike or vanishing in the region of

interest, with gy, > 0 away from the rotation axis y = —1. Now, the metric
(4.7.66) may be rewritten in the form
2 2
Ity 2 R F(z) 5
g = |gu——|dt? — — dy
( 9ww> (z —y)* G(y)
2
+ gy (dw + gt—wdt> + Goopdx® + g¢¢d¢2 . (4.7.71)
Gy
>0
We have )
Yy G(y)F(y)F(x)

o [ a _F(x)2G(y) Y1+ y)2(z—y)? (4.7.72)

It turns out that there is a non-obvious factorization of the denominator as
F(2)*G(y) + C*(1+y)*(x —y)* = —F(y)I(z,y),

where [ is a second-order polynomial in z and y with coefficients depending
upon v, sufficiently complicated so that it cannot be usefully displayed here.
The polynomial I turns out to be non-negative, which can be seen using a trick
similar to one in [92], as follows: One introduces new, non-negative, variables
and parameters (X,Y, o) via the equations

1

r=X-1, y=-Y -1, v= )
1+o

(4.7.73)

with 0 < X <2, 0<Y < 400, 0 < 0 < 400. A MATHEMATICA calculation
shows that in this parameterization the function I is a rational function of
the new variables, with a simple denominator which is explicitly non-negative,
while the numerator is a complicated polynomial in X, Y, ¢ with, however, all

coefficients positive.
Let Q = (z —y)/+/F(x), then the function

2
g G(y)F
A(x,y) =07 | gu — —= | = ©) ) (4.7.74)
9o @2 Cy) + C2(1 +y)?
has extrema in z only for + = y = —1 and = —1/A < —1. This may be

seen from its derivative with respect to x, which is explicitly non-positive in the
ranges of variables of interest:

Ir 2G(y)*F (y)*F (z)(z — y) _ _2GW?F()(z—y)

9r  (F()2G(y) + C* (1 +y)2(z —y)?)® I(z,y)?

(4.7.75)
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Therefore,
(1+9)*G(y) (1-9)*G(y)
I(_lvy) I(lvy)

Since both I(—1,y) and I(1,y) are positive, in the domain of outer communi-
cations {—1/v <y < —1} where G(y) is negative we obtain

= r(=1,y) > K(z,y) > K(l,y) =

—G(y)(1 +y)? ; —G(y)(1 —y)?
(y)(A +y) <02 (g, %2 )| < (y(A—y)* (4.7.76)
I(-1,y) Gy I(1,y
One finds L4
I1y) = 7—(1+ v =y —v) = M),
which leads to the projection metric
2
Gl o 1 2 (4.7.77)

V=X T T )

where, using the variables (4.7.73) to make manifest the positivity of x in the
range of variables of interest,

(1-yd -2
1T+MN1-yA=v)—Av)
24+ Y)o(1+0)(2+ 20 + d?)

- CroPe+y o)

x(y)

The calculation of (4.1.4) leads to the following conformal metric

) X 12 | =172 ; 1
g=R m(—m + F7lar?) |, where =~ [[20.GL(47.78)

Since the integral of F1 diverges at the event horizon, and is finite at y = —1
(which corresponds both to an axis of rotation and the asymptotic region at
infinity), the analysis in Sections 4.2.4 and 4.3 shows that the corresponding
projection diagram is as in Figure 4.7.13.

It is instructive to compare this to the projection diagram for five-dimensional
Minkowski spacetime

parameterized by ring-type coordinates:

,,/,‘.2 ,,:2

=1, =1, =242, F=+E+P.

(72 + 72)? (72 + 72)?

For fixed = # 0, y # 0 we obtain a torus as ¢ and v vary over S'. The image
of the resulting map is the set + > —1, y < —1, (z,y) # (=1, —1). Since

1

T—Y=-5—=
P2 4727
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Figure 4.7.13: The projection diagram for the Emparan-Reall black rings. The
arrows indicate the causal character of the orbits of the isometry group. The
boundary y = —1 is covered, via the projection map, by the axis of rotation
and by spatial infinity i°. Curves approaching the conformal null infinities .#+
asymptote to the missing corners in the diagram.

the spheres #2472 =: r2 = const are mapped to subsets of the lines x = y+1/r2,

and the limit » — oo corresponds to 0 < z—y — 0 (hence x — —1l and y — —1).
The inverse transformation reads

vV—y—1 r+1

"/’\' = 5 ": =
T —y Tr—y
The Minkowski metric takes the form
n = —dt®+di®+ dij? + di* + di?
—dt® + di* + #?d® + i + Py
dy? dx?

= —dt* +

A2 2 ~2 2
oy Ve _9? darn@ g T

>0
Thus, for any n-causal vector X,
(X¥)?
A=y — 1)@ —y)*

There is a problem with the right-hand side since, at fixed y, x is allowed to go
to infinity, and so there is no strictly positive lower bound on the coefficient of
(X¥)2. However, if we restrict attention to the set

r=vVm+7rm2>R

n(X,X) > —(X)+

for some R > 0, we obtain

n(X,X) > —(X)?+
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Figure 4.7.14: The projection diagram for the complement of a world-tube R x
B(R) in five-dimensional Minkowski spacetime using spherical coordinates (left
figure, where the shaded region has to be removed), or using ring coordinates
(right figure). In the right figure the right boundary y = —1 is covered, via
the projection map, both by the axis of rotation and by spatial infinity, while
null infinity projects to the missing points at the top and at the bottom of the
diagram.

This leads to the conformal projection metric, for —1 — % =:yp <y < -1,
Ridy?
voi= —dt? + vy
Ay + 1]

= —ar s (a(RV )

R? 2 1 R?
_ (_ v+,

2/]y + 1 Rr? 2y/y + 1|

Introducing a new coordinate 3’ = —R%\/—y — 1 we have

dy2> . (4.7.79)

v =—dt? +dy?,

where —1 < ¢/ < 0. Therefore, the projection diagram corresponds to a sub-
set of the standard diagram for a two-dimensional Minkowski spacetime, see
Figure 4.7.14.

4.7.9 The Pomeransky-Senkov metrics

We consider the Pomeransky-Senkov metrics [236],

_ 2H (z,y)k? de® dy*\ L J(x,y)
A R T (G(z) G<y>> “H(y, o)
_H(y,(L‘) 2 . F((L‘,y) 2 F(y,(L‘) 2
H(z.y) (dt + Q) H(y,x)dw + H(ij)dgo , (4.7.80)

where 2 is a 1-form given by

Q= M(z,y)dy + P(x,y)de.
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The definitions of the metric functions may be found in [236].° The metric
depends on three constants: k, v, A\, where k is assumed to be in R*, while the
parameters A\ and v are restricted to the set®

{r,\): vE(0,1), 2/v <A<1+v}. (4.7.81)

The coordinates x, y, ¢, 1, and ¢t vary within the ranges —1 <z <1, —o0 <
y<—-1,0<p <21, 0< 9y <27 and —oc0 < t < 00.
A Cauchy horizon is located at

A+ VA2 —4dy

Ye i= — 2w ’

and the event horizon corresponds to

_)\—\/)\2 —4v

Yn = o

Using an appropriate Gauss diagonalization, the metric may be rewritten in
the form
(*)
- 9ipTop — 2gt<pgwgw¢2 + 95,900 + 90(95, — GopGu)
Do — JpeJiyp

dt?® + Iyy dy?

2
_ Gy ye

2
gt dt d dip)?
+ groda® + (gw —~ gﬂ) dp+ 9w g | 4 (9rwdt + gppdp + gypdt)®
i

g _ e Gy
pp Gopap

(%)
(4.7.82)

The positive-definiteness of (xx) for y > y. follows from [69,92]. Note that
gy < 0 would give a timelike Killing vector dy, and that g,,gyy — gfw <0
would lead to some combination of the periodic Killing vectors J,, and 9, being
timelike, so the term (xx) in (4.7.82) is non-negative on any region where there
are no obvious causality violations.

The coefficient (*) in front of dt? is negative for y > y; and positive for
y < yp, vanishing at y = y,. This may be seen in the reparameterized form
of the Pomeransky-Senkov solution that was introduced in [92]: Indeed, let a,
b be the new coordinates as in [92] replacing x and y, respectively, and let us
reparameterize v, A by ¢, d again as in [92], where all the variables a, b, ¢, d are
non-negative above the Cauchy horizon, y > y.:

2
= -1
x +1+a’
d(4 2d
y = 1 (4+c+2d)

1+0)2+c)’

"We use (¢, ¢) where Pomeransky & Senkov use (i, ).
5y = 0 corresponds to Emparan-Reall metric which has been already analysed in Sec-
tion 4.7.8.
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1
YT e
22+ 22+ ¢)d+ (2+¢)?
A= 2(2+c)(1+d)(2+c+2d)' (4.7.83)
Set
ko= (%) Q2 (4.7.84)
_ -y -v)?
0 = () (4.7.85)

Using MATHEMATICA one finds that x takes the form

k=—0%y—yn)Q,

where @ = Q(a,b,c,d) is a huge rational function in (a,b,c,d) with all coef-
ficients positive. To obtain the corresponding projection metric v one would
have, e.g., to find sharp lower and upper bounds for @, at fixed y, which would
lead to
v =~y — ) sup Q] i — ——dy?
. " y fixed G(y) .

This requires analyzing a complicated rational function, which has not been
done in the literature so far.

We expect the corresponding projection diagram to look like that for Kerr -
anti de Sitter spacetime of Figure 4.7.12, with » = oo there replaced by y = —1,
r = —oo replaced by y = 1 with an appropriate analytic continuation of the
metric to positive y’s (compare [69]), r4 replaced by y;, and r_ replaced by ..
The shaded regions in the negative region there might be non-connected for
some values of parameters, and always extend to the boundary at infinity in
the relevant diamond [69].

Recall that a substantial part of the work in [69] was to show that the
function H(z,y) had no zeros for y > y.. We note that the reparameterization

cd
(14+0)(24+c+2d)
of [92] (with the remaining formulae (4.7.83) remaining the same), gives
P(a,b,c,d)
(14+a)2(1+0)224+c)2(1+d)S2+c+2d)*°
where P is a huge polynomial with all coefficients positive for y > yp. This
establishes immediately positivity of H(z,y) in the domain of outer communi-

cations. However, positivity of H(z,y) in the whole range y > y. has only been
established so far using the rather more involved analysis in [69].

y— —1—

H(.%',y) =

4.8 Black holes vs. spatially compact U(1)xU(1) sym-
metric models with compact Cauchy horizons

It turns out that one use the Kerr-Newman - (a)dS family of metrics to con-
struct explicit examples of maximal, four-dimensional, U(1) x U(1) symmetric,
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electrovacuum or vacuum models, with or without cosmological constant, con-
taining a spatially compact partial Cauchy surface. Similarly, five-dimensional,
U(1) x U(1) x U(1) symmetric, spatially compact vacuum models with spatially
compact partial Cauchy surfaces can be constructed using the Emparan-Reall
or Pomeransky-Senkov metrics. We will show how the projection diagrams con-
structed so far can be used to understand maximal (non-globally hyperbolic)
extensions of the maximal globally hyperbolic regions in such models, and for
the Taub-NUT metrics.

4.8.1 Kerr-Newman-(a)dS-type and Pomeransky-Senkov-type
models

The diamonds and triangles which have been used to construct our diagrams
so far will be referred to as blocs. Here the notion of a triangle is understood up
to diffeomorphism, thus planar sets with three corners, connected by smooth
curves intersecting only at the corners which are not necessarily straight lines,
are also considered to be triangles.

In the interior of each bloc one can periodically identify points lying along
the orbits of the action of the R factor of the isometry group. Here we are only
interested in the connected component of the identity of the group, which is
RxU(1) in the four-dimensional case, and RxU(1)xU(1) in the five-dimensional
case.

Note that isometries of spacetime extend smoothly across all bloc bound-
aries. For example, in the coordinates (v,7,0,¢) discussed in the paragraph
around (4.7.20), p. 173, translations in ¢ become translations in v; similarly for
the (u,r,0,p) coordinates. Using the (U, V, 6, p) local coordinates near the in-
tersection of two Killing horizons, translations in ¢ become boosts in the (U, V)
plane.

Consider one of the blocs, out of any of the diagrams constructed above, in
which the orbits of the isometry group are spacelike. (Note that no such dia-
mond or triangle has a shaded area which needs to be excised, as the shadings
occur only within those building blocs where the isometry orbits are timelike.)
It can be seen that the periodic identifications result then in a spatially compact
maximal globally hyperbolic spacetime with S x S? spatial topology, respec-
tively with S! x S x S? topology.

Now, each diamond in our diagrams has four null boundaries which natu-
rally split into pairs, as follows: In each bloc in which the isometry orbits are
spacelike, we will say that two boundaries are orbit-adjacent if both boundaries
lie to the future of the bloc, or both to the past. In a bloc where the isometry
orbits are timelike, boundaries will be said orbit-adjacent if they are both to
the left or both to the right.

One out of each pair of orbit-adjacent null boundaries of a bloc with space-
like isometry-orbits corresponds, in the periodically identified spacetime, to a
compact Cauchy horizon across which the spacetime can be continued to a peri-
odically identified adjacent bloc. Which of the two adjacent boundaries will be-
come a Cauchy horizon is a matter of choice; once such a choice has been made,
the other boundary cannot be attached anymore: those geodesics which, in the
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Figure 4.8.1: The sequences ¢; and p;. Rotating the figure by integer multiples
of 90 degrees shows that the problem of non-unique limits arises on any pair of
orbit-adjacent boundaries.

unidentified spacetime, would have been crossing the second boundary become,
in the periodically identified spacetime, incomplete inextendible geodesics. This
behaviour is well known from Taub-NUT spacetimes [78, 207, 264], and is easily
seen as follows:

Consider a sequence of points p; := (t;,r;) such that p; converges to a point
p on a horizon in a projection diagram in which no periodic identifications have
been made. Let T' > 0 be the period with which the points are identified along
the isometry orbits, thus for every n € Z points (¢,r) and (¢ +nT,r) represent
the same point of the quotient manifold. It should be clear from the form of
the Eddington-Finkelstein type coordinates u and v used to perform the two
distinct extensions (see the paragraph around (4.7.20), p. 173) that there exists
a sequence n; € Z such that, passing to a subsequence if necessary, the sequence
qi = (t; + n;T,r;) converges to some point ¢ in the companion orbit-adjacent
boundary, see Figure 4.8.1.

Denote by [p] the class of p under the equivalence relation (¢,7) ~ (t +
nT,r), where n € Z and T is the period. Suppose that one could construct
simultaneously an extension of the quotient manifold across both orbit-adjacent
boundaries. Then the sequence of points [¢;] = [p;] would have two distinct
points [p] and [¢] as limit points, which is not possible. This establishes our
claim.

Returning to our main line of thought, note that a periodically identified
building bloc in which the isometry orbits are timelike will have obvious causal-
ity violations throughout, as a linear combination of the periodic Killing vectors
becomes timelike there.

The branching construction, where one out of the pair of orbit-adjacent
boundaries is chosen to perform the extension, can be continued at each bloc in
which the isometry orbits are spacelike. This shows that maximal extensions are
obtained from any connected union of blocs such that in each bloc an extension
is carried out across precisely one out of each pair of orbit-adjacent boundaries.
Some such subsets of the plane might only comprise a finite number of blocs,
as seen trivially in Figure 4.7.9. Clearly an infinite number of distinct finite,
semi-infinite, or infinite sequences of blocs can be constructed in the diagram of
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Figure 4.7.6. Two sequences of blocs which are not related by one of the discrete
isometries of the diagram will lead to non-isometric maximal extensions of the
maximal globally hyperbolic initial region.

4.8.2 Taub-NUT metrics

We have seen at the end of Section 4.7.2 how to construct a projection diagram
for Gowdy cosmological models. Those models all contain U(1) x U(1) as part
of their isometry group. The corresponding projection diagrams constructed
in Section 4.7.2 were obtained by projecting-out the isometry orbits. This is
rather different from the remaining projection diagrams constructed in this
work, where only one of the coordinates along the Killing orbits was projected
out.

It is instructive to carry out explicitly both procedures for the Taub-NUT
metrics, which belong to the Gowdy class. Using Euler angles (¢, 6, ¢) to pa-
rameterize S2, the Taub-NUT metrics [218, 264] take the form

g = —U"dt* + (20)*U(d¢ + cos(0) dp)* + (t* + £%)(d6* + sin?(0) dp?) . (4.8.1)
Here

mt+ (%) (ty —t)(t—t)
t2+€2 - t2+€2 )

U(t) = -1+ 2

with
tri=mE+vVm2+ 2.

Further, ¢ and m are real numbers with ¢ > 0. The region {t € (t_,t4)} will
be referred to as the Taub spacetime.

The metric induced on the sections # = const, ¢ = const’, of the Taub
spacetime reads

Yo := —Utat* + (20)*Ud¢?. (4.8.2)

As discussed by Hawking and Ellis [147], this is a metric to which the methods
of Section 4.1 apply provided that the 4m-periodic identifications in ¢ are relazed.
Since U has two simple zeros, and no singularities, the conformal diagram for the
corresponding maximally extended two-dimensional spacetime equipped with
the metric 7 coincides with the left diagram in Figure 4.8.2, compare [147,
Figure 33]. The discussion of the last paragraph of the previous section applies
and, together with the left diagram in Figure 4.8.2, provides a family of simply
connected maximal extensions of the sections § = const, ¢ = const’, of the
Taub spacetime.

However, it is not clear how to relate the above to extensions of the four-
dimensional spacetime. Note that projecting out the ¢ and ¢ variables in the
region where U > 0, using the projection map 71 (¢,¢, 8, ) := (t,0), one is left
with the two-dimensional metric

v = U at? + (82 + 0%) do?, (4.8.3)

which leads to the flat metric on the Gowdy square as the projection metric.
(The coordinate t here is not the same as the Gowdy ¢ coordinate, but the
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Figure 4.8.2: The left diagram is the conformal diagram for an extension of
the universal covering space of the sections § = const, ¢ = const’, of the
Taub spacetime. The right diagram represents simultaneously the four possible
diagrams for the maximal extensions, within the Taub-NUT class, with compact
Cauchy horizons, of the Taub spacetime. After invoking the left-right symmetry
of the diagram, which lifts to an isometry of the extended spacetime, the four
diagrams lead to two non-isometric spacetimes.
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projection diagram remains a square.) And one is left wondering how this fits
with the previous picture.

Now, one can attempt instead to project out the 6 and ¢ variables, with
the projection map

ma(t, ¢, 0, 0) == (t,¢). (4.8.4)

For this we note the trivial identity

2
g g
9ecdC? + 2g,cd dC + gppd® = (gec — —g“"C )dC? + g (dep + —g“"C d¢)* . (4.8.5)
P P

(%)
Since the left-hand side is positive-definite on Taub space, where U > 0, both
2

9c¢ — % and g,, are non-negative there. Indeed,

Gop = (€% +1%)sin?(0) + 402U cos?(0), (4.8.6)
2
g 20)2U cos?(6
g«_LC — (26)2(1—M>U
o Yo

B 407 (02 4 12) sin*(0) . (487)
(2 4+ 12)sin%(0) + 402U cos2(6) o

(%)

However, perhaps not unsurprisingly given the character of the coordinates
involved, the function (%) in (4.8.7) does not have a positive lower bound
independent of § € [0, 27|, which is unfortunate for our purposes. To sidestep
this drawback we choose a number 0 < € < 1 and restrict ourselves to the range
0 € [0, ™ — 0], where 0. € [0,7/2] is defined by

sin?(f.) = e.

Now, g, is strictly positive for large ¢, independently of 6. Next, g,, equals
402U at the axes of rotation sin(f) = 0, and equals ¢? + t? at § = 7/2. Hence,
keeping in mind that U is monotonic away from (¢{_,t¢;), for € small enough
there will exist values

tr(e), witht_(€) <t_ <0<ty <ity(e)

such that g,, will be negative somewhere in the region (f_(€),t_) U (t4,%4(€)),
and will be positive outside of this region. We choose those numbers to be
optimal with respect to those properties.

On the other hand, for € close enough to 1 the metric coefficient g, will be
strictly positive for all 6 € [0, 7 —60.] and t < t_. In this case we set {_(¢) = ¢_,
so that the interval (f_(¢),t_) is empty. Similarly, there will exist a range of e
for which £, (¢) = ty, and (t,%, (¢)) = (. The relevant ranges of € will coincide
only if m = 0.

We note

gf,c) _ 1604U2 (€2 + t2) sin(20)

69 (g - )
« Ypp ((62 + t2) sin? () + 402U 0082(0))2
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which shows that, for
t& (t_(e),t_) U (ty,t4(e)) and 0 € (0, — b,), (4.8.8)
the multiplicative coefficient (xx) of U in (4.8.7) will satisfy

40% (02 + %) sin? ()

>
(**) = (€2+t2)sin2(96) +4€2Uc052(96)

— f(1). (4.8.9)

We are ready now to construct the projection metric in the region (4.8.8).
Removing from the metric tensor (4.8.1) the terms () appearing in (4.8.5), as
well as the df? terms, and using (4.8.9) one finds, for g-causal vectors X,

g(XaX) > 72((772)*)() (772)*X) )
with 79 as in (4.8.4), and where
vo 1= —Utdt® + f.UdC?. (4.8.10)

Since U has exactly two simple zeros and is finite everywhere, and for ¢ such
that g, is positive on the region 6 € [0, — 6], the projection diagram for
that region, in a spacetime in which no periodic identifications in ¢ are made, is
given by the left diagram of Figure 4.8.2. The reader should have no difficulties
finding the corresponding diagrams for the remaining values of e.

However, we are in fact interested in those spacetimes where ( is 47 pe-
riodic. This has two consequences: a) there are closed timelike Killing orbits
in all the regions where U is negative, and b) no simultaneous extensions are
possible across two orbit-adjacent boundaries. It then follows (see the right
diagram of Figure 4.8.2) that there are, within the Taub-NUT class, only two
non-isometric, maximal, vacuum extensions across compact Cauchy horizons
of the Taub spacetime. (Compare [56, Proposition 4.5 and Theorem 1.2] for
the local uniqueness of extensions, and [66] for a discussion of extensions with
non-compact Killing horizons.)






Chapter 5

Alternative approaches

In most of our discussion so far we have been considering stationary spacetimes.
In those it is most convenient to define the black hole region using the flow of
the Killing vector field, as presented in Section 1.3.7, p. 54. In non-stationary
spacetimes this does not work, and a different approach is needed. The standard
way to do this invokes conformal completions, which we critically review in
Section 5.1 below. We then pass to a discussion of alternative possibilities.

5.1 The standard approach and its shortcomings

The standard way of defining black holes is by using conformal completions: A
pair (#,7q) is called a conformal completion of (A, g) if 4 is a manifold with
boundary such that:

1. .4 is the interior of .4 ,

2. there exists a function ), with the property that the metric g, defined
to be Q2g on .4, extends by continuity to the boundary of .#, with the
extended metric still being non-degenerate throughout,

3. Q is positive on ., differentiable on M , vanishes on %, with df2 nowhere
vanishing on 7.

We emphasize that no assumptions about the causal nature of Scri are made
so far. The boundary of M will be called Scri, denoted ..

In the standard treatments of the problem at hand [147,271] smoothness of
both the conformal completion and the metric g is imposed, though this can be
weakened for many purposes.

Let (.#,g) be a conformal completion at infinity of (.#,g). One sets

It ={pes | I (ps)n.a#0}.

Assuming various global regularity conditions on the conformal completion M ,
the black hole region 4 is then defined as (cf., e.g., [147,271])

Bo=M\JT (IT). (5.1.1)

Let us point out some drawbacks of this approach:

201
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e Non-equivalent Scri’s: Conformal completions at null infinity do not
have to be unique, an example can be constructed as follows:

The Taub—NUT metrics can be locally written in the form [207]

—U~tdt* + (20)*Uo? + (t* 4+ L?)(03 + 03), (5.1.2)
m 2
Ut) = -1+ 235 (5.1.3)

where o1, 02 and o3 are left invariant one-forms on SU(2) ~ S®. The
constants L and m are real numbers with L > 0. Parameterizing S® with
Euler angles (u, 0, ¢) one is led to the following form of the metric

g=—U"tdt? + (2L)2U (du + cos Odp)? + (t? 4+ L?)(df? + sin? §dp?) .

To construct the conformal completions, one first passes to a coordinate
system which is used to perform extensions across the Cauchy horizons

ty =M+ VM2 + L2
t
(6 10,0, 0) — (£, 1 & / LU (s)]"Yds, 0, ) . (5.1.4)
to
Denoting by g4+ the metric g in the new coordinates, one finds

g+ = =4L(du + cosOdyp)dt
+(2L)2U (dp + cos 8dp)? + (£ 4 L*)(d6? + sin® Odp?) .(5.1.5)

Each of the metrics g+ can be smoothly conformally extended to the
boundary at infinity “¢ = co0” by introducing

x=1/t,

so that (5.1.5) becomes

gr = x 2 ( FAL(dp + cos Ody)dz

+(2L0)?2%U (dp + cos 0dp)? + (1 + L*2?)(df? + sin® 0d<p2)> . (5.1.6)

In each case this leads to a Scri diffeomorphic to 5. There is a simple
isometry between g, and g_ given by

(TI,', My 07 ()O) — (.’IJ, — M, 07 —QO)

(this does correspond to a smooth map of the region ¢ € (t4,00) into it-
self, cf. [78]), so that the two Scri’s so obtained are isometric. However, in
addition to the two ways of attaching Scri to the region ¢ € (¢4, 00) there
are the two corresponding ways of extending this region across the Cauchy
horizon t = t,, leading to four possible manifolds with boundary. It can
then be seen, using e.g. the arguments of [78], that the four possible man-
ifolds split into two pairs, each of the manifolds from one pair not being
isometric to one from the other. Taking into account the corresponding
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completion at “t = —o0”, and the two extensions across the Cauchy hori-
zon t =t_, one is led to four inequivalent conformal completions of each
of the two inequivalent [78] time-oriented, maximally extended, standard
Taub-NUT spacetimes.

This example naturally raises the question, how many different conformal
completions can a spacetime have? Under mild completeness conditions
in the spirit of [133], uniqueness of .# T as a point set in past-distinguishing
spacetimes should follow from the TIP and TIF construction of [134]; note
that this last condition is not satisfied by the Taub-NUT example.

The TIP/TIF analysis does, however, not carry information about dif-
ferentiability. It turns out that, building upon an approach proposed by
Geroch [132], one can prove existence and uniqueness of mazimal strongly
causal conformal completions in the smooth category, provided there exists
a non-trivial one [66, Theorem 5.3] (compare [132, Theorem 2, p. 14]).
But note that the existence of a non-empty strongly causal completion
seems to be difficult to control in general situations.! In particular it
could happen that many spacetimes of interest admitting conformal com-
pletions do not admit any strongly causal ones.

We note that uniqueness of a class of Riemannian conformal completions
at infinity has been established in [77, Section 6], based on the analysis
in [85]; this result can probably be used to obtain uniqueness of differen-
tiable structure of Lorentzian conformal completions for Scri’s admitting
cross-sections, but we have not attempted to explore this idea any fur-
ther.

Further partial results on the problem at hand can be found in [251].

e Poorly differentiable Scri’s: In all standard treatments [132, 147, 271]
it is assumed that both the conformal completion .# = .# U .# and
the extended metric g are smooth, or have a high degree of differentia-
bility [234]. This is a restriction which excludes most spacetimes which
are asymptotically Minkowskian in lightlike directions, see [?,88,?, 175]
and references therein. Poor differentiability properties of .# change the
peeling properties of the gravitational field [81], but most — if not all
— essential properties of black holes should be unaffected by conformal
completions with, e.g., polyhomogeneous differentiability properties as
considered in [10, 81]. It should, however, be borne in mind that the hy-
pothesis of smoothness has been done in the standard treatments, so that
in a complete theory the validity of various claims should be reexamined.

A breakthrough result concerning the asymptotics at Scri is due to Hintz
and Vasy [151], who prove that initial data which are polyhomogeneous at
spatial infinity lead to spacetimes with a polyhomogeneous Scri. Further
results concerning existence of spacetimes with a poorly differentiable Scri
can be found in [95, 185].

!Globally hyperbolic conformal completions (in the sense of manifolds with boundary) are
necessarily strongly causal. But it should be borne in mind that good causal properties of a
spacetime might fail to survive the process of adding a conformal boundary.
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singularity "
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Figure 5.1.1: An asymptotically flat spacetime with an unusual i*.

The structure of i™: The current theory of black holes is entirely based
on intuitions originating in the Kerr and Schwarzschild geometries. In
those spacetimes we have a family of preferred “stationary” observers
which follow the orbits of the Killing vector field 0; in the asymptotic
region, and their past coincides with that of .# ™. It is customary to denote
by iT the set consisting of the points t = oo, where ¢ is the Killing time
parameter for those observers. Now, the usual conformal diagrams for
those spacetimes [147, 208] leave the highly misleading impression that i+
is a regular point in the conformally rescaled manifold, which, to the best
of our knowledge, is not the case. In dynamical cases the situation is likely
to become worse. For example, one can imagine black hole spacetimes
with a conformal diagram which, to the future of a Cauchy hypersurface
t = 0, looks as in Figure 5.1.1. In that diagram the set iT should be
thought of as the addition to the spacetime manifold .# of a set of points
“{t = 00,q € O}, where t € [0,00) is the proper time for a family of
observers ¢. The part of the boundary of .# corresponding to i* is
a singularity of the conformally rescaled metric, but we assume that it
does not correspond to singular behaviour in the physical spacetime. In
this spacetime there is the usual event horizon & corresponding to the
boundary of the past of .# T, which is completely irrelevant for the family
of observers ', and an event horizon & which is the boundary of the true
black hole region for the family &, i.e., the region that is not accessible
to observations for the family &. Clearly the usual black hole definition
carries no physically interesting information in such a setting.

Causal regularity of Scri: As already pointed out, in order to be able to
prove interesting results the definition (5.1.1) should be complemented by
causal conditions on .#. The various approaches to this question are aes-
thetically highly unsatisfactory: it appears reasonable to impose causal
regularity conditions on a spacetime, but why should some unphysical
completion have any such properties? Clearly, the physical properties of
a black hole should not depend upon the causal regularity — or lack thereof
— of some artificial boundary which is being attached to the spacetime.
While it seems reasonable and justified to restrict attention to spacetimes
which possess good causal properties, it is not clear why the addition
of artificial boundaries should preserve those properties, or even be con-
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sistent with them. Physically motivated restrictions are relevant when
dealing with physical objects, they are not when non-physical constructs
are considered.

e Inadequacy for numerical purposes: Most? numerical studies of black
holes are performed on numerical grids which cover finite spacetime re-
gions. Clearly, it would be convenient to have a set-up which is more
compatible in spirit with such calculations than the Scri one.

We present in Sections 5.2.1 and 5.2.2 below two approaches in which the
above listed problems are avoided.

5.2 Black holes without Scri

There has been considerable progress in the numerical analysis of black hole
solutions of Einstein’s equations; here one of the objectives is to write a stable
code which would solve the full four dimensional Einstein equations, with initial
data containing a non-connected black hole region that eventually merges into
a connected one. Omne wishes to be able to consider initial data which do
not possess any symmetries, and which have various parameters — such as the
masses of the individual black holes, their angular momenta, as well as distances
between them — which can be varied in significant ranges. Finally one wishes the
code to run to a stage where the solution settles to a state close to equilibrium.
The challenge then is to calculate the gravitational wave forms for each set of
parameters, which could then be used in the gravitational wave observatories to
determine the parameters of the collapsing black holes out of the observations
made. This program has been being undertaken for years by several groups of
researchers, with steady progress being made [5,6,12, 16,29, 33, 140, 143, 169,
183,237).3

There is a fundamental difficulty above, of deciding whether or not one is
dealing indeed with the desired black hole initial data: the definition (5.1.1) of a
black hole requires a conformal boundary .# satisfying some properties. Clearly
there is no way of ensuring those requirements in a calculation performed on a
finite spacetime grid.*

In practice what one does is to set up initial data on a finite grid so that
the region near the boundary is close to flat (in the conformal approach the
whole asymptotically flat region is covered by the numerical grid, and does not

2The numerical simulations in [16,29, 140] cover regions extending all the way to infinity,
within frameworks which seem to be closely related to the “naive” framework of Section 5.2.1
below.

3Some spectacular visualizations of the calculations performed can be found at the URL
http://jean-luc.aei.mpg.de/NCSA1999/GrazingBlackHoles

“The conformal approach developed by Friedrich (cf., e.g., [121, 122] and references therein)
provides an ideal numerical framework for studying gravitational radiation in situations where
the extended spacetime is smoothly conformally compactifiable across i, since then one
can hope that the code will be able to “calculate Scri” globally to the future of the initial
hyperboloidal hypersurface. It is not clear whether a conformal approach could provide more
information than the non-conformal ones when i is itself a singularity of the conformally
rescaled equations, as is the case for black holes.
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need to be near the boundary of the numerical grid; this distinction does not
affect the discussion here). Then one evolves the initial data as long as the
code allows. The gravitational waves emitted by the system are then extracted
out of the metric near the boundary of the grid. Now, our understanding of
energy emitted by gravitational radiation is essentially based on an analysis of
the metric in an asymptotic region where g is nearly flat. In order to recover
useful information out of the numerical data it is thus necessary for the metric
near the boundary of the grid to remain close to a flat one. If we want to be sure
that the information extracted contains all the essential dynamical information
about the system, the metric near the boundary of the grid should quiet down
to an almost stationary state as time evolves. Now, it is straightforward to
set-up a mathematical framework to describe such situations without having to
invoke conformal completions, this is done in the next section.

5.2.1 Naive black holes

Consider a globally hyperbolic spacetime .# which contains a region covered by
coordinates (t,z%) with ranges

ri= [y (@)?>Ry, To—Ry+r<t<oco, (5:2.1)

i
such that the metric g satisfies there
19w — | < C1r7* < Cy, a>0, (5.2.2)

for some positive constants C1, Cs, «; clearly Co can be chosen to be less than
or equal to C1Ry*. Making Ry larger one can thus make C as small as desired,
e.g.

Cy=10"%, (5.2.3)
which is a convenient number in dimension 3+ 1 to guarantee that objects alge-
braically constructed out of g (such as g"*, \/det g) are well controlled; (5.2.3) is
certainly not optimal, and any other number suitable for the purposes at hand
would do. To be able to prove theorems about such spacetimes one would need
to impose some further, perhaps not necessarily uniform, decay conditions on
a finite number of derivatives of g; there are various possibilities here, but we
shall ignore this for the moment. Then one can define the exterior region Moy,
the black hole region % and the future event horizon & as

Myt = UTETOJ_(ST,RO) = J_(UszOST,Ro) , (5.2.4)
Bi= M\ My, &:=08, (5.2.5)

where
ST,RO = {t =T, = RQ} . (5.2.6)

We will refer to the definition (5.2.1)-(5.2.6) as that of a naive black hole.

In the setup of Equations (5.2.1)-(5.2.6) an arbitrarily chosen Ry has been
used; for this definition to make sense B so defined should not depend upon
this choice. This is indeed the case, as can be seen as follows:
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PROPOSITION 5.2.1 Let 0, C R3\ B(0,Ry), a = 1,2, and let %, C .4 be of
the form {(t > Ty — Ro + r(Z),Z) ,& € Oy} in the coordinate system of (5.2.2).
Then

I (%) =J (%) =1 (%) =J (%) .

Proor: If I' is a future directed causal path from p € .# to ¢ = (¢,%) €
%, then the path obtained by concatenating I" with the path [0,1] > s —
(t(s) :=t + s,2(s) := &) is a causal path which is not a null geodesic, hence
can be deformed to a timelike path from p to (¢t + 1,%) € % . It follows that
I=(724) = J~(?h); clearly the same holds for %,. Next, let &, € O,, and let
v :10,1] — R3\ B(0, Rg) be any differentiable path such that v(0) = #; and
v(1) = Z. Then for any ty > Ty — Ro + r(Z1) the causal curve [0,1] 3 s —
[(s) = (t :== Cs+ to, ¥(s) := y(s)) will be causal for the metric g by (5.2.2) if
the constant C' is chosen large enough, with a similar result holding when & is
interchanged with Z5. The equality I~ (%1) = I~ (%) easily follows from this
observation. i

Summarizing, Proposition 5.2.1 shows that there are many possible equiva-
lent definitions of .Zc: in (5.2.4) one can replace J~(Sr r,) by J~(Srr,) for
any R; > Ry, but also simply by J~((t + 7,q)), for any p = (t,q) € .# which
belongs to the region covered by the coordinate system (¢, z%).

The following remarks concerning the definition Equations (5.2.4)-(5.2.5)
are in order:

e For vacuum, stationary, asymptotically flat spacetimes the definition is
equivalent to the usual one with .# [96, Footnote 7, p. 572]; here the
results of [102, 104] are used. However, one does not expect the existence
of a smooth .# ™ to follow from (5.2.1)-(5.2.2) in general.

e Suppose that .#Z admits a conformal completion, and that . is semi-
complete to the future. Then for any finite interval [Ty, T3] there exists
Ry(Ty,T1) and a coordinate system satisfying (5.2.2) and covering a set
r > Ro(To,T1), To — Ry <t < Tj — Ry. This follows from the Tamburino-
Winicour construction of Bondi coordinates (u,r,6,¢) near .+ [262],
followed by the introduction of the usual Minkowskian coordinates t = u+
r, x = rsinf cos ¢, etc. The problem is that R(71,T5) could shrink to zero
as Ty goes to infinity. Thus, when T exists, conditions Equations (5.2.1)-
(5.2.2) are uniformity conditions on £ to the future: the metric remains
uniformly controlled on a uniform neighborhood of .#* as the retarded
time goes to infinity.

e It should not be too difficult to check whether or not the future geodesi-
cally complete spacetimes of Friedrich [119, 123], Christodoulou and Klain-
erman [54], Lindblad and Rodnianski [?], Hintz and Vasy [151], or the
small data black holes of [100,170], as well as the Robinson-Trautman
black-holes discussed in Chapter 6 admit coordinate systems satisfying
(5.2.1)-(5.2.2).
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It is not clear if asymptotically flat spacetimes in which no such control is
available do exist at all; in fact, it is tempting to formulate the following version
of the (weak) cosmic censorship conjecture:

The maximal globally hyperbolic development of generic®, asymp-

totically flat, vacuum initial data contains a region with coordinates
satisfying (5.2.1)-(5.2.2).

Whatever the status of this conjecture, one can hardly envisage numerical sim-
ulations leading to the calculation of an essential fraction of the total energy
radiated away in spacetimes in which some uniformity conditions do not hold.

5.2.2 Quasi-local black holes

As already argued, the naive approach of the previous section should be more
convenient for numerical simulations of black hole spacetimes, as compared to
the usual one based on Scri. It appears to be even more convenient to have
a framework in which all the issues are localized in space; we wish to suggest
such a framework here. When numerically modeling an asymptotically flat
spacetime, whether in a conformal or a direct approach, a typical numerical
grid will contain large spheres S(R) on which the metric is nearly flat, so that
an inequality such as (5.2.2)-(5.2.3) will hold in a neighborhood of S(R). On
slices ¢ = const the condition (5.2.2) is usually complemented with a fall-off
condition on the derivatives of the metric

1059 | < Cr—t, (5.2.7)

However, condition (5.2.7) is inadequate in the radiation regime, where retarded
time derivatives of the metric are not expected to fall-off faster than r—1. It
turns out that there is a condition on derivatives of the metric in null directions
which is fulfilled at large distance both in spacelike and in null directions: Let
K,, a = 1,2, be null future pointing vector fields on S(R) orthogonal to S(R),
with K7 inwards pointing and K9 — outwards pointing; these vector fields are
unique up to scaling. Let y, denote the associated null second fundamental
forms defined as

VXY €TS(R) xa(X,Y):=g(VxKaY). (5.2.8)

It can be checked, e.g. using the asymptotic expansions for the connection
coefficients near .#* from [80, Appendix C], that x is negative definite and
X2 is positive definite for Bondi spheres S(R) sufficiently close to .#"; simi-
larly for .#~. This property is not affected by the rescaling freedom at hand.
Following G. Galloway [126], a two-dimensional spacelike submanifold of a four-
dimensional spacetime will be called weakly null convex if i is semi-positive
definite, with the trace of y2 negative.® The null convexity condition is easily

®The examples constructed by Christodoulou [53] with spherically symmetric gravitating
scalar fields suggest that the genericity condition is unavoidable, though no corresponding
vacuum examples are known.

SGalloway defines null convezity through the requirement of positive definiteness of x1 and
negative definiteness of x2. However, he points out himself [126, p. 1472] that the weak null
convexity as defined above suffices for his arguments to go through.
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verified for sufficiently large spheres in a region asymptotically flat in the sense
of (5.2.7). It does also hold for large spheres in a large class of spacetimes with
negative cosmological constant. The null convexity condition is then the condi-
tion which we propose as a starting point to defining “quasi-local” black holes
and horizons. The point is that several of the usual properties of black holes
carry over to the weakly null convex setting. In retrospect, the situation can
be summarized as follows: the usual theory of Scri based black holes exploits
the existence of conjugate points on appropriate null geodesics whenever those
are complete to the future; this completeness is guaranteed by the fact that
the conformal factor goes to zero at the conformal boundary at an appropriate
rate. Galloway’s discovery in [126] is that weak null convexity of large spheres
near Scri provides a second, in principle completely independent, mechanism to
produce the needed focusing behaviour.

Throughout this section we will consider a globally hyperbolic spacetime
(A ,g) with time function t. Let .7 C .# be a finite union of connected
timelike hypersurfaces 7, in .#. We set

Fr={t=1}, T(r) =90, Tulr):=TNS. (5.2.9)

For further purposes anything that happens on the exterior side of .7 is com-
pletely irrelevant, so it is convenient to think of .7 as a boundary of .#; global
hyperbolicity should then be understood in the sense that (./Z := .# U .7, g)
is strongly causal, and that J*(p;.#) N J~(q;.#) is compact in .Z for all
p,q € .M.

One can also think of each .7, as a family of observers.

Recall that the null convergence condition is the requirement that

Ric(X,X) >0 for all null vectors X € TM . (5.2.10)

We have the following topological censorship theorem for weakly null convex
timelike boundaries:

THEOREM 5.2.2 (Galloway [126]) Suppose that a globally hyperbolic spacetime
(M, g) satisfying the null convergence condition (5.2.10) has a timelike bound-
ary 7 = UL_| T, and a time function t such that the level sets of t are Cauchy
surfaces, with each section 7 (1) of 7 being null conver. Then distinct T, ’s
cannot communicate with each other:

a# B  THT)NIT (Tp)=0.
As is well known, topological censorship implies constraints on the topology:

THEOREM 5.2.3 (Galloway [126]) Under the hypotheses of Theorem 5.2.2 sup-
pose further that the cross-sections T (T) of T have spherical topology.” Then
the a-domain of outer communication

((Za)) =T (Ta) NI () (5.2.11)

1s simply connected.

"The reader is referred to [128] and references therein for results without the hypothesis of
spherical topology. The results there, presented in a Scri setting, generalize immediately to
the weakly null convex one.
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It follows in particular from Theorem 5.2.3 that .# can be replaced by a
subset thereof such that .7 is connected in the new spacetime, with all es-
sential properties relevant for the discussion in the remainder of this section
being unaffected by that replacement. We shall not do that, to avoid a lengthy
discussion of which properties are relevant and which are not, but the reader
should keep in mind that the hypothesis of connectedness of .7 can indeed be
done without any loss of generality for most purposes.

We define the quasi-local black hole region %, and the quasi-local event
horizon &z, associated with the hypersurface .7, by

Bz, = M\JT (T), Eg, =087, . (5.2.12)

If 7 is the hypersurface U;>71,S7 R, of Section 5.2.1 then the resulting black
hole region coincides with that defined in (5.2.5), hence does not depend upon
the choice of Ry by Proposition 5.2.1; however, %4 might depend upon the
chosen family of observers 7, in general. It is certainly necessary to impose
some further conditions on .7 to reduce this dependence. A possible condition,
suggested by the geometry of the large coordinate spheres considered in the
previous section, could be that the light-cones of the induced metric on 7 are
uniformly controlled both from outside and inside by those of two static, future
complete reference metrics on 7. However, neither the results above, nor the
results that follow, do require that condition.

The Scri-equivalents of Theorem 5.2.3 [35, 65, 74, 96, 125, 128, 129, 163] allow
one to control the topology of “good” sections of the horizon, and for the
standard stationary black-holes this does lead to the usual 5% xR topology of the
horizon [96, 147]. In particular, in stationary, asymptotically flat, appropriately
regular spacetimes the intersection of a partial Cauchy hypersurface with an
event horizon will necessary be a finite union of spheres. In general spacetimes
such intersections do not even need to be manifolds: for example, in the usual
spherically symmetric collapsing star the intersection of the event horizon with
level sets of a time function will be a point at the time of appearance of the
event horizon. We refer the reader to [73, Section 3] for other such examples,
including one in which the topology of sections of horizon changes type from
toroidal to spherical as time evolves. This behaviour can be traced back to
the existence of past end points of the generators of the horizon. Nevertheless,
some sections of the horizon have controlled topology — for instance, we have
the following:

THEOREM 5.2.4 Under the hypotheses of Theorem 5.2.2, consider a connected
component T, of T such that &, # 0. Let

Co(T) =0T (T0(T)) .

If €. (T)N &7, is a topological manifold, then each connected component thereof
has spherical topology.

PRrROOF: Consider the open subset .#; of .# defined as

My = T(Co(7); M)YNT (To; M) C (T)) -
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We claim that (#;, g|_4.) is globally hyperbolic: indeed, let p,q € .#.; global
hyperbolicity of .# shows that J~(p;.#)NJ*(q; .#) is a compact subset of .Z,
which is easily seen to be included in .. It follows that J = (p; #;)NJ " (q; A7)
is compact, as desired. By the usual decomposition we thus have

My ~R xS,

where § is a Cauchy hypersurface for .#.. Applying Theorem 5.2.3 to the
globally hyperbolic spacetime .#, (which has a weakly null convex boundary
o N {t > 7}) one finds that ., is simply connected, and thus so is S. Since
%.(7) and &, are null hypersurfaces in .#, it is easily seen that the closure in
M of the Cauchy surface {0} x S intersects &, precisely at €,(7) N &,. It
follows that S is a compact, simply connected, three dimensional topological
manifold with boundary, and a classical result [148, Lemma 4.9] shows that
each connected component of dS is a sphere. The result follows now from
85%(50{(7)0(9@9&. ]

Yet another class of “good sections” of &z can be characterized® as fol-
lows: suppose that ((.7,)) N.%; is a submanifold with boundary of .# which is,
moreover, a retract of ((7,)). Then ((7,)) N.7; is simply connected by The-
orem 5.2.3, and spherical topology of all boundary components of ((7,)) N .7
follows again from [148, Lemma 4.9]. It is not clear whether there always exist
time functions ¢ such that the retract condition is satisfied; similarly it is not
clear that there always exist 7’s for which the conditions of Theorem 5.2.4 are
met for metrics which are not stationary (one would actually want “a lot of
7’s”). It would be of interest to understand this better.

We have an area theorem for &

THEOREM 5.2.5 Under the hypotheses of Theorem 5.2.2, suppose further that
Eg # 0. Let S, a = 1,2 be two achronal spacelike embedded hypersurfaces of
C? differentiability class, set S, = %, N E. Then:

1. The area of S, is well defined.

2. If
Sl C Ji(Sz) s

then the area of Sy is larger than or equal to that of S1. (Moreover, this
is true even if the area of Sy is counted with multiplicity’ of generators

provided that S; N Sy =1.)

We note that point 1 is less trivial as it appears, because horizons can be
rather rough sets, and it requires a certain amount of work to establish that
claim.

PRrROOF: The result is obtained by a mixture of methods of [73] and of [126],
and proceeds by contradiction: assume that the Alexandrov divergence 6 4; of
&7 is negative, and consider the S, ,, 5 deformation of the horizon as constructed

81 am grateful to G. Galloway for useful discussions concerning this question, as well as
many other points presented in this section.
9See [73] for details.
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in Proposition 4.1 of [73], with parameters chosen so that 6. ,s; < 0. Global
hyperbolicity implies the existence of an achronal null geodesic from S, 5 to
some cut 7 (1) of 7. The geodesic can further be chosen to be “extremal”,
in the sense that it meets .7 (¢) for the smallest possible value of ¢ among
all generators of the boundary of J* (S, s) meeting .7. The argument of the
proof of Theorem 1 of [126] shows that this is incompatible with the null energy
condition and with weak null convexity of 7 (7). It follows that 64 > 0, and
the result follows from [73, Proposition 3.3 and Theorem 6.1]. O

It immediately follows from the proof above that, under the hypotheses of
Theorem 5.2.2, the occurrence of twice differentiable future trapped (compact)
surfaces implies the presence of a black hole region. The same result holds for
semi-convex compact surfaces which are trapped in an Alexandrov sense. It is,
however, not known if the existence of marginally trapped surfaces — whether
defined in a classical, or Alexandrov, or a viscosity sense — does signal the
occurrence of black hole; it would be of interest to settle that.

In summary, we have shown that the quasi-local black holes, defined us-
ing weakly null convex timelike hypersurfaces, or boundaries, possess several
properties usually associated with the Scri-based black holes, without the asso-
ciated problems. We believe they provide a reasonable alternative, well suited
for numerical calculations.



Chapter 6

Dynamical black holes: the
Robinson-Trautman metrics

All black-hole metrics seen so far were stationary. This is essentially due to
the fact that explicit non-stationary metrics are hard to come by. The closest
one can come to an explicit time-dependent black hole metric is provided by
the Robinson-Trautman family metrics, which are explicit up to one function
satisfying a parabolic evolution equation. The aim of this chapter is to present
some properties of those metrics.

6.1 Robinson—Trautman spacetimes.

The Robinson-Trautman (RT) metrics are vacuum metrics which can be viewed
as evolving from data prescribed on a single null hypersurface.

From a physical point of view, the RT metrics provide examples of isolated
gravitationally radiating systems. In fact, these metrics were hailed to be the
first exact nonlinear solutions describing such a situation. Their discovery [247]
was a breakthrough in the conceptual understanding of gravitational radiation
in Einstein’s theory.

The RT metrics were the only example of vacuum dynamical black holes
without any symmetries and with exhaustively described global structure until
the construction, in 2013 [99], of a large class of such spacetimes using “scat-
tering data” at the horizon and at future null infinity. Further dynamical black
holes have been meanwhile constructed in 2018 in [100, 170], by evolution of
small perturbations of Schwarzschild initial data. See also [83] for asymptoti-
cally many-black-hole dynamical vacuum spacetimes with “a piece of .#”, and
[166] for a class of vacuum multi-black-holes with a positive cosmological con-
stant.

There are several interesting features exhibited by the RT metrics: First,
and rather unexpectedly, in this class of metrics the Einstein equations reduce
to a single parabolic fourth order equation. Next, the evolution is unique within
the class, in spite of a “naked singularity” at » = 0. Last but not least, they
possess remarkable extendibility properties.

By definition, the Robinson—Trautman spacetimes can be foliated by a null,

213



214CHAPTER 6. DYNAMICAL BLACK HOLES: THE ROBINSON-TRAUTMAN METRICS

hypersurface-orthogonal, shear-free, expanding geodesic congruence. It has been
shown by Robinson and Trautman [243] that in such a spacetime there always
exists a coordinate system in which the metric takes the form

tg = —®du® — 2dudr + 12 §op(x€) dz® da®, N = A(u,z), (6.1.1)
—_—

::g
R T 2m
O=+—AR— — = = R(e* 1.2
9 + 12m gR r R R(gab) R(e gab)a (6 )

where the £%’s are local coordinates on the two-dimensional smooth Riemannian
manifold (2M, §), m # 0 is a constant which is related to the total Trautman-
Bondi mass of the metric, and R is the Ricci scalar of the metric g := e**§. In
writing (6.1.1)-(6.1.2) we have ignored those spacetimes which admit a congru-
ence as above and where the parameter m vanishes.

The Einstein equations for a metric of the form (6.1.1) reduce to a single
equation

1 1

AR = Oud = ——e 2N ("R —204))), (6.1.3)

augab = 2Um

where A, is the Laplace operator of the two-dimensional metric g = Gapdx®da?,
and R is the Ricci scalar of the metric g.

Equation (6.1.3) will be referred to as the RT equation. It is first-order
in the “time” w, fourth-order in the space-variables z% and belongs to the
family of parabolic equations. The Cauchy data for (6.1.3) consist of a function
Xo(z?) = AMu = ug, 2®), which is equivalent to prescribing the metric g,,, of the
form (6.1.1) on a null hypersurface {u = ug, r € (0,00)} x 2M. Without loss
of generality, translating u if necessary, we can assume that ug = 0.

Note that the initial data hypersurface asymptotes to a curvature singularity
at r = 0, with the scalar Ram(gRo‘m‘S diverging as r~% when r = 0 is approached.
This is a “white hole singularity”, familiar to all known stationary black hole
spaces-times.

The RT equation (6.1.3) has been considered in a completely different con-
text by Calabi [38].

The function A = 0 solves (6.1.3) when ¢ is the unit round metric on
the sphere. The metric (6.1.1) is then the Schwarzschild metric in retarded
Eddington-Finkelstein coordinates.

It follows from the theory of parabolic equations that for m < 0 the evolution
problem for (6.1.3) is locally well posed backwards in u, while for m > 0 the RT
equation can be locally solved forwards in u. Redefining 4 to —u transforms
(6.1.3) with m < 0, u < 0 to the same equation with a new mass parameter
—m > 0 and with v > 0. Thus, when discussing (6.1.3) it suffices to assume
m > 0. On the other hand, the global properties of the associated spacetimes
will be different, and will need separate discussion.

Note that solutions of typical parabolic equations, including (6.1.3), imme-
diately become analytic. This implies that for smooth but not analytic initial
functions A, the equation will not be solvable backwards in u when m > 0, or
forwards in u when m < 0.

In [58, 59, 91] the following has been proved:
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1. When m > 0 solutions of (6.1.3) with, say smooth, initial data at u = 0
exist for all u > 0. The proof consists in showing that all Sobolev norms
of the solution remain finite during the evolution. The first key to this
is the monotonicity of the Trautman-Bondi mass, which for RT metrics
equals [257]

m 3\
= — dug . 6.1.4
mTB /52 (& /Lg ( )

The second is the monotonicity property of

/2M(R — Ry)? (6.1.5)

discovered by Calabi [38] and, independently, by Lukécs, Perjes, Porter
and Sebestyén [192].

2. Let m > 0. There exists a strictly increasing sequence of real numbers
Ai > 0, integers n; with ny = 0, and functions ¢; ; € C>(?M), 0 < j <
n;, such that, possibly after performing a conformal transformation of g,
solutions of (6.1.3) have a full asymptotic expansion of the form

AMu,z%) = Z @i j(xV)ul e MM (6.1.6)

121, 0<j<n;

when u tends to infinity. The result is obtained by a delicate asymptotic
analysis of solutions of the RT equation.

The decay exponents \; and the n;’s are determined by the spectrum of Ag.
For example, if (2M, §) is a round two sphere, we have [59]

ANi=2i,i€N, withny=...=n14=0, nis=1. (617)

REMARK 6.1.1 The first global existence result for the RT equation has been ob-
tained by Rendall [244] for a restricted class of near-Schwarzschildian initial data.
Global existence and convergence to a round metric for all smooth initial data
has been established in [58]. There the uniformization theorem for compact two-
dimensional manifolds has been assumed. An alternative proof of global existence,
which establishes the uniformization theorem as a by-product, has been given by
Struwe [260]. O

The RT metrics all possess a smooth conformal boundary a la Penrose at
“r = o00”. To see this, one can replace r by a new coordinate x = 1/r, which
brings the metric (6.1.1) to the form

2 AR
4g =22 (— (R_x + o9t 2mx3> du® + 2du dx + e”‘é) , (6.1.8)
2 12m

so that the metric ‘g multiplied by a conformal factor 2% smoothly extends to

{z =0}.
In what follows we shall take (2M, §) to be a two dimensional sphere equipped
with the unit round metric. See [59] for a discussion of other topologies.
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6.1.1 m>0

Let us assume that m > 0. Following an observation of Schmidt reported
in [265], the hypersurface “u = oo” can be attached to the manifold {r €
(0,00), u € [0,00)} x 2M as a null boundary by introducing Kruskal-Szekeres-
type coordinates (4, ), defined in a way identical to the ones for the Schwarzschild
metric:

R U . u+ 2r r
il = — exp (—m) , U=-exp ( im +1In <% — 1>> . (6.1.9)
This brings the metric to the form
32m3e —5=
4g — m Xp( 2m)d’lld’f)+7”2€2)\§
r
U R rAgR
—16m? (—) T2t g2 1.1
6m* exp 5 (2 + o U (6.1.10)

Note that %¢s; vanishes when A\ = 0, and one recovers the Schwarzschild met-
ric in Kruskal-Szekeres coordinates. Equations (6.1.6)-(6.1.7) imply that “gaq
decays as e®/2™ x ¢=2u/m — 46 Hence ¢ approaches the Schwarzschild metric
as O(%) when the null hypersurface

HT = {0 =0}

is approached. A projection diagram, as defined in Section 4.7, [87], with the
M factor projected out, can be found in Figure 6.1.1.

Figure 6.1.1: A projection diagram for RT metrics with m > 0.

In terms of @ the expansion (6.1.6) becomes
Mi,z®) = > ij(a®) (—4mlog(la])) a* (6.1.11)
i21, 0<j<n;

which can be extended to & > 0 as an even function of 4. This expansion
carries over to similar expansions of R and AyzR, and results in an asymptotic
expansion of the form

Ygaa(i, ) = > abiy(2) (log laf)! ¥ 2, (6.1.12)
i>1, 0<j<n;
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for some functions 1;;. It follows from (6.1.2) that the even extension of 4940
will be of C'17differentiability class.

In fact, any two such even functions 4gss can be continued into each other
across u = 0 to a function of C®differentiability class. It follows that:

1. Any two RT metrics can be joined together as in Figure 6.1.2 to obtain a
spacetime with a metric of C°—differentiability class. In particular g can
be glued to a Schwarzschild metric beyond H, resulting in a C® metric.

r=0
U = ug
U = 00
r =00
r=0

Figure 6.1.2: Vacuum RT extensions beyond ™ = {u = oco}. Any two RT met-
rics with the same mass parameter m can be glued across the null hypersurface
HT, leading to a metric of Co—differentiability class.

2. Tt follows from (6.1.2) that g can be glued to itself in the C117-differentiability
class.

The vanishing, or not, of the expansion functions ¢; ; in (6.1.6) with j > 1
turns out to play a key role for the smoothness of the metric at H. Indeed,
the first non-vanishing function ¢; ; with j > 1 will lead to a v ; (In al)! adi—2
term in the asymptotic expansion of 49440. As a result, *gys will be extendable
to an even function of @ of C®~3-differentiability class, but not better. It is
shown in [91] that

1. Generic A(0, 2%) close to zero lead to a solution with 51 # 0, resulting in
metrics which are extendible across H in the C117-differentiability class,
but not C''*®, in the coordinate system above.

2. There exists an infinite-dimensional family of non-generic initial functions
A(0,2%) for which 9151 = 0. An even extension of g;4 across H results
in a metric of C%7-differentiability class, but not C®®, in the coordinate
system above.

The question arises, whether the above differentiability issues are related to
a poor choice of coordinates. By analysing the behaviour of the derivatives of
the Riemann tensor on geodesics approaching H, one can show [91] that the
metrics of point 1 above cannot be extended across H in the class of spacetimes
with metrics of C1?3-differentiability class. Similarly the metrics of point 2
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cannot be extended across H in the class of spacetimes with metrics of C®64-
differentiability class. One expects that the differentiability mismatches are
not a real effect, but result from a non-optimal inextendibility criterion used.
It would be of some interest to settle this issue.

Summarising, we have the following:

THEOREM 6.1.2 Let m > 0. For any A\g € C*®(S?) there erists a Robinson—
Trautman spacetime (4 ,*g) with a “half-complete” I+, the global structure
of which is shown in Figure 6.1.1. Moreover:

1. (% ,*g) is smoothly extendible to the past through £~ . If, however, Ao
is not analytic, then no vacuum Robinson—Trautman extensions through

JE~ exist.

2. There exist infinitely many non-isometric vacuum Robinson—Trautman
C® extensions' of (‘4 ,*g) through '+, which are obtained by gluing
to (4///,49) any other positive mass Robinson—Trautman spacetime, as
shown in Figure 6.1.2.

3. There exist infinitely many C1'7 vacuum RT extensions of (4 ,*g) through
A+, One such extension is obtained by gluing a copy of (Y4 ,*g) to itself,
as shown in Figure 6.1.2.

4. For any 6 < k < oo there exists an open set O of Robinson—Trautman
spacetimes, in a C*(S?) topology on the set of the initial data functions
o, for which no C'? extensions beyond S+ exist, vacuum or otherwise.
For any ug there exists an open ball By, C C*(S?) around the initial data
for the Schwarzschild metric, Ag = 0, such that O N By, is dense in By.

The picture that emerges from Theorem 6.1.2 is the following: generic initial
data lead to a spacetime which has no RT vacuum extension to the past of the
initial surface, even though the metric can be smoothly extended (in the non—
vacuum class); and generic data sufficiently close? to Schwarzschildian ones
lead to a spacetime for which no smooth vacuum RT extensions exist beyond
HT. This shows that considering smooth extensions across H' leads to non—
existence, while giving up the requirement of smoothness of extensions beyond
H " leads to non—uniqueness. It follows that global well-posedness of the general
relativistic initial value problem completely fails in the class of positive mass
Robinson—Trautman metrics.

REMARK 6.1.3 There are two striking differences between the global structure seen
in Figure 6.1.2 and the usual Penrose diagram for Schwarzschild spacetime. The
first is the lack of past null infinity, which we have seen to be unavoidable in the
RT case. The second is the lack of the past event horizon, sections of which can be
technically described as a marginally past outer trapped surfaces. The existence of
such surfaces in RT spacetimes is a non-trivial property which has been established
in [265). O

!By this we mean that the metric can be C® extended beyond #7; the extension can
actually be chosen to be of C**differentiability class, for any o < 1.

2t is rather clear from the results of [91] that generic RT spacetimes will not be smoothly
extendible across H T, without any restrictions on the “size” of the initial data; but no rigorous
proof is available.
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6.1.2 m<0

Unsurprisingly, and as already mentioned, the global structure of RT spacetimes
turns out to be different when m < 0, which we assume now. As already noted,
in this case we should take u < 0, in which case the expansion (6.1.6) again
applies with © — —oc.

The existence of future null infinity as in (6.1.8) applies without further due,
except that now the coordinate u belongs to (—oo, 0].

The new aspect is the possibility of attaching a conformal boundary at past
null infinity, .# ~, which is carried out by first replacing u with a new coordinate
v defined as [250]

v:u+2r+4mln<‘L—1D . (6.1.13)
2m

In the coordinate system (v, 7, 2%) the metric becomes

2
9 = — (1 — _m> dv? 4 2dv dr + r2e*§
r

2
R T 2dr

r

The last step is the usual replacement of r by x = 1/r:

g = 272 [ — 22(1 — 2ma)dv® — 2dv dx + e*§
R—-2 12mA4R\ [ , 2dz \?
d —_— . 1.1
+< 2? T T3 > (x v 1—2m:c> (6.1.15)

One notices that all terms in the conformally rescaled metric 22 x *g extend

smoothly to smooth functions of (v,z%) at the conformal boundary {zr = 0}
except possibly for

R—-2 12mA4R 4dx? 4a%dv dx
. 1.1
< 22 T > 8 ((1 — 2mz)? T o (6.1.16)

Now, from the definition of v we have

2u r 8 2v — 4r

exp| —— | = (— — 1) exp
m 2m |m|
1—2mz\® 2v 4
=|— ] exp|— |Jexp| — ).

Using the fact that A = O(exp(—2u/m)), similarly for all angular derivatives
of A, we see that all three functions A\, R — 2 and AyR decay to zero, as x
approaches zero, faster than any negative power of x. In fact, the offending

terms (6.1.16) extend smoothly by zero across {z = 0}. We conclude that the
conformally rescaled metric 22 x 1g smoothly extends to .#~ := {x = 0}.

Summarising, we have:
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Figure 6.1.3: A projection diagram for RT metrics with m < 0.

THEOREM 6.1.4 Let m < 0. For any A\g € C*(?M) there exists a unique RT
spacetime (4 ,*g) with a complete i® in the sense of [11], a complete .~ , and
“a piece of ST 7, as shown in Figure 6.1.3. Moreover

1. (% ,*g) is smoothly extendible through '+, but

2. if \o is not analytic, there exist no vacuum RT extensions through 7.

The generic non-extendability of the metric through 2 in the vacuum RT
class is rather surprising, and seems to be related to a similar non-extendability
result for compact non—analytic Cauchy horizons in the polarized Gowdy class,
cf. [79]. Since it may well be possible that there exist vacuum extensions which
are not in the RT class, this result does not unambiguously demonstrate a
failure of Einstein equations to propagate generic data forwards in « in such a
situation; however, it certainly shows that the forward evolution of the metric
via Einstein equations breaks down in the class of RT metrics with m < 0.

6.1.3 A#£0

So far we have assumed a vanishing cosmological constant. It turns out that

there exists a straightforward generalisation of RT metrics to A # 0. The metric

retains its form (6.1.1), with the function ® of (6.1.2) taking instead the form
R r 2m A 5

g AR-_T_ 22 6.1.17
5 T 1om" 3 ( )

We continue to assume that m # 0.
It turns out that the key equation (6.1.3) remains the same, thus A tends
to zero and ® tends to the function

o R 2m A
P=— """y 6.1.18
2 r 3r ( )

as u approaches infinity. It follows from the generalised Birkhoff theorem 1.2.3
that these are the Birmingham metrics presented in Section 4.6. The relevant
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Figure 6.1.5: The causal diagram for Kottler metrics with A > 0, and $ <o,
with ® vanishing precisely at rg.

projection diagrams can be found there, for the convenience of the reader we
repeat them in Figures 6.1.4-6.1.7.

The global structure of the spacetimes with A # 0 and A # 0 should be
clear from the analysis of the case A = 0: One needs to cut one of the building
blocs of Figures 6.1.4-6.1.7 with a line with a +45-degrees slope, corresponding
to the initial data hypersurface ug = 0. This hypersurface should not coincide
with one of the Killing horizons there, where & vanishes. The Killing horizons
with the opposite slope in the diagrams should be ignored. Depending upon the
sign of m, one can evolve to the future or to the past of the associated spacetime
hypersurface until a conformal boundary at infinity or a Killing horizon é(ro) =
0 with the same slope is reached.

The metric will always be smoothly conformally extendable through the
conformal boundaries at infinity.

As discussed in [30], the extendibility properties across the horizons which
are approached as m x u tends to infinity will depend upon the surface gravity
of the horizon and the spectrum of §. For simplicity we assume that

M=8 < R>0,

a similar analysis can be carried out for other topologies.
Consider, first, a zero r = ry of ® such that

Similarly to (6.1.9), introduce Kruskal-Szekeres-type coordinates (u,v) de-

fined as

—Cu

= —e . b= 6c(u—|—2F(r))

: (6.1.19)

where

F' = (6.1.20)

Khe| =
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Figure 6.1.6: The causal diagram for Kottler metrics with m < 0, A > 0 Re R,
orm =0 and R = 1, with rg defined by the condition <I>(r0) = 0. The set
{r = 0} is a singularity unless the metric is the de Sitter metric (?M = S? and
m = 0), or a suitable quotient thereof so that {r = 0} corresponds to a center
of (possibly local) rotational symmetry.

Figure 6.1.7: The causal diagram for Kottler metrics with A > 0 and exactly
two first-order zeros of ®.

This brings the metric to the form

—2cF(r)(i) e2cu
€ a1
g = —Tdudv—i—rz e — = (

R-R rAgR
+
2 12m

O(exp(~2u/m))

) da?. (6.1.21)

It is elementary to show that gy extends smoothly across {r =ro}. Next we
have

Y9ia = O (eZ(C‘%)“) =0 (uZ(m—l)) (6.1.22)

which will extend continuously across a horizon {4 = 0} provided that

1
— >1 = mF’(rg) < 2. (6.1.23)
mc
In fact when (6.1.23) holds, then for any € > 0 the extension to any other RT

solution will be of C'12(7z—1)=¢ differentiability class.
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When A > 0, the parameter ¢ = ¢(m,A) can be made as small as desired
by making m approach from below the critical value

for which ¢ vanishes. For m > m, the function ® has no (real) zeros, and for
0 < m < m, all zeros are simple.

It follows from Figure 6.1.8 that the extension through the black hole event
horizon is at least of CS-differentiability class, and becomes as differentiable as
desired when the critical mass is approached.

Figure 6.1.8: The value of the real positive zero of d (left plot), the product m x
¢(m, A) (middle plot), and the function 2/(m x ¢(m, A)) — 2 (which determines
the differentiability class of the extension through the black hole event horizon;
right plot) as functions of m, with R = 2 and A = 3.

The calculation above breaks down for degenerate horizons, where m = mc,
for which ¢ = 0. In this case an extension across a degenerate horizon can be
obtained by replacing u by a coordinate v defined as

1

dF
v=wu+ 2F(r), with again T3 (6.1.24)

An explicit formula for F' can be found, which is not very enlightening. Since o
has a quadratic zero, we find that for r approaching ry we have, after choosing
an integration constant appropriately,
1 o _9 _2u 2
URV+ ——— = P~u “ande m ~e 3070, (6.1.25)
3(r —rop)
where f ~ g is used to indicate that |f/g| is bounded by a positive constant

both from above and below over compact intervals of v.
Using du = dv — 2dr/® we find

20 — @ o — P
g = —ddv? +2 5 dvdr—4 5 dr? +1r2e?g. (6.1.26)
P2
—— ——
14+O(exp(—2u/m)) O(u* exp(—2u/m))

It easily follows that %g,, can be smoothly extended by a constant function
across r = rp, and that %g,. can be again smoothly extended by the con-
stant function 0. We conclude that any RT metric with a degenerate horizon
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can be smoothly continued across the horizon to a Schwarzschild-de Sitter or
Schwarzschild-anti de Sitter metric with the same mass parameter m, as first
observed in [30].

INCIDENTALLY: Some results on higher-dimensional generalisations of RT metrics
can be found in [235].
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Appendix A

Introduction to
pseudo-Riemannian geometry

A.1 Manifolds

It is convenient to start with the definition of a manifold:

DEFINITION A.1.1 An n—dimensional manifold is a set M equipped with the
following:

1. topology: a “connected Hausdorff paracompact topological space” (think
of micely looking subsets of R1t™, like spheres, hyperboloids, and such),
together with

2. local charts: a collection of coordinate patches (% ,x') covering M, where
U is an open subset of M, with the functions x* : % — R™ being contin-
wous. One further requires that the maps

M>U >pw— (z(p),...,2"(p) € ¥ CR"
are homeomorphisms.

3. compatibility: given two overlapping coordinate patches, (%, z%) and (/?\//, 7Y,
with corresponding sets ¥,V C R™, the maps i/ ~ 2°(Z’) are smooth
diffeomorphisms wherever defined: this means that they are bijections dif-
ferentiable as many times as one wishes, with

i

ox
det [ 57

] nowhere vanishing.

Definition of differentiability: A function on M is smooth if it is smooth when
expressed in terms of local coordinates. Similarly for tensors.

EXAMPLES:
1. R™ with the usual topology, one single global coordinate patch.

227
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2. A sphere: use stereographic projection to obtain two overlapping coor-
dinate systems (or use spherical angles, but then one must avoid borderline
angles, so they don’t cover the whole manifold!).

3. We will use several coordinate patches (in fact, five), to describe the
Schwarzschild black hole, though one spherical coordinate system would suffice.

4. Let f : R® — R, and define N := f~1(0). If Vf has no zeros on
N, then every connected component of N is a smooth (n — 1)-dimensional
manifold. This construction leads to a plethora of examples. For example, if
f=+@H2+...+ (2")?2 - R, with R > 0, then N is a sphere of radius R.

In this context a useful example is provided by the function f = t?> — 22 on
R?: its zero-level-set is the light-cone ¢ = +x, which is a manifold except at the
origin; note that V f = 0 there, which shows that the criterion is sharp.

A.2 Scalar functions

Let M be an n-dimensional manifold. Since manifolds are defined using co-
ordinate charts, we need to understand how things behave under coordinate
changes. For instance, under a change of coordinates z* — 3’ (2¢), to a function
f(x) we can associate a new function f(y), using the rule

F)=f=w) <= f@)=7Fy@).

In general relativity it is a common abuse of notation to write the same symbol f
for what we wrote f, when we think that this is the same function but expressed
in a different coordinate system. We then say that a real- or complex-valued f
is a scalar function when, under a change of coordinates x — y(z), the function
f transforms as f — f(z(y)).

In this section, to make things clearer, we will write f for f(x(y)) even when
f is a scalar, but this will almost never be done in the remainder of these notes.
For example we will systematically use the same symbol g,, for the metric
components, whatever the coordinate system used.

A.3 Vector fields

Physicists often think of vector fields in terms of coordinate systems: a vector
field X is an object which in a coordinate system {x'} is represented by a
collection of functions X?. In a new coordinate system {y’} the field X is
represented by a new set of functions:

X'(a) = XI(y) = X (a(y) 5 (a(0)). (A3.1)

(The summation convention is used throughout, so that the index j has to be
summed over.)

The notion of a vector field finds its roots in the notion of the tangent to a
curve, say s — 7(s). If we use local coordinates to write v(s) as (v (s),v2(s), ..., v"(s)),
the tangent to that curve at the point 7(s) is defined as the set of numbers

(31(5),3%(5), ., 7" (5)) -
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Consider, then, a curve ~(s) given in a coordinate system ¢ and let us perform
a change of coordinates ' — 37(z"). In the new coordinates 3’ the curve 7 is
represented by the functions y7(y%(s)), with new tangent

W a6 = 2L e ).

This motivates (A.3.1).

In modern differential geometry a different approach is taken: one identifies
vector fields with homogeneous first order differential operators acting on real
valued functions f : M — R. In local coordinates {z'} a vector field X will be
written as X*0;, where the X*’s are the “physicists’s functions” just mentioned.
This means that the action of X on functions is given by the formula

X(f) = X'0if (A.3.2)

(recall that 0; is the partial derivative with respect to the coordinate z*). Con-
versely, given some abstract first order homogeneous derivative operator X, the
(perhaps locally defined) functions X* in (A.3.2) can be found by acting on the
coordinate functions:

X(zh) = X", (A.3.3)

One justification for the differential operator approach is the fact that the
tangent 4 to a curve «y can be calculated — in a way independent of the coor-
dinate system {2’} chosen to represent v — using the equation

() = A2

)

Indeed, if «y is represented as y(t) = {x' = ~*(t)} within a coordinate patch,
then we have

d(f o)) _ df6®) _ dy'(D)
e S CHICTO)

recovering the previous coordinate formula 4 = (dv'/dt).

An even better justification is that the transformation rule (A.3.1) becomes
implicit in the formalism. Indeed, consider a (scalar) function f, so that the
differential operator X acts on f by differentiation:

X(f)(@) = X' ag;f) . (A.3.4)

If we make a coordinate change so that
o= (y) = Y=y ),

keeping in mind that
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then
XN = Y xwPY
_ éXi(x)af(ai(iw))
- X 2D o)
_ ;my(x))af%f”

with X* given by the right-hand side of (A.3.1). So

X (f) is a scalar iff the coefficients X' satisfy the transformation law of a vector.

EXERCICE A.3.1 Check that this is a necessary and sufficient condition.

One often uses the middle formula in the above calculation in the form

0 oyt 0
=7 A.3.5
Oxt  Ox' Oyk ( )
Note that the tangent to the curve s — (s, 22,23, ... 2"), where (22, 23,... 2")

are constants, is identified with the differential operator

0

615%.

Similarly the tangent to the curve s — (x!,s,2%,...2"), where (z',23,...2")
are constants, is identified with

0
Oy = —=
2 axg )
etc. Thus, 7 is identified with
Y(s) =505 .

At any given point p € M the set of vectors forms a vector space, denoted
by T, M. The collection of all the tangent spaces is called the tangent bundle
to M, denoted by T'M.
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A.3.1 Lie bracket

Vector fields can be added and multiplied by functions in the obvious way.
Another useful operation is the Lie bracket, or commutator, defined as

X, Y](f) == X(Y(f)) - V(X ()] (A.3.6)
One needs to check that this does indeed define a new vector field: the simplest
way is to use local coordinates,
(X, Y](f) = XI0;(Y'8if) — Y9;(X'0;f)
X7(0;(Y")0;i f +Y'0;0, f) — Y7 (0;(X")0; f + X'0;0; f)
= (X70,Y' —Y10;X")O0,f + X/Y'0;0;f — Y X'0;0;f
=XJYy? (8j61f — 618Jf)
N————
0

= (X70;Y' - Y19;X")0if (A.3.7)

which is indeed a homogeneous first order differential operator. Here we have
used the symmetry of the matrix of second derivatives of twice differentiable
functions. We note that the last line of (A.3.7) also gives an explicit coordinate
expression for the commutator of two differentiable vector fields.

The Lie bracket satisfies the Jacobi identity:

(X, [V, Z]| + [Y,[Z, X]] + [Z,[X, Y]] = 0.
Indeed, if we write Sx y,z for a cyclic sum, then
(X [V, 2l + [V, [Z, X]| + [Z, [X, YID(f) = Sx v,z [ X, [V, Z]|(f)
= Sxyv,z {X([Y. ZI(f)) = [V, Z)(X(f))}
= Sxyz{XY(Z(f))) = X(Z(Y(f)) = Y(Z(X(f)) + ZY (X))} -

The third term is a cyclic permutation of the first, and the fourth a cyclic
permutation of the second, so the sum gives zero.

A.4 Covectors

Covectors are maps from the space of vectors to functions which are linear under
addition and multiplication by functions.

The basic object is the coordinate differential dz', defined by its action on
vectors as follows:

dz'(X79;) = X", (A.4.1)
Equivalently,
iray . i) Lo i=7;
da'(0;) = 05 = { 0, otherwise.

The dz?’s form a basis for the space of covectors: indeed, let ¢ be a linear map
on the space of vectors, then

p(X) =0(X'0) = X' 9(@) =pida'(X) = (pida’)(X),
X9, linearity call this ; def. of sum of functions
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hence

¢ = pida’,
and every ¢ can indeed be written as a linear combination of the dz’’s. Under
a change of coordinates we have

_ oy

= %’WXIC = SOka,

P X
leading to the following transformation law for components of covectors:

oy’
— G- A4.2
Pk = Pig T (A42)

Given a scalar f, we define its differential df as

:8—fdx1+...+ﬁdx".

df ozl ox™

With this definition, da? is the differential of the coordinate function .

As presented above, the differential of a function is a covector by definition.
As an exercice, you should check directly that the collection of functions ¢; :=
0; f satisfies the transformation rule (A.4.2).

We have a formula which is often used in calculations

dy! = ——da* .
Y7 Bk
INCIDENTALLY: An elegant approach to the definition of differentials proceeds as
follows: Given any function f, we define:

df (X) = X(f). (A.4.3)

(Recall that here we are viewing a vector field X as a differential operator on
functions, defined by (A.3.4).) The map X — df(X) is linear under addition of
vectors, and multiplication of vectors by numbers: if A, 4 are real numbers, and X
and Y are vector fields, then

df AX + pY) (AX 4+ pY)(f)

~—
by definition (A.4.3)

AXO,f + pY'o,f

<H

by definition (A.3.4)
_ AF(X) + udf (V).
by definition (A.4.3)

Applying (A.4.3) to the function f = z° we obtain

o' (8y) = 25 —

recovering (A.4.1). O
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EXAMPLE A.4.2 Let (p, ) be polar coordinates on R?, thus x = pcosyp, y =
psin g, and then

dx = d(pcos ) = cosdp — psin pdp,
dy = d(psin p) = sin pdp + p cos pdp .

At any given point p € M, the set of covectors forms a vector space, denoted
by T,y M. The collection of all the tangent spaces is called the cotangent bundle
to M, denoted by T*M.

Summarising, covectors are dual to vectors. It is convenient to define

dr'(X) = X' |,

where X° is as in (A.3.2). With this definition the (locally defined) bases
{0i}i=1,... dim m of TM and {dxj}i:L___,dimM of T*M are dual to each other:

<d:vi,8j> = dmi(8j) = 5; ,

where 5} is the Kronecker delta, equal to one when ¢ = j and zero otherwise.

A.5 Bilinear maps, two-covariant tensors

A map is said to be multi-linear if it is linear in every entry; e.g. ¢ is bilinear if
g(aX +bY, Z) = ag(X, Z) + bg(Y. Z).
and
9(X,aZ +bW) =ag(X,Z) + bg(X,W).

Here, as elsewhere when talking about tensors, bilinearity is meant with respect
to addition and to multiplication by functions.

A map ¢ which is bilinear on the space of vectors can be represented by a
matrix with two indices down:

9(X,Y) = g(X'0;,Y70;) = X'Y7 g(0;,0;) = g5 X'V = gijda’(X)da! (V).
N——
=19ij

We say that g is a covariant tensor of valence two.

We say that g is symmetric if g(X,Y) = g(Y, X) for all X, Y; equivalently,
gij = 9Gji-

A symmetric bilinear tensor field is said to be non-degenerate if det g;; has
no zeros.

By Sylvester’s inertia theorem, there exists a basis 6° of the space of covec-
tors so that a symmetric bilinear map g can be written as

9(X,Y) = =01 (X)0' (V) —...=0°(X)0°(V)+0" 1 (X)0" 1 (V) +.. 407 (X)0° (V)

(s,7) is called the signature of g; in geometry, unless specifically said otherwise,
one always assumes that the signature does not change from point to point.
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If r = n, in dimension n, then g is said to be a Riemannian metric tensor.

A canonical example is provided by the flat Riemannian metric on R",
g=(dz')? + ...+ (dz")?.

By definition, a Riemannian metric is a field of symmetric two-covariant
tensors with signature (+,...,+) and with det g;; without zeros.

INCIDENTALLY: A Riemannian metric can be used to define the length of curves:
if v :[a,b] 3 s = 7(s), then

b
ly(y) = / Vg, 7y)ds.

One can then define the distance between points by minimizing the length of the
curves connecting them. O

If s=1and r = N — 1, in dimension N, then g is said to be a Lorentzian
metric tensor.
For example, the Minkowski metric on R™™ is

n= (d:co)2 — (d:cl)2 - = (dm")z.

A.6 Tensor products
If p and 0 are covectors we can define a bilinear map using the formula
(p®O)(X,Y) = p(X)0(Y). (A.6.1)

For example
(dz' ® dz®)(X,Y) = X'V?2.

Using this notation we have

_ i9. Vvig.) — . 9. i I — (..t J
g(X,Y) —Q(X 0;, Y 8]) _g(aj’aj) \X , \Y , = (gl_]dx ® dx )(X,Y)
o dat(X) dei (V)
————

(dzt®dzi (X,Y)
We will write da’dz? for the symmetric product,
daids? = %(davZ @ dx? + da’ @ da'),
and dz’ A dz? for twice the anti-symmetric one (compare Section A.15):
de' Nda? = da' @ da? — da? @ dx’ .

It should be clear how this generalises: the tensors da’ ® do? ® dz*, defined

as
(dz' @ da? @ dz*)(X,Y, Z) = XY Z*,
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form a basis of three-linear maps on the space of vectors, which are objects of
the form A ‘
X = Xjjpde’ @ da? @ dz” .

Here X is a called tensor of valence (0,3). Each index transforms as for a
covector:

- E_ x.. ¢
X = kadacZ ® dx! ® dx ngk y yﬁ n dy™ @ dy* @ dy™ .

It is sometimes useful to think of vectors as linear maps on co-vectors, using
a formula which looks funny when first met: if 6 is a covector, and X is a vector,
then
X(0):=0(X).

So if 6 = 6;dz* and X = X0; then
0(X)=6,X'=X'0; = X(0).
It then makes sense to define e.g. 9; ® 0; as a bilinear map on covectors:
(0: ® 0;)(6,%) = 0:t);.

And one can define a map 9; ® dax? which is linear on forms in the first slot,
and linear in vectors in the second slot as

(0 @ dx?)(0, X) := 0;(0)da’ (X) = 6; X7 . (A.6.2)
The 9; ® dz’’s form the basis of the space of tensors of rank (1,1):
T=T"0®dx .
Generally, a tensor of valence, or rank, (r,s) can be defined as an object
which has r vector indices and s covector indices, so that it transforms as
oy oy’ oz dxls
s axml e axmr 8y]1 e ayjs

Sil...irjln.js N Sml--.mrel..,e

For example, if X = X'9; and Y = Y79, are vectors, then X ®Y = X'Y79,®0;
forms a contravariant tensor of valence two.
Tensors of same valence can be added in the obvious way: e.g.

Tensors can be multiplied by scalars: e.g.

Finally, we have seen in (A.6.1) how to take tensor products for one-forms, and
in (A.6.2) how to take a tensor product of a vector and a one-form, but this
can also be done for higher order tensor; e.g., if S is of valence (a,b) and T is
a multilinear map of valence (¢, d), then S ® T is a multilinear map of valence
(a4 ¢,b+ d), defined as

(S®T)(0,... b, )= 8(0,..)T(,...).

a covectors and b vectors c¢ covectors and d vectors
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A.6.1 Contractions

Given a tensor field S?; with one index down and one index up one can perform
the sum A

St
This defines a scalar, i.e., a function on the manifold. Indeed, using the trans-
formation rule

- - - Ox? Oyt
) Qi
one finds 0d B0t
gt, _gi 90y i
S(—Sjaygaxi—sza
N——
5
as desired.

One can similarly do contractions on higher valence tensors, e.g.

Silig...ir .

L lio..ir
Jujegaegs S "

J1tjs.--Js *

After contraction, a tensor of rank (r + 1, s + 1) becomes of rank (r, s).

A.7 Raising and lowering of indices

Let g be a symmetric two-covariant tensor field on M, by definition such an
object is the assignment to each point p € M of a bilinear map g(p) from
T,M x T,M to R, with the additional property

9(X,Y) =g(Y, X).

In this work the symbol g will be reserved to non-degenerate symmetric two-
covariant tensor fields. It is usual to simply write g for g(p), the point p being
implicitly understood. We will sometimes write g, for g(p) when referencing p
will be useful.

The usual Sylvester’s inertia theorem tells us that at each p the map g will
have a well defined signature; clearly this signature will be point-independent
on a connected manifold when g is non-degenerate. A pair (M, g) is said to be a
Riemannian manifold when the signature of g is (dim M, 0); equivalently, when
g is a positive definite bilinear form on every product T, M xT,M. A pair (M, g)
is said to be a Lorentzian manifold when the signature of g is (dim M — 1,1).
One talks about pseudo-Riemannian manifolds whatever the signature of g,
as long as g is non-degenerate, but we will only encounter Riemannian and
Lorentzian metrics in this work.

Since g is non-degenerate it induces an isomorphism

b:TpM—>T;M

by the formula

[ X%,(Y) = g(X,V)].
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In local coordinates this gives
Xb = ginid.’Ej = deacj . (A?l)

This last equality defines X; — “the vector X J with the index j lowered”:

Xz' = ginj . (A?Q)

The operation (A.7.2) is called the lowering of indices in the physics literature
and, again in the physics literature, one does not make a distinction between
the one-form X, and the vector X.

The inverse map will be denoted by £ and is called the raising of indices;
from (A.7.1) we obviously have

of = gijaiaj = a'0; — dwi(aﬁ) =laf = gijaj

where g% is the matrix inverse to gij. For example,
(dz®)* = ¢™* 0, .

Clearly ¢/, understood as the matrix of a bilinear form on Ty M, has the same
signature as g, and can be used to define a scalar product g# on Ty (M):

g, B) == g(aF, %) = ¢ (da’,da’) = g7
This last equality is justified as follows:

“da', da?) = g((da?)*, (da?)*) = g(g™ Dy, ¢°0y) = ¢™* = gt = g,
g ( ) = g((dz")*, (da’)*) = 9(9" Ok, °°00) = ¢ gre g’ = ¢* = g

:52

It is convenient to use the same letter g for g — physicists do it all the time
— or for scalar products induced by g on all the remaining tensor bundles, and
we will sometimes do so.

INCIDENTALLY: One might wish to check by direct calculations that g, X" trans-
forms as a one-form if X* transforms as a vector. The simplest way is to notice
that g,, X" is a contraction, over the last two indices, of the three-index tensor
9 X . Hence it is a one-form by the analysis at the end of the previous section.
Alternatively, if we write g, for the transformed g, ’s, and X for the transformed
X s, then

- oz# Oz ozt

P B — B — v
Gap X7 =g Dy OyP = g X dy
2zh 9V
Juv gya oyB Xv
which is indeed the transformation law of a covector. O

The gradient V f of a function f is a vector field obtained by raising the
indices on the differential df:

g(V£Y) :=df(Y) — Vf:=g"90if0;. (A.7.3)
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A.8 The Lie derivative

A.8.1 A pedestrian approach

We start with a pedestrian approach to the definition of Lie derivative; the
elegant geometric definition will be given in the next section.

Given a vector field X, the Lie derivative £x is an operation on tensor
fields, defined as follows:

For a function f, one sets

Zxf=X(f). (A.8.1)
For a vector field Y, the Lie derivative coincides with the Lie bracket:
ZxY =[X)Y]. (A.8.2)

For a one-form «, Zx« is defined by imposing the Leibniz rule written the
wrong-way round:

(Zxa)(Y) = Lx(a(Y)) —a(ZxY). (A.8.3)
(Indeed, the Leibniz rule applied to the contraction a; X* would read
Zx (Y ) (Zxa); Y4+ al(.,%XY)

which can be rewritten as (A.8.3).)

Let us check that (A.8.3) defines a one-form. Clearly, the right-hand side
transforms in the desired way when Y is replaced by Y7 +Ys. Now, if we replace
Y by fY, where f is a function, then

(Zxa)(fY) = Zx(a(fY)) —al Zx(fY) )
—_——
X(NHY+fLxY
= aY)) —a(X ( WY + fZxY))
= ) Y) + fX(aY)) —a(X(f)Y) — a(fZxY))
= ( (Y)) = fa(2xY))
(

)
= ((-i”xa) Y)).

So Zx« is a C*®-linear map on vector fields, hence a covector field.
In coordinate-components notation we have

(Lxa)a = X Oy + a0, X0 (A.8.4)
Indeed,

(Lxa)Y' = Lx(a;Y") — (XY
= XFOp(ayY?) — oy (XFOLY — VR0, XY
= X*(0p)Y' + a;YFo X!
= (Xkakai + akaiXk> Yi,
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as desired
For tensor products, the Lie derivative is defined by imposing linearity under
addition together with the Leibniz rule:

Zx(a®f) = (ZLxa)®B+a® Lxp.
Since a general tensor A is a sum of tensor products,
A=Ay 4 0y ®@...0,, ®dz" @ ... ®dz",

requiring linearity with respect to addition of tensors gives thus a definition of
Lie derivative for any tensor.
For example, we claim that

LxT = XO0,T% — T0.X* +T.0,X°, (A.8.5)

To see this, call a tensor T'%, simple if it is of the form Y ® «, where Y is a
vector and « is a covector. Using indices, this corresponds to Y %ay and so, by
the Leibniz rule,

xYoa) = Lx(Yla)
= (XY) %+ Y ZLxa)
= (X°0Y" — YO XY ap + V(X Doty + 01e0pX°)
XY %) — Yo X + Y% 0, X,

which coincides with (A.8.5) if T% = Y®«,. But a general T% can be written
as a linear combination with constant coefficients of simple tensors,

T = Z T%%0, @ dz®
D e

ab no summation, so simple

and the result follows.
Similarly, one has, e.g.,

ZxR® = X°9.R™ - R*9. X" — R*0.X°, (A.8.6
.,%Xsab = Xcacsab + SacabXC + SbcaaXc . (A87)

etc. Those are all special cases of the general formula for the Lie derivative
gXAal...apblmbq:

gXAal.“apbl...bq — XcaCAal...apblmbq o Acaz...apblmbqachl S
+Aal'"apcb1...bqab1Xc 4o

A useful property of Lie derivatives is
i) = |25, B, (A88)
where, for a tensor T', the commutator [£Lx, % |T is defined in the usual way:

1Ly, KT = Lx (B T) — L (ZXT). (A.8.9)
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To see this, we first note that if 7' = f is a function, then the right-hand side of
(A.8.9) is the definition of [ X, Y](f), which in turn coincides with the definition

of D%[X,Y](f)-
Next, for a vector field T'= Z, (A.8.8) reads

LixyZ = L (K Z) — Lo (Lx7), (A.8.10)

which is the same as
[X,Y],2] = [X,]Y, Z]] - [V, [X, Z]], (A8.11)

which is the same as
12,1V, X]] + [X,[Z.Y]| + [V, [X. 2] =0, (A.8.12)

which is the Jacobi identity. Hence (A.8.8) holds for vector fields.

We continue with a one-form «, exploiting the fact that we have already
established the result for functions and vectors: For any vector field Z we have,
by definition

((Zx, L) (2) = [Zx, L](a(Z)) - ([ Zx, Lv](Z))
iﬂ[X,Y] (a(2)) - Q(X[X,Y](Z))
= (iﬂ[x,y]a)(z)-

INCIDENTALLY: A direct calculation for one-forms, using the definitions, proceed
as follows: Let Z be any vector field,

(fxfya)(Z) = X( (.iﬂya)(Z) ) — (fya) (fxz)

V(a2 a2y z) Y (ZxD)-alLy 2x2)

X(Y(a(Z))) — X(Oz(,iﬂyZ))) -Y (a(fo)) + a(fyfo) .

Antisymmetrizing over X and Y, the second and third term above cancel out, so
that

(LxLya— L Lx)a)(Z) = ( (a(2))) + (K LxZ) — (X +—Y)
= Y(a(Z)) — o Lx L Z — Ly LxZ)
= XY]( (2)) — a(Zix 1 Z)
= (Zxv10)(2).
Since Z is arbitrary, (A.8.8) for covectors follows. O

To conclude that (A.8.8) holds for arbitrary tensor fields, we note that by
construction we have

Lixy|(A® B) = Zixy|A® B+ A® Zxy|B. (A.8.13)
Similarly

IxH (A®B) = Lx(AHBARB+ A % B)
= HBARB+ LxAQLK B+ B AR LB
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Exchanging X with Y and subtracting, the middle terms drop out:
[(Lx, L |(A®B)=[%x, & |A® B+ AR [%x, % |B. (A.8.15)

Basing on what has been said, the reader should have no difficulties finishing
the proof of (A.8.8).

ExaMPLE A.8.2 As an example of application of the formalism, suppose that there
exists a coordinate system in which (X“) = (1,0,0,0) and dogs. = 0. Then

ZLxgab = Oogap = 0.

But the Lie derivative of a tensor field is a tensor field, and we conclude that
ZLx gap = 0 holds in every coordinate system.

Vector fields for which Zxg. = 0 are called Killing vectors: they arise from
symmetries of spacetime. We have the useful formula

ZLxgab = VaXy + Vp X (A.8.16)

An effortless proof of this proceeds as follows: in adapted coordinates in which the
derivatives of the metric vanish at a point p, one immediately checks that equality
holds at p. But both sides are tensor fields, therefore the result holds at p for all
coordinate systems, and hence also everywhere.

The brute-force proof of (A.8.16) proceeds as follows:

ngab = Xcacgab + aaXchb + ab)(c.gca
Xcacgab + aa (Xcgcb) - Xcaagcb + ab(XCgca) - Xcabgca
= aa)(b + ab)(a + Xe (8cgab - aagcb - abgca)

72gcd Fib

= V.,Xp+ VpX,.

A.8.2 The geometric approach

We pass now to a geometric definition of Lie derivative. This requires, first, an
excursion through the land of push-forwards and pull-backs.

Transporting tensor fields

We start by noting that, given a point pg in a manifold M, every vector X €
T,,M is tangent to some curve. To see this, let {z'} be any local coordinates
near pg, with z’(pg) = z}, then X can be written as X’(po)d;. If we set
v (s) = b + sX*(po), then 4°(0) = X*(po), which establishes the claim. This
observation shows that studies of vectors can be reduced to studies of curves.
Let, now, M and N be two manifolds, and let ¢ : M — N be a differentiable
map between them. Given a vector X € T,M, the push-forward ¢.X of X is
a vector in Ty, N defined as follows: let v be any curve for which X = 4(0),

then
d(¢ o)

P X = .
ds s=0

(A.8.17)
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In local coordinates y* on N and z* on M, so that ¢(x) = (¢?(2?)), we find

ds s=0 oz’ s
9o (") _;
ot X

(A.8.18)

The formula makes it clear that the definition is independent of the choice of
the curve ~y satisfying X = 4(0).

Equivalently, and more directly, if X is a vector at p and h is a function on
h, then ¢*X acts on h as

(0" X (h) == X(ho )] (A.8.19)

Applying (A.8.18) to a vector field X defined on M we obtain

A .
(6. X (0(0) = 22 (@) Xi(a). (A8.20)

The equation shows that if a point y € N has more than one pre-image, say
y = ¢(z1) = ¢p(x2) with x; # w2, then (A.8.20) might will define more than one
tangent vector at y in general. This leads to an important caveat: we will be
certain that the push-forward of a vector field on M defines a vector field on N
only when ¢ is a diffeomorphism. More generally, ¢,X defines locally a vector
field on ¢(M) if and only if ¢ is a local diffeomorphism. In such cases we can
invert ¢ (perhaps locally) and write (A.8.20) as

@ XV (@) = (55x7) (67 ). (A.8.21)

When ¢ is understood as a coordinate change rather than a diffeomorphism
between two manifolds, this is simply the standard transformation law of a
vector field under coordinate transformations.

The push-forward operation can be extended to contravariant tensors by
defining it on tensor products in the obvious way, and extending by linearity:
for example, if X, Y and Z are vectors, then

P (X RY ®Z) =9 X QDY ® 02 .

Consider, next, a k-multilinear map « from Ty, )M to R. The pull-back
¢*a of v is a multilinear map on T, M defined as

TpM > (Xl,Xk) — gb*(a)(Xl, ,Xk) = Oé(gb*Xl,... ,¢*Xk) .

As an example, let o = aady® be a one-form. If X = X9; then

[(6"0)(X) = a(¢.X)] (A.8.22)
A . A 90A
= af 8(21. X'04) = aa 8(21. X'=aqy a(ii dz*(X) .
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Equivalently,
(*a); = 022 (A.8.23)
(2 A 61‘1 . .O.
If o is a one-form field on N, this reads
99" (x)

(9% a)i(z) = aa(d(z))

. A.8.24
B ( )
It follows that ¢*« is a field of one-forms on M, irrespective of injectivity or
surjectivity properties of ¢. Similarly, pull-backs of covariant tensor fields of
higher rank are smooth tensor fields.

For a function f equation (A.8.24) reads

s oy Of 99 (z) _ 0(fo9)
which can be succinctly written as
o df =d(f o). (A.8.26)
Using the notation
¢*f:=fo9, (A.8.27)
we can write (A.8.26) as
¢*d = d¢* for functions. (A.8.28)

Summarising;:

1. Pull-backs of covariant tensor fields define covariant tensor fields. In par-
ticular the metric can always be pulled back.

2. Push-forwards of contravariant tensor fields can be used to define con-
travariant tensor fields when ¢ is a diffeomorphism.

In this context it is thus clearly of interest to consider diffeomorphisms ¢,
as then tensor products can now be transported in the following way; we will

denote by ¢ the associated map: We define of == f o ¢ for functions, ¢ := ¢,
for covariant fields, ¢ := (¢~!). for contravariant tensor fields. We use the rule

$(A® B) = ¢A® ¢B

for tensor products.
So, for example, if X is a vector field and « is a field of one-forms, one has

~

HX ®@a):=(¢1)X ®d. (A.8.29)

The definition is extended by linearity under addition and multiplication by
functions to any tensor fields. Thus, if f is a function and 7" and S are tensor
fields, then

GfT+8)=df ST+ ¢S = foddT +¢S.
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Since everything was fairly natural so far, one would expect that contrac-
tions transform in a natural way under transport. To make this clear, we start
by rewriting (A.8.22) with the base-points made explicit:

~

((¢a)(X)) () = (a9 X)) (o()) - (A.8.30)
Replacing X by (¢*)~'Y this becomes
(($a)(9Y))(z) = (a(Y)(4(2)) . (A.8.31)
Equivalently o X
(¢a)(¢Y) = p(a(Y)) . (A.8.32)

Flows of vector fields

Let X be a vector field on M. For every pg € M consider the solution to the
problem

dz’

dt
(Recall that there always exists a mazimal interval I containing the origin on
which (A.8.33) has a solution. Both the interval and the solution are unique.
This will always be the solution I 5 t — z(t) that we will have in mind.) The
map

= X'(z(t)), 2(0)=x}. (A.8.33)

(t,x0) — o[ X](x0) := z(t)

where x(t) is the solution of (A.8.33), is called the local flow of X. We say that
X generates ¢[X]. We will write ¢, for ¢;[X] when X is unambiguous in the
context.

The interval of existence of solutions of (A.8.33) depends upon x( in general.

EXAMPLE A.8.3 As an example, let M =R and X = 220,. We then have to solve

dx 9 0, zo = 0;
7 =T =m0 = x(t)_{ T 2 £0, 1—zt > 0.
Hence "
i
with t € R when z = 0, with ¢ € (—o0,1/z) when z > 0 and with ¢t € (1/z,00)
when x < 0. 0O

We say that X is complete if ¢¢[X](p) is defined for all (t,p) € R x M.
The following standard facts are left as exercices to the reader:

1. ¢g is the identity map.
2. ¢10 Qs = Prys.
In particular, ¢, V= ¢_,, and thus:

3. The maps = — ¢(x) are local diffeomorphisms; global if for all x € M
the maps ¢; are defined for all ¢t € R.
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4. ¢_4[X] is generated by —X:
¢—t[X] = o[- X].

A family of diffeomorphisms satisfying property 2. above is called a one
parameter group of diffeomorphisms. Thus, complete vector fields generate one-
parameter families of diffeomorphisms via (A.8.33).

Reciprocally, suppose that a local or global one-parameter group ¢, is given,
then the formula p

x _ 4o
dt |,_o
defines a vector field, said to be generated by ¢;.

The Lie derivative revisited

The idea of the Lie transport, and hence of the Lie derivative, is to be able
to compare objects along integral curves of a vector field X. This is pretty
obvious for scalars: we just compare the values of f(¢;(z)) with f(x), leading
to a derivative

f0¢t—f_l.
— = 11Im

t t—0

= lim ouf =/ = d(+]) . (A.8.34)
t—0 t at  |,—

¢if—f
t

Zx f = lim

We wish, next, to compare the value of a vector field Y at ¢;(x) with the
value at z. For this, we move from x to ¢.(z) following the integral curve of
X, and produce a new vector at x by applying (¢; ')« to Y|4, (z)- This makes
it perhaps clearer why we introduced the transport map 45, since (éY)(x) is
precisely the value at x of (¢, D,Y. We can then calculate

LY (2) = lim () = Y)(&r(2)) = V(@) _ . (Y ) (@) = Y(x) _ d(deY (2))

t—0 t t—0 t dt
(A.8.35)
In general, let X be a vector field and let ¢; be the associated local one-
parameter family of diffeomorphisms. Let ét be the associated family of trans-
port maps for tensor fields. For any tensor field T one sets

ZxT = lim HT - T = d(¢:T)
t—0 t dt

. (A.8.36)
t=0

We want to show that this operation coincides with that defined in Section A.8.1.
The equality of the two operations for functions should be clear, since
(A.8.34) easily implies:
Ixf=X(f).

Consider, next, a vector field Y. From (A.8.21), setting ¢ := ¢_; = (¢¢) !
we have

0]
oxt

GV (@) = (67 )YV (2) = (5 1+ Y)(u(w)). (A.8.37)

t=0
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Since ¢_; is generated by —X, we have

‘ ' o J )
Yo(z) =", ;xb: =0 5
N d j ' b iJ )
wi\t:o = % t=0 =X, aﬁi t=0 = —X7. (A.8.38)
Hence
(Y7 Yy : M i ()
(th )(ﬂz)|t=0 = $(x) V() + O % Y')(2)o" ()
H,.—/
Yi
= —0X (2)Y(z) + 0,V ()X ()
= [X,YP(x),

and we have obtained (A.8.2), p. 238.
For a covector field «, it seems simplest to calculate directly from (A.8.24):

~ ke xT
(hia)i(2) = (Ga)i(2) = anlon(e) ZHE.
Hence
Lxo; = % = 0ja;(z) X7 (x) + ak(x)a)gkgx) (x), (A.8.39)
t=0 €z
as in (A.8.4).

The formulae just derived show that the Leibniz rule under duality holds

by inspection:
fx(a(Y)) = .,%on(Y) —i—a(.ﬁ/ﬂx(Y)) . (A.8.40)
INCIDENTALLY: Alternatively, one can start by showing that the Leibniz rule under

duality holds for (A.8.36), and then use the calculations in Section A.8.1 to derive
(A.8.39): Indeed, by definition we have

$ra(Y) = a((ér).Y),

hence

()4, 0y = (@)« (67 )Y )o,(0) = S5 tla((B5 )Y 6,(2) = Srel(deY )] -
Equivalently, R . .
oi(a(Y)) = (ra) (oY),
from which the Leibniz rule under duality immediately follows.
A similar calculation leads to the Leibniz rule under tensor products. O

The reader should have no difficulties checking that the remaining require-
ments set forth in Section A.8.1 are satisfied.

The following formula of Cartan provides a convenient tool for calculating
the Lie derivative of a differential form a:

Lxo=X|do+d(X]a). (A.8.41)

The commuting of d and .Zx is an immediate consequence of (A.8.41) and of
the identity d? = 0:
fxda = d(fxa) . (A.8.42)
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A.9 Covariant derivatives

When dealing with R™, or subsets thereof, there exists an obvious prescription
for how to differentiate tensor fields: in this case we have at our disposal the
canonical “trivialization {0;}i=1,., of TR™ (this means: a globally defined set
of vectors which, at every point, form a basis of the tangent space), together
with its dual trivialization {dz’ }i=1,..n of T*R™. We can expand a tensor field
T of valence (k,¢) in terms of those bases,

T=T0"%, 1.0, ®.. 00 @d' ®... od"
e Til"'ikjlmj[ = T(dw“,...,dwik,ajl,... ,6]‘[) , (Agl)

and differentiate each component 77 j1...jo of T separately:

L iaTil"'ikjl...jg j1 je

in the coordinate system '’ * X ozt Opir ®- .- @0y @2 @. .. @d™

(A.9.2)
The resulting object does, however, not behave as a tensor under coordinate
transformations, in the sense that the above form of the right-hand side will
not be preserved under coordinate transformations: as an example, consider the
one-form 7' = dx on R", which has vanishing derivative as defined by (A.9.2).
When expressed in spherical coordinates we have

X(T)

T = d(pcosp) = —psin pdp + cos pdp,

the partial derivatives of which are non-zero (both with respect to the original
cartesian coordinates (z,y) and to the new spherical ones (p, ¢)).

The Lie derivative .Zx of Section A.8 maps tensors to tensors but does not
resolve this question, because it is not linear under multiplication of X by a
function.

The notion of covariant derivative, sometimes also referred to as connec-
tion, is introduced precisely to obtain a notion of derivative which has tensorial
properties. By definition, a covariant derivative is a map which to a vector field
X and a tensor field T assigns a tensor field of the same type as T, denoted by
VxT, with the following properties:

1. VxT is linear with respect to addition both with respect to X and T
VxiyvT =VxT +VyT, Vx(T+Y)=VxT+VxY; (A9.3)
2. VxT is linear with respect to multiplication of X by functions f,
VixT = fVxT; (A.9.4)

3. and, finally, VxT satisfies the Leibniz rule under multiplication of T by
a differentiable function f:

VX(fT) = vaT—i-X(f)T. (A.9.5)
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By definition, if 7" is a tensor field of rank (p,q), then for any vector field
X the field VxT is again a tensor of type (p,q). Since V xT' is linear in X, the
field VT can naturally be viewed as a tensor field of rank (p,q + 1).

It is natural to ask whether covariant derivatives do exist at all in general
and, if so, how many of them can there be. First, it immediately follows from
the axioms above that if D and V are two covariant derivatives, then

A(X,T) = DxT — VxT

is multi-linear both with respect to addition and multiplication by functions —
the non-homogeneous terms X (f)7T" in (A.9.5) cancel — and is thus a tensor
field. Reciprocally, if V is a covariant derivative and A(X,T) is bilinear with
respect to addition and multiplication by functions, then

DxT :=VxT + A(X,T) (A.9.6)

is a new covariant derivative. So, at least locally, on tensors of valence (r,s)
there are as many covariant derivatives as tensors of valence (r + s,7 + s+ 1).

We note that the sum of two covariant derivatives is not a covariant deriva-
tive. However, convexr combinations of covariant derivatives, with coefficients
which may vary from point to point, are again covariant derivatives. This re-
mark allows one to construct covariant derivatives using partitions of unity:
Let, indeed, {0, };cn be an open covering of M by coordinate patches and let
; be an associated partition of unity. In each of those coordinate patches we
can decompose a tensor field 7' as in (A.9.1), and define

DxT :=Y o XI0;(T" " ;)0 ®... 0, ®da! ®...@da’t. (A9.7)
(2

This procedure, which depends upon the choice of the coordinate patches and
the choice of the partition of unity, defines one covariant derivative; all other
covariant derivatives are then obtained from D using (A.9.6). Note that (A.9.2)
is a special case of (A.9.7) when there exists a global coordinate system on
M. Thus (A.9.2) does define a covariant derivative. However, the associated
operation on tensor fields will not take the simple form (A.9.2) when we go to
a different coordinate system {y'} in general.

A.9.1 Functions

The canonical covariant derivative on functions is defined as

Vx(f) = X(f),

and we will always use the above. This has all the right properties, so obviously
covariant derivatives of functions exist. From what has been said, any covariant
derivative on functions is of the form

Vxf=X(f)+aX)f, (A.9.8)

where « is a one-form. Conversely, given any one-form «, (A.9.8) defines a
covariant derivative on functions. The addition of the lower-order term a(X) f
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(A.9.8) does not appear to be very useful here, but it turns out to be useful
in geometric formulation of electrodynamics, or in geometric quantization. In
any case such lower-order terms play an essential role when defining covariant
derivatives of tensor fields.

A.9.2 Vectors

The simplest next possibility is that of a covariant derivative of vector fields.
Let us not worry about existence at this stage, but assume that a covariant
derivative exists, and work from there. (Anticipating, we will show shortly
that a metric defines a covariant derivative, called the Lewvi-Civita covariant
derivative, which is the unique covariant derivative operator satisfying a natural
set of conditions, to be discussed below.)

We will first assume that we are working on a set {2 C M over which we
have a global trivialization of the tangent bundle T'M; by definition, this means
that there exist vector fields e,, a = 1,...,dim M, such that at every point
p €  the fields e,(p) € T,M form a basis of T,,M.!

Let 6° denote the dual trivialization of T* M — by definition the 6¢’s satisfy

0% (ep) = 0y |-

Given a covariant derivative V on vector fields we set

Fab(X) = HG(VXeb) < Vxep F“b(X)ea , (A.9.9&)
\rabc = T%(e.) = 0%(Ve,ep) \ = Vxep=T%X%,. (A.9.9b)

The (locally defined) functions I'%,. are called connection coefficients. If {e,}
is the coordinate basis {0, } we shall write

Ty = da"(Vo,0n) ( = V0, = F"W&,) , (A.9.10)

ete. In this particular case the connection coefficients are usually called Christof-
fel symbols. We will sometimes write I'}  instead of I'?,;; note that the former
convention is more common. By using the Leibniz rule (A.9.5) we find

VxY = Vx(Y,)
= XY%e, +YVxe,
= X(Y%eu + YT (X)ey
(X(Y) +T%(X)Y")e,
(X(Y) +T%.Y X )e,, (A.9.11)

which gives various equivalent ways of writing V xY . The (perhaps only locally
defined) I'%y’s are linear in X, and the collection (I'%)q p=1,....dim m is sometimes

!This is the case when  is a coordinate patch with coordinates (x'), then the
{€a}a=1,. ,aimm can be chosen to be equal to {0;}a=1,...dimm. Recall that a manifold is
said to be parallelizable if a basis of T'M can be chosen globally over M — in such a case (2
can be taken equal to M. We emphasize that we are not assuming that M is parallelizable,
so that equations such as (A.9.9) have only a local character in general.
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referred to as the connection one-form. The one-covariant, one-contravariant
tensor field VY is defined as

VY ==V, Y0 @ ey <= Vo Y? 1= 0°(V,,Y) <= | VoY = e, (Y?) + TP, Y€
(A.9.12)

We will often write V, for V,. Further, V,Y? will sometimes be written as
Y?.,,.

A.9.3 Transformation law

Consider a coordinate basis 0,, it is natural to enquire about the transformation
law of the connection coefficients Fijk under a change of coordinates x! —
y*(x'). To make things clear, let us write I\, for the connection coefficients in
the x—coordinates, and K jk for the ones in the y—cordinates. We calculate:

i i 9
i dy' 9
= (V5 5 5y7)
(2o o o)
Oxk0xi Oyt~ Oxd 5.k Oyt

o’ 2yt 0 oyt 0
9T gy LA VI
oy 4 ((%vkaxﬂ oyt + ﬁxjvg% oo 8y5>

(I )
oy* Oxk0xd Oyt~ Oxd Ok By Ay
ozt 9*y* ox' oy’ oy” -

oy ; ST A9.1
dy*® Oxkdxi * dy® Oxd ok~ T (A.9.13)

Summarising,

e dr oy e Py
k= ys 9xd Oxk T Oys OxkOxd ||

(A.9.14)

Thus, the I'*;;’s do not form a tensor; instead they transform as a tensor plus
a non-homogeneous term containing second derivatives, as seen above.

EXERCICE A.9.1 Let I''j; transform as in (A.9.14) under coordinate transfor-
mations. If X and Y are vector fields, define in local coordinates

VY = (X(Yi) + rijkxkyk> 9. (A.9.15)

Show that VxY transforms as a vector field under coordinate transformations
(and thus is a vector field). Hence, a collection of fields {I";;} satisfying the
transformation law (A.9.14) can be used to define a covariant derivative using
(A.9.15).
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A.9.4 Torsion

Because the inhomogeneous term in (A.9.14) is symmetric under the interchange
of i and j, it follows from (A.9.14) that
T =T — T
does transform as a tensor, called the torsion tensor of V.
An index-free definition of torsion proceeds as follows: Let V be a covariant
derivative defined for vector fields, the torsion tensor T is defined by the formula

[T(X,Y):=VxY - VyX — [X,Y]], (A.9.16)
where [X,Y7] is the Lie bracket. We obviously have
TX,Y)=-TY,X). (A.9.17)

Let us check that T is actually a tensor field: multi-linearity with respect to
addition is obvious. To check what happens under multiplication by functions,
in view of (A.9.17) it is sufficient to do the calculation for the first slot of 7'
We then have

T(fX’Y) = vaY B VY(fX) - [fX’Y]

_ f(VXY _ vyx> CY(HX — [fX,Y]. (A9.18)

To work out the last commutator term we compute, for any function ¢,

fXY](p) =[X(Y(p) —  Y(fX(p) =fIXY](p)—Y())X(¥),
———
=Y ()X (p)+fY(X(9)
hence
[FX,Y] = fIX.Y] - Y(H)X, (A.9.19)

and the last term here cancels the undesirable second-to-last term in (A.9.18),
as required.
In a coordinate basis 0, we have [0,,0,] = 0 and one finds from (A.9.10)

T(a/u az/) = (Fau,u - Fa,uz/)aa s (A920)

which shows that T' is determined by twice the antisymmetrization of the I'? ,,,’s
over the lower indices. In particular that last antisymmetrization produces a
tensor field.

A.9.5 Covectors

Suppose that we are given a covariant derivative on vector fields, there is a
natural way of inducing a covariant derivative on one-forms by imposing the
condition that the duality operation be compatible with the Leibniz rule: given
two vector fields X and Y together with a field of one-forms «, one sets

[(Vxa)(Y) := X(a(Y)) — a(VxY)]. (A.9.21)
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Let us, first, check that (A.9.21) indeed defines a field of one-forms. The lin-
earity, in the Y variable, with respect to addition is obvious. Next, for any
function f we have

(Vxa)(fY) = X(a(fY)) —a(Vx(fY))
= X(f)aY)+ fX(aY)) —a(X(f)Y + fVxY)
- f(vXa)(Y )

as should be the case for one-forms. Next, we need to check that V defined by
(A.9.21) does satisfy the remaining axioms imposed on covariant derivatives.
Again multi-linearity with respect to addition is obvious, as well as linearity
with respect to multiplication of X by a function. Finally,

Vx(fa)(Y) = X(faY)) - fa(VxY)
= X(NaY)+ f(Vxa)(Y),

as desired.
The duality pairing

TXM x T,M 3 (a, X) — a(X) € R

is sometimes called contraction. As already pointed out, the operation V on
one-forms has been defined in (A.9.21) so as to satisfy the Leibniz rule under
duality pairing:

X(a(Y)) = (Vxa)(YV) + (VXY (A.9.22)

this follows directly from (A.9.21). This should not be confused with the Leib-
niz rule under multiplication by functions, which is part of the definition of
a covariant derivative, and therefore always holds. It should be kept in mind
that (A.9.22) does not necessarily hold for all covariant derivatives: if "V is
some covariant derivative on vectors, and /V is some covariant derivative on
one-forms, in general one will have

X(a(Y)) # (IVx)a(Y) +a("VxY).

Using the basis-expression (A.9.11) of VxY and the definition (A.9.21) we
have

Vya = X*Vaap0°,
with
= (Ve,a)(e)

= eq(aley)) — a(Ve,ep)
= ‘ea(ab) - Fcbaac
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A.9.6 Higher order tensors

It should now be clear how to extend V to tensors of arbitrary valence: if T is
r covariant and s contravariant one sets

(VT (X1, o, Xyt g) o= X(T(Xl,...,XT,al, . ..as)>

—T(VXXl,...,XT,Oq,...OéS) — ... —T(Xl,...,VXXr,Oél,...Oés)
—T(Xl,...,Xr,VXal,...as) — ... —T(Xl,...,XT,Oél,...VXOéS).
(A.9.23)

The verification that this defines a covariant derivative proceeds in a way iden-
tical to that for one-forms. In a basis we have

VxT = XVl o0 @ ... 00" Qep, @...0 e,
and (A.9.23) gives
VaTuy..a,? % = (Ve,T)(€ays - »€a,, 0%, ..., 0%)
— ea(Tal...arblmbs) . chlaTcmarb1...bS . FcaraTaL..cblmbs

N S R, o L (A.9.24)

Carrying over the last two lines of (A.9.23) to the left-hand side of that equation
one obtains the Leibniz rule for V under pairings of tensors with vectors or
forms. It should be clear from (A.9.23) that V defined by that equation is
the only covariant derivative which agrees with the original one on wvectors,
and which satisfies the Leibniz rule under the pairing operation. We will only
consider such covariant derivatives in this work.

A.10 The Levi-Civita connection
One of the fundamental results in pseudo-Riemannian geometry is that of the
existence of a torsion-free connection which preserves the metric:

THEOREM A.10.1 Let g be a two-covariant symmetric non-degenerate tensor
field on a manifold M. Then there exists a unique connection V such that

1. Vg=0,
2. the torsion tensor T of V wvanishes.

PROOF: Suppose, first, that a connection satisfying the above is given. By the
Leibniz rule we then have, for any vector fields X, Y and Z,

0= (Vx9)(V,2) = X(g(Y,2)) — g(VxY,Z) — g(Y,Vx Z). (A.10.1)

We rewrite the same equation applying cyclic permutations to X, Y, and Z,
with a minus sign for the last equation:

9(VxY,Z)+g(Y,VxZ) = X(g(Y.2)),
9(VyZ,X)+9(Z,VyX) = Y(g Z,X)),
—g9(VzX,Y)—g(X,VzY) = —Z(g(X,)Y)). (A.10.2)



254 APPENDIX A. PSEUDO-RIEMANNIAN GEOMETRY

As the torsion tensor vanishes, the sum of the left-hand sides of these equations
can be manipulated as follows:

9(VxY, 2)+ g(Y,Vx2Z) + g(Vy Z,X) + g(Z,Vy X) — g(VzX,Y) — g(X,VY)
= g(VxY +Vy X, Z) 4+ g(Y,VxZ — V2X) 4 g(X,Vy Z — VY)

=g(2VxY - [XY], Z) + g(Y, [X, Z]) + (X, [V, Z])

=29(VxY.Z) - g([X,Y], Z) + g(Y,[X, Z]) + g(X, [V, Z]).

This shows that the sum of the three equations (A.10.2) can be rewritten as

29(VXY7 Z) - g([X,Y],Z) —g(Y, [Xv Z]) - g(X, [Yv Z])
+X(g(Y,2)+Y(9(Z, X)) —Z(9(X,Y)). (A.10.3)

Since Z is arbitrary and g is non-degenerate, the left-hand side of this equation
determines the vector field VxY uniquely, and uniqueness of V follows.

To prove existence, let S(X,Y)(Z) be defined as one half of the right-hand
side of (A.10.3),

SCYIZ) = (X0, 2) + Y (9(Z,X)) ~ Z(g(X, V)

+9(Z,[X,Y]) = g(V,[X, Z]) - g(X,[Y, Z])) (A.10.4)

Clearly S is linear with respect to addition in all fields involved. Let us check
that it is also linear with respect to multiplication of Z by a function:
f

SY)(FZ) = (X(9(Y,2) +Y(9(2. ) = Z(g(X.Y)

+9(Z,[X,Y]) - g(Y,[X, Z]) - g(X,[Y, 2]

43 (X902 + Y (£)9(2.X) - 9V, X(1)2) - (X, Y (£)2))
= [S(X,Y)(Z2). (A.10.5)

Since g is non-degenerate, we conclude that there exists a unique vector field
W(X,Y) such that
S(X,Y)(Z) = g(W(X.Y), 2).

One readily checks that the assignment
(X,Y) - W(X)Y)=VxY

satisfies all the requirements imposed on a covariant derivative VxY'.

It is immediate from (A.10.3), which is equivalent to (A.10.4), that the
connection V so defined is torsion free: Indeed, the sum of all-but-first terms
at the right-hand side of (A.10.3) is symmetric in (X,Y"), and the first term is
what is needed to produce the torsion tensor when removing from (A.10.3) its
counterpart with X and Y interchanged.

Finally, one checks that V is metric-compatible by inserting VxY and Vx Z,
as defined by (A.10.3), into (A.10.1). This concludes the proof. O
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INCIDENTALLY: Let us give an index-notation version of the above. Using the
definition of V;g;, we have

0= Vigik = %igjr — T jiger — T rigey ; (A.10.6)

here we have written I' jk instead of Fé- 1> as is standard in the literature. We rewrite
this equation making cyclic permutations of indices, and changing the overall sign:

0=—Vigri = —0igri +Tjge + T ger -

0=—Vigij = —Okgij + Tirge; + T jrgei -

Adding the three equations and using symmetry of F?Z- in ¢j one obtains

0= 8igjx — Djgki — Ongij + 20" jrgui ,

Multiplying by ¢ we obtain

. 1
I = g™ T jrge = §gm(aj9ki + Okgij — Oigjk) - (A.10.7)

This proves uniqueness.

A straightforward, though somewhat lengthy, calculation shows that the I'™ ;s
defined by (A.10.7) satisfy the transformation law (A.9.14). Exercice A.9.1 shows
that the formula (A.9.15) defines a torsion-free connection. It then remains to check
that the insertion of the I'™;;’s, as given by (A.10.7), into the right-hand side of
(A.10.6), indeed gives zero, proving existence. O

Let us check that (A.10.3) reproduces (A.10.7): Consider (A.10.3) with X = 9.,
Y =0g and Z = 0,

QQ(V’Yaﬁa 0y) = QQ(Fpﬂ’yapa 60)
= 295017y
= 0v980 + 089vo — 0s9py (A.10.8)

Multiplying this equation by g®?/2 we then obtain

gy = %gaa{aﬁgav +0v908 — Osgpr ) |- (A.10.9)

A.10.1 Geodesics and Christoffel symbols

A geodesic can be defined as the stationary point of the action

b
I(y) = /%g("y,*’y)(s)ds, (A.10.10)

where 7 : [a,b] — M is a differentiable curve. Thus,
1L o
L(zH, i) = §ga5(x“)x 7.

One readily finds the Euler-Lagrange equations for this Lagrange function:

d(opN oz dw | de
ds \ 9zt ] Oxm ds? B ds ds

=0. (A.10.11)
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This provides a very convenient way of calculating the Christoffel symbols:
given a metric g, write down %, work out the Euler-Lagrange equations, and
identify the Christoffels as the coefficients of the first derivative terms in those
equations.

EXERCICE A.10.3 Prove (A.10.11). O

(The Euler-Lagrange equations for (A.10.10) are identical with those of

b
T(y) = / V19GA)(3)ds (A.10.12)

but (A.10.10) is more convenient to work with. For example, . is differentiable
at points where 4 vanishes, while /|g(¥,%)(s)] is not. The aesthetic advantage
of (A.10.12), of being reparameterization-invariant, is more than compensated
by the calculational convenience of .Z.)

INCIDENTALLY: EXAMPLE A.10.5 As an example, consider a metric of the form
g=dr* + f(r)de”.

Special cases of this metric include the Euclidean metric on R? (then f(r) = r?),
and the canonical metric on a sphere (then f(r) = sin?r, with r actually being the
polar angle ). The Lagrangian (A.10.12) is thus

1. .
L= 5 (r2 + f(r)ch) .

The Euler-Lagrange equations read

oL d (0L d .

95 ds (8_<p> = E(f(r)sﬁ)a

—

0

so that

0= fe+f7o=f(p+T8,0° + 20, rp+ T8 = T8, =T% =0, T¥, =

Similarly
oL _d (oL) _.
or ds\or)
~—
fre?/2
so that
T T s fl
r,=1.,=0, I, = —5 -

A.11 “Local inertial coordinates”

PRrOPOSITION A.11.1 1. Let g be a Lorentzian metric, for every p € M there
exists a neighborhood thereof with a coordinate system such that g, = 1, =
diag(1,-1,---,—1) at p.

2. If g is differentiable, then the coordinates can be further chosen so that

OrGos =0 (A11.1)

at p.



A.11. “LOCAL INERTIAL COORDINATES” 257

The coordinates above will be referred to as local inertial coordinates near
D.

REMARK A.11.2 An analogous result holds for any pseudo-Riemannian metric.
Note that normal coordinates, constructed by shooting geodesics from p, satisfy
the above. However, for metrics of finite differentiability, the introduction of
normal coordinates leads to a loss of differentiability of the metric components,
while the construction below preserves the order of differentiability.

PRrROOF: 1. Let y* be any coordinate system around p, shifting by a constant
vector we can assume that p corresponds to y* = 0. Let e, = ¢,"0/0y* be any
frame at p such that g(eq,e,) = 74 — such frames can be found by, e.g., a
Gram-Schmidt orthogonalisation. Calculating the determinant of both sides of
the equation

g,uuea'ueby = Tab

we obtain, at p,
det(g,) det(ea")2 =-1,

which shows that det(e,*) is non-vanishing. It follows that the formula
y“ =el'ga”

defines a (linear) diffeomorphism. In the new coordinates we have, again at p,

9(%, %) = e”ae"bg<8;zu, 8iy”) = Nab - (A.11.2)

2. We will use (A.9.14), which uses latin indices, so let us switch to that
notation. Let x* be the coordinates described in point 1., recall that p lies at the
origin of those coordinates. The new coordinates &7 will be implicitly defined

by the equations

A 1
zh =3+ §A2jkfﬂgzk ,
where A’ is a set of constants, symmetric with respect to the interchange of
J
j and k. Recall (A.9.14),
A 07" 9zt 9x" 0% 9%x®
Iy =T——————+ — = Al11.3
k= S 937 03k | Oz° 03F03T ( )

here we use [ or to denote the Christoffel symbols of the metric in the hatted
coordinates. Then, at ' = 0, this equation reads

. ozt ozt 9z Ox' O%at

szk - Fser—f—%‘i‘—?
oxs 01) 0T oxs 0r~oTd
o ob o 4% AL
= Fljk + Alkj .

Choosing A; , as —I" jk(0), the result follows.
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INCIDENTALLY: If you do not like to remember formulae such as (A.9.14), proceed
as follows: Let z* be the coordinates described in point 1. The new coordinates £
will be implicitly defined by the equations

1
ot = M + iAuaBjajﬁ ’

where A*,3 is a set of constants, symmetric with respect to the interchange of o
and 3. Set

. 0 0
Recall the transformation law

dz® dxP
ozr 0V

g,uu (iﬁ) = Yap (:Cp (‘%a))

By differentiation one obtains at z#* = &#* = 0,

8{] v 39 v « e’
L(0) = E0) + gup(0) (A%07 + 5 A%, )
99y
= 2 (0) + Avysp + A (A.11.4)

where

Aapy = g (0)A” 5, .
It remains to show that we can choose A7z so that the left-hand side can be made
to vanish at p. An explicit formula for A,s, can be obtained from (A.11.4) by a
cyclic permutation calculation similar to that in (A.10.2). After raising the first
index, the final result is

1 dg9sy  O9sp  0gpy
«@ _ — ., ap _ _ .
Ay = 2 { dzP  OxY  O2P ©);

the reader may wish to check directly that this does indeed lead to a vanishing
right-hand side of (A.11.4).

a

A.12 Curvature

Let V be a covariant derivative defined for vector fields, the curvature tensor
is defined by the formula

R(X,Y)Z :=VxVyZ ~VyVxZ —Vixy|Z|, (A.12.1)

where, as elsewhere, [X,Y] is the Lie bracket defined in (A.3.6). We note the
anti-symmetry

R(X,Y)Z =-R(Y,X)Z. (A.12.2)

It turns out this defines a tensor. Multi-linearity with respect to addition is
obvious, but multiplication by functions require more work.
First, we have (see (A.9.19))

R(fX,Y)Z = VyxVyZ—-VyVixZ —Vixy|Z
= fVxVyZ-=Vy(fVxZ)— Vixy-vHxZ

=fVixyZ-Y(/)VxZ

= fR(X,Y)Z.
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INCIDENTALLY: The simplest proof of linearity in the last slot proceeds via an
index calculation in adapted coordinates; so while we will do the elegant, index-
free version shortly, let us do the ugly one first. We use the coordinate system of
Proposition A.11.1 below, in which the first derivatives of the metric vanish at the
prescribed point p:

V.V, 2% = 0,(0;ZF —TF; 2+ 0x VZ
at p
= 9,0;ZF — o ;7" atp. (A.12.3)

Antisymmetrising in ¢ and j, the terms involving the second derivatives of Z drop
out, so the result is indeed linear in Z. So V;V; Zk — VjViZk is a tensor field linear
in Z, and therefore can be written as ngijZe.

Note that V,;V;Z k¥ is, by definition, the tensor field of first covariant derivatives
of the tensor field V;Z*, while (A.12.1) involves covariant derivatives of vector fields
only, so the equivalence of both approaches requires a further argument. This is
provided in the calculation below leading to (A.12.7). O

We continue with
RX,Y)(fZ) = VxVy(fZ)-VyVx(fZ) - Vixy(fZ)
{VX(Y(f)Z+fVYZ)} —{}
—[X.YI(/)Z - fVixnZ
= { X2+ Y(NIxZ+ XNy Z+/VxIvZ) = { -}

a b

- XYI(/)Z-fVixyZ.
—————

[

XY

XY

Now, a together with its counterpart with X and Y interchanged cancel out
with ¢, while b is symmetric with respect to X and Y and therefore cancels out
with its counterpart with X and Y interchanged, leading to the desired equality

R(X,Y)(fZ) = [R(X,Y)Z.
In a coordinate basis {e,} = {9,} we find? (recall that [9,,8,] = 0)
Raﬁ'yzS = <dxa7R(a’Y’65)aﬁ>
= (dz®,V,Vs508) — (- )50
(dx®, V(I 8505)) — (- )55y
(dma, 87(F055)8g + Fpa»yraﬂéap> - < ’ '>6<—>'y
= {87110‘55 + Famrgﬂé} —{- '}6<—w ’

leading finally to

R g5 = 0,155 — 0515, + %, 1755 =I5, || (A.12.4)

2The reader is warned that certain authors use other sign conventions either for R(X,Y)Z,
or for R%+s, or both. A useful table that lists the sign conventions for a series of standard
GR references can be found on the backside of the front cover of [208].
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In a general frame some supplementary commutator terms will appear in the
formula for R%q.

INCIDENTALLY: An alternative way of introducing the Riemann tensor proceeds as
in [278]; here we assume for simplicity that V is torsion-free, but a similar calculation
applies in general:

PROPOSITION A.12.3 Let V be torsion-free. There exists a tensor field R%.p. of
type (1,3) such that
VoV X? =V Vo X% = R ,p XC. (A.12.5)

PRrROOF: We need to check that the derivatives of X cancel. Now,

VoV X9 = 0.( VpX? )4T9¢, V,x¢ -T¢V.X?
S—— N——
Op Xa4Tdy, X 8bXC+F§€X€
= 0,0, X 40, 7% X+ 10, X+ 19,0, X 4T T§, X T,V . X .
=:lab =2ab =t3ab =dap

If we subtract V,V,X?, then

1. 14 is symmetric in @ and b, so will cancel out; similarly for 4,, because V
has been assumed to have no torsion;

2. 24 will cancel out with 3;,; similarly 3,5, will cancel out with 2p,.

So the left-hand side of (A.12.5) is indeed linear in X ¢. Since it is a tensor, the
right-hand side also is. Since X°€ is arbitrary, we conclude that R?,, is a tensor of
the desired type. |

We note the following:

THEOREM A.12.4 There exists a coordinate system in which the metric tensor
field has vanishing second derivatives at p if and only if its Riemann tensor
vanishes at p. Furthermore, there exists a coordinate system in which the met-
ric tensor field has constant entries near p if and only if the Riemann tensor
vanishes near p.

PRrROOF: The condition is necessary, since Riem is a tensor. The sufficiency will
be admitted. O

The calculation of the curvature tensor may be a very traumatic experience.
There is one obvious case where things are painless, when all g,,,,’s are constants:
in this case the Christoffels vanish, and so does the curvature tensor. Metrics
with the last property are called flat.

For more general metrics, one way out is to use symbolic computer alge-
bra. This can, e.g., be done online on http://grtensor.phy.queensu.ca/
NewDemo. MATHEMATICA packages to do this can be found at URL’s http://
www.math.washington.edu/~lee/Ricci, or http://grtensor.phy.queensu.
ca/NewDemo, or http://luth.obspm.fr/~luthier/Martin-Garcia/xAct. This
last package is least-user-friendly as of today, but is the most flexible, especially
for more involved computations.

We also note an algorithm of Benenti [22] to calculate the curvature tensor,
starting from the variational principle for geodesics, which avoids writing-out
explicitly all the Christoffel coefficients.
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INCIDENTALLY: EXAMPLE A.12.6 As an example less trivial than a metric with
constant coefficients, consider the round two sphere, which we write in the form

g =df* + e/ dp? e?f =sin?6.

As seen in Example A.10.5, the Christoffel symbols are easily founds from the
Lagrangian for geodesics:

1 .
L = 5(92 + 2 p?).
The Euler-Lagrange equations give
Fecpcp = _f/e2f7 FLPch = Fww@ = f/7

with the remaining Christoffel symbols vanishing. Using the definition of the Rie-
mann tensor we then immediately find

Reog =~ = () = =<7/ (el)" = 1. (4.126)

All remaining components of the Riemann tensor can be obtained from this one by
raising and lowering of indices, together with the symmetry operations which we
are about to describe. This leads to

Ry = Gab , R=2.
O
Equation (A.12.1) is most frequently used “upside-down”, not as a definition
of the Riemann tensor, but as a tool for calculating what happens when one
changes the order of covariant derivatives. Recall that for partial derivatives

we have

0u,0,2% = 0,0,2°,

but this is not true in general if partial derivatives are replaced by covariant
ones:

YAV AR A VAVIVAR
To find the correct formula let us consider the tensor field S defined as

Y — SY):=VyZ.
In local coordinates, S takes the form

S=V,2"dx" ® 0, .
It follows from the Leibniz rule — or, equivalently, from the definitions in
Section A.9 — that we have

(VxS)(Y) = Vx(5(Y)) - S(VxY)
= VxVyZ -Vy,vZ.
The commutator of the derivatives can then be calculated as
(sz)(Y) — (VyS)(X) = VvaZ—VyVXZ—VvaZ—i-VvY)(Z
- VXVYZ - VYVXZ - V[X7y}Z

+Vixy)Z — VvxvZ + Vv, xZ
— R(X,Y)Z -~ Vo Z. (A.12.7)
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Writing V.S in the usual form
VS =V,5,dz’ @da" @0, = V,V,Z"dz’ @ da" ® 0, ,
we are thus led to
V.V, 2% -V N, Z =R, Z° =T )N Z%. (A.12.8)

In the important case of vanishing torsion, the coordinate-component equivalent
of (A.12.1) is thus

V.V, XY~ V,V, X% = R, X]. (A.12.9)

An identical calculation gives, still for torsionless connections,
V.Vyaq —V,Vyaq = =R gt (A.12.10)

For a general tensor ¢ and torsion-free connection each tensor index comes with
a corresponding Riemann tensor term:

Vi Vitar .o P =V, Vtay a1 P =

B1...Bs _ B1...8s

— Rt
arprton...o
TRy ton a0 A R utan 0P (AL12.11)

o
_R al,uz/ta...ar

A.12.1 Bianchi identities

We have already seen the anti-symmetry property of the Riemann tensor, which
in the index notation corresponds to the equation

Rag,y(s = —RQBM. (A.12.12)

There are a few other identities satisfied by the Riemann tensor, we start with
the first Bianchi identity. Let A(X,Y,Z) be any expression depending upon
three vector fields X, Y, Z which is antisymmetric in X and Y, we set

Y AX)Y,Z) = AX,Y, 2)+ A(Y, Z,X) + A(Z,X,Y), (A.12.13)
(XY Z]

thus Z[ Xy 7] is a sum over cyclic permutations of the vectors X,Y, Z. Clearly,
Y AXY,Z)= Y AY.Z,X)= ) AZX)Y). (A.12.14)
(XY Z] [XYZ] (XY Z]

Suppose, first, that X, Y and Z commute. Using (A.12.14) together with the
definition (A.9.16) of the torsion tensor T" we calculate

S RXY)Z = Y (VXVYZ—VYVXZ)
(XY Z] (XY Z]
= ¥ (vxvyz ~Vy  (VzX+T(X,2)) )
(XY Z]

we have used [X,Z]=0, see (A.9.16)
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= ) VxWZ- > VyViX- Y Vy(T(X,2))

(XY Z] (XY Z] (XY Z] Z.X)

|

=0 (see (A.12.14))

— ZVX 7)),

(XY Z]

and in the last step we have again used (A.12.14). This can be somewhat
rearranged by using the definition of the covariant derivative of a higher or-
der tensor (compare (A.9.23)) — equivalently, using the Leibniz rule rewritten
upside-down:

(VxT)(Y,2Z) = Vx(T(Y,2) - T(VxY,Z) = T(Y,VxZ).

This leads to

> V(T 2) = Y (VD 2) +T(VxY,2) + T(Y,  YxZ )
(XY Z] (XY Z] =T(X,Z)+VzX
= Y (VD) 2) - T(T(X,2),Y))
(XY Z] :7TV( 7.X)
+ ) T(VxY,2)+ > T(Y,VzX)
(XY Z] (XY Z] :_T(szxay)

=0 (see (A.12.14))

= > ((VXT)(Y,Z)—I—T(T(X,Y)aZ))-
(XY Z]

Summarizing, we have obtained the first Bianchi identity:

Y RXY)Z= Y ((VXT)(Y,Z)+T(T(X,Y),Z)), (A.12.15)
(XY Z] (XY Z]

under the hypothesis that X, Y and Z commute. However, both sides of this
equation are tensorial with respect to X, Y and Z, so that they remain correct
without the commutation hypothesis.

We are mostly interested in connections with vanishing torsion, in which
case (A.12.15) can be rewritten as

\Ro‘w + R%58 + R%py = 0. (A.12.16)

Equivalently,
Ra[g,y(g] =0, (A.12.17)

where brackets over indices denote complete antisymmetrisation, e.g.
Afag) = 3(Aas — Apa)
Alapy) = §(Aapy = Aoy + Aras — Ayga + Aays — Apya) |

etc.
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Our next goal is the second Bianchi identity. We consider four vector fields
X,Y, Z and W and we assume again that everybody commutes with everybody
else. We calculate

Y Vxk®RY,Z2)W) = Y ( VxVy VW —vaZvyW)
—_———
(XY Z] (XYZ]  _R(X,Y)VzW+VyVxVzW
= > R(X,Y)VzW
(XY Z]
+ Y Uy VxVW = > VxVVy W
(XY Z] XY Z]
-0
(A.12.18)
Next,
S (VxR 2W = Y (VX(R(Y,Z)W)—R(VXY,Z)W
(XY Z] [XYZ]

“R(Y, VxZ )W—R(Y,Z)VXW)
-

=V, X+T(X,Z)
— Y VRY.ZW)
(XY Z]
— > R(VxY,Z)W — > R(Y,VzX)W
(XY Z] IXYZ] Z pvaxa)w
-0
-y (R(Y,T(X, Z)W + R(Y, Z)VXW)
(XY Z]
- ¥ (VX(R(Y, ZYW) — R(T(X,Y), Z)W — R(Y, Z)VXW).
(XY Z]

It follows now from (A.12.18) that the first term cancels out the third one,
leading to

S (VxR)(Y,Z)W =~ ) RT(X,Y),2)W, (A.12.19)
(XY Z] (XY Z]

which is the desired second Bianchi identity for commuting vector fields. As
before, because both sides are multi-linear with respect to addition and multi-
plication by functions, the result remains valid for arbitrary vector fields.

For torsionless connections the components equivalent of (A.12.19) reads

R s + B8 + R ap = 0. (A.12.20)

INCIDENTALLY: In the case of the Levi-Civita connection, the proof of the second
Bianchi identity is simplest in coordinates in which the derivatives of the metric
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vanish at p: Indeed, a calculation very similar to the one leading to (A.12.25) below

gives
Vs Rapupy(0) = 95 Rappy (0) =
%{aﬁaﬁauga’v — 9505009y — 050,090 + aéavaaguﬁ}(o) (A12.21)
and (A.12.20) follows by inspection O

A.12.2 Pair interchange symmetry

There is one more identity satisfied by the curvature tensor which is specific to
the curvature tensor associated with the Levi-Civita connection, namely

9(X,R(Y, Z)W) = g(Y, R(X,W)Z). (A.12.22)
If one sets
| Rabed = Gae RCbed |, (A.12.23)
then (A.12.22) is equivalent to
Rapea = Redab |- (A.12.24)

We will present two proofs of (A.12.22). The first is direct, but not very
elegant. The second is prettier, but less insightful.

For the ugly proof, we suppose that the metric is twice-differentiable. By
point 2. of Proposition A.11.1, in a neighborhood of any point p € M there
exists a coordinate system in which the connection coefficients I'“ g, vanish at
p. Equation (A.12.4) evaluated at p therefore reads

Rigys = 0,15 — 051y
1 oo
= 3 {g 0+(9590p + 98905 — o9ps)
_gaaazS(aygUB + aﬁga'y - 6Ugﬁ’y)}
1 oo
= 59 {8786906 - 8780966 - aéaﬂga'y + 8680967 } .

Equivalently,

1
Rgg,y(g(()) = 5{3765906 — 050,985 — 050895~ + 8580957}(0) . (A.12.25)

This last expression is obviously symmetric under the exchange of ¢8 with ~4,
leading to (A.12.24).

The above calculation traces back the pair-interchange symmetry to the
definition of the Levi-Civita connection in terms of the metric tensor. As already
mentioned, there exists a more elegant proof, where the origin of the symmetry
is perhaps somewhat less apparent, which proceeds as follows: We start by
noting that

0= vavbgcd - vbvagcd = _Recabged - Redabgce ) (A1226)
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leading to anti-symmetry in the first two indices:

Rabcd = _Rbacd .

Next, using the cyclic symmetry for a torsion-free connection, we have

Roped + Reabd + Rocad =
Rbcda + Rapea + Redba
Redap + Racab + Raach
Raabe + Rodac + Rapde =

o O o o

(A.12.27)

The desired equation (A.12.24) follows now by adding the first two and sub-
tracting the last two equations, using (A.12.26).

REMARK A.12.8 In dimension two, the pair-interchange symmetry and the anti-
symmetry in the last two indices immediately imply that the only non-zero compo-
nents of the Riemann tensor are

Ri212 = —Ra112 = Ra121 = —Ro112.-

This is equivalent to the formula

R
Rabcd = E(Qacgbd - gadgbc) ’
as easily checked at a point p in a coordinate system where g, is diagonal at p.
In dimension three, a similar argument gives

Rabcd = (Pacgbd - Padgbc + gachd - gadec) 5 (A-12-28)

where

R
Poy = Rap — Egab-

d

INCIDENTALLY: It is natural to enquire about the number of independent compo-
nents of a tensor with the symmetries of a metric Riemann tensor in dimension n,
the calculation proceeds as follows: as Rgpcq is symmetric under the exchange of ab
with cd, and anti-symmetric in each of these pairs, we can view it as a symmetric
map from the space of anti-symmetric tensor with two indices. Now, the space of
anti-symmetric tensors is N = n(n—1)/2 dimensional, while the space of symmetric
maps in dimension N is N(N + 1)/2 dimensional, so we obtain at most

n(n—1)(n? —n+2)
8

free parameters. However, we need to take into account the cyclic identity:
Rdabc + Rdbca + Rdcab =0. (A1229)

If @ = b this reads
Rdaac + Rdaca + Rdcaa =0 )

which has already been accounted for. Similarly if a = d we obtain

Rabca + Rbcaa + Rcaba =0 )
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which holds in view of the previous identities. We conclude that the only new
identities which could possibly arise are those where abed are all distinct. (Another
way to see this is to note the identity

Ra[bcd] = R[abcd] ) (A1230)
which holds for any tensor satisfying
Rabcd = R[ab]cd = Rab[cd] = Rcdaba (A1231)

and which can be proved by writing explicitly all the terms in R[gp.q); this is the
same as adding the left-hand sides of the first and third equations in (A.12.27), and
removing those of the second and fourth.)

Clearly no identity involving four distinct components of the Riemann tensor
can be obtained using (A.12.31), so for each distinct set of four indices the Bianchi
identity provides a constraint which is independent of (A.12.31). In dimension four
(A.12.29) provides thus four candidate equations for another constraint, labeled by
d, but it is easily checked that they all coincide either directly, or using (A.12.30).
This leads to 20 free parameters at each space point. (Strictly speaking, to prove this
one would still need to show that there are no further algebraic identities satisfied
by the Riemann tensor, which is indeed the case.

Note that (A.12.30) shows that in dimension n > 4 the Bianchi identity intro-

duces < Z ) new constraints, leading to

nn—1)(n*—n+2) nn-1)n-2)n-3) n*n*-1) (A.12.32)
3 12 12

independent components at each point. |

A.12.3 Summmary for the Levi-Civita connection

Here is a full list of algebraic symmetries of the curvature tensor of the Levi-
Civita connection:

1. directly from the definition, we obtain

R’ g = —R° 5a; (A.12.33)

2. the next symmetry, known as the first Bianchi identity, is less obvious:
Rug+Rapy + Rpya =0 = Rlp.5=0; (A.12.34)
3. and finally we have the pair-interchange symmetry:
Rogys = Rysap - (A.12.35)
Here, of course, Ry5a8 = gro 127 508-

It is not obvious, but true, that the above exhaust the list of all independent
algebraic identities satisfied by Ragys-
As a consequence of (A.12.33) and (A.12.35) we find

Raﬁ&y = Ré'yaﬁ = _Ré'yﬁa = _Rﬁa'yz%
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and so the Riemann tensor is also anti-symmetric in its first two indices:
Ropys = —Rgays - (A.12.36)
The Ricci tensor is defined as
Rog = R 40p -
The pair-interchange symmetry implies that the Ricci tensor is symmetric:
Rap = 9" Roapp = 97" Rppoa = Rpa -
Finally we have the differential second Bianchi identity:

VaR%sgy + VR 500 + V R503 =0 <= v[aRBﬂuV =0. (A.12.37)

A.12.4 Curvature of product metrics

Let (M,g) and (N,h) be two pseudo-Riemannian manifolds, on the product

manifold M x N we define a metric g@®h as follows: Every element of T'(M x N)

can be uniquely written as X @Y for some X € TM and Y € TN. We set
goh)(X oY, X oY) =g(X,X)+h(Y,Y).

Let V be the Levi-Civita connection associated with g, D that associated with
h, and Z the one associated with g & h. To understand the structure of V,
we note that sections of T'(M x N) are linear combinations, with coefficients in
C*®°(M x N), of elements of the form X®Y, where X € I'(T'M) and Y € I'(TN).
(Thus, X does not depend upon ¢ € N and Y does not depend upon p € M.)
We claim that for such fields X ® Y and W @& Z we have

.@X@y(W@Z) =VxW & DyZ. (A.12.38)

(If true, (A.12.38) together with the Leibniz rule characterises & uniquely.) To
verify (A.12.38), we check first that & has no torsion:
Dxay(W S Z) — Dwez(XBY) = VWO DyZ — VX @ DY
= (VxW —VwX)& (DyZ — DzY)
(X, W]elY, Z]
= XaY,WaZ.

(In the last step we have used [X © 0,05 Z] =00 Y, W & 0] = 0.) Next, we
check metric compatibility:

X@Y((g@h)(W@Z’W@Z))
:X@Y(Q(WW)+h(ZvZ)>
= x(sm))  + v(nz2)

D e e
9(VxWW)+g(W,VxW)  h(DyZ,Z)+h(Z,Dy Z)

= g(VxW,W) + h(DyZ,Z) + g(W,VxW) + h(Z, Dy Z)

(9g®h)(VxWeDy Z,Wd2) (goh) (W Z,V x WDy Z)
= (gD ( DxeyW S ZW S Z)+ (g h)(W @ Z, DxayW & Z).
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Uniqueness of Levi-Civita connections proves (A.12.38).
Let Riem(k) denote the Riemann tensor of the metric k. It should be clear
from (A.12.38) that the Riemann tensor of g & h has a sum structure,

Riem(g @ h) = Riem(g) & Riem(h). (A.12.39)
More precisely,

Riem(g & h)(X @Y, X & Y)W @& Z = Riem(g)(X, X)W & Riem(h)(Y,Y)Z .

(A.12.40)
This implies
Ric(g @ h) = Ric(g) @ Ric(h), (A.12.41)
in the sense that
Ric(g @ h)(X @Y, X ®Y) = Ric(g)(X, X) @ Ric(h)(Y,Y),  (A.12.42)
and
trgonRic(g @ h) = trgRic(g) + trpRic(h). (A.12.43)

A.12.5 An identity for the Riemann tensor

We write 5356 for 5[70‘5?] = %(5,‘;‘5? — 0559), etc.

For completeness we prove the following identity satisfied by the Riemann
tensor, which is valid in any dimension, is clear in dimensions two and three,
implies the double-dual identity for the Weyl tensor in dimension four, and is

probably well known in higher dimensions as well:

1
aBys ppo of op [a pB
TSR = (R o+ R — 457 R7 ) (A.12.44)

The above holds for any tensor field satisfying
Rogys = —Rgavys = Rgasy - (A.12.45)

To prove (A.12.44) one can calculate as follows:

wgenI Ry = 20y (900305 — 85510% + 505,00
~05 (00705 — 555705 + 955,h)
+35 (8665 — 656705 + 026787 )
~ 05 (000700 — 616705 + 070085 ) 1R

— 22000300 — A0 008 + 490008 + 205076700 ) R

— 4 (IR — 2R, + 200 R, + R, )

— 4(R,, + 828R 5 — 45{2‘1%5“”7) . (A.12.46)
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If the sums are over all indices we obtain (A.12.44). The reader is warned,
however, that in some of our calculations the sums will be only over a subset of
all possible indices, in which case the last equation remains valid but the last
two terms in (A.12.46) cannot be replaced by the Ricci scalar and the Ricci
tensor.

Let us show that the double-dual identity for the Weyl tensor does indeed
follow from (A.12.44). For this, note that in spacetime dimension four we have

4'555;5 = eaﬁwée/wpo ) (A.12.47)

since both sides are completely anti-symmetric in the upper and lower indices,
and coincide when both pairs equal 0123. Hence, since the Weyl tensor W” UV 5
has all the required symmetries and vanishing traces, we find

AaWeP,, = AW = W5 (A.12.48)
by (A.12.46)
This is equivalent to the desired identity
oW’ 5 = W, €aprs - (A.12.49)

A.13 Geodesics

An affinely parameterised geodesic ~y is a maximally extended solution of the
equation

Vi =0
(compare (A.10.11).) It is a fundamental postulate of general relativity that
physical observers move on timelike geodesics. This motivates the following def-
inition: an observer is a maximally extended future directed timelike geodesics.

INCIDENTALLY: It is sometimes convenient to consider geodesics which are not nec-
essarily affinely parameterised. Those are solutions of

V%% :x%. (A.13.1)
Indeed, let us show that a change of parameter obtained by solving the equation
2 2
% +x (%) =0 (A.13.2)
brings (A.13.2) to the form (A.13.2): under a change of parameter A = A(s) we
have
dy*  d\ dy*
ds  ds d\’
and
Ddy D d\dy”
& s ds\ds an)

PAd | dND b
ds? d\ ds ds d\

A\ dvy” d\\2 D dv”
= wao (&) o
B A\ dvy” dX 2 dv”
= o T @)
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and the choice indicated above gives zero, as desired. O

Let f be a smooth function and let A\ — ~(\) be any integral curve of V f; by
definition, this means that dy*/d\ = V* f. The following provides a convenient
tool for finding geodesics:

PROPOSITION A.13.2 (Integral curves of gradients) Let f be a function satisfy-
mg

gV ) =(f),

for some function 1. Then the integral curves of Vf are geodesics, affinely
parameterised if 1)’ = 0.

Proor: We have

$9Vad = VO VoV f = VOV af = VPV fVaf) = 5VPU() = 50/

(A.13.3)
Let A the natural parameter on the integral curves of V f,
dy*
bl v /2
N /s
then (A.13.3) can be rewritten as
Ddy 1 ,dy*
d\ d\ 27 d\
O

A significant special case is that of a coordinate function f = 2*. Then
g(V£,Vf)=g(Vz', Vz') = g (no summation).

For example, in Minkowski spacetime, all g""’s are constant, which shows that
the integral curves of the gradient of any coordinate, and hence also of any
linear combination of coordinates, are affinely parameterized geodesics. An
other example is provided by the coordinate r in Schwarzschild spacetime, where
g"" = 1—2m/r; this is indeed a function of r, so the integral curves of Vr =
(1 —2m/r)0, are (non-affinely parameterized) geodesics.

Similarly one shows:

PROPOSITION A.13.3 Suppose that d(g(X, X)) = 0 along an orbit v of a Killing
vector field X. Then ~ is a geodesic.

EXERCICE A.13.4 Consider the Killing vector field X = 0, + Q0,, where § is a
constant, in the Schwarzschild spacetime. Find all geodesic orbits of X by studying
the equation d(g(X, X)) = 0. O
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A.14 Geodesic deviation (Jacobi equation)

Suppose that we have a one parameter family of geodesics
(s, A) (in local coordinates, (y*(s,\))),
where s is an affine parameter along the geodesic, and A is a parameter which
labels the geodesics. Set
(s, A) _ (s, A)
Z(s,\) = = Oa;
(5 0) = =% on
for each A this defines a vector field Z along (s, \), which measures how nearby
geodesics deviate from each other, since, to first order, using a Taylor expansion,
(5, A) = 7%(5,20) + Z*(A = Ao) + O((A = Xo)?).-

To measure how a vector field W changes along s — 7(s, \), one introduces
the differential operator D/ds, defined as

DWH HWH
— = (TO’Y) + D5 W (A.14.1)
OWH
= %W N T (A.14.2)
= APV, (A.14.3)

(It would perhaps be more logical to write D gg “ in the current context, but

this is rarely done. Another notation for % often used in the mathematical
literature is .0s.) The last two lines only make sense if W is defined in a
whole neighbourhood of v, but for the first it suffices that W (s) be defined
along s — ~(s,\). (One possible way of making sense of the last two lines
is to extend, whenever possible, W# to any smooth vector field defined in a
neighorhood of v#(s, \), and note that the result is independent of the particular
choice of extension because the equation involves only derivatives tangential to

s (s, N).)
Analogously one sets
DWH O(WH on)
= e TR 0N A14.4
OWH
= Z°Vwn. (A.14.6)
Note that since s — (s, A) is a geodesic we have from (A.14.1) and (A.14.3)
DQ'y“ DA 827"
= = T*,5%%4% = 0. A4,
ds? ds 0s? 1y =0 ( 7

(This is sometimes written as y*V,¥* = 0, which is again an abuse of notation
since typically we will only know 4* as a function of s, and so there is no such
thing as V,4*.) Furthermore,
DZH 0%t
= NN
ds ~~~ 0s0A T as 10Ny
(A.14.1) (

_ Dy
~~ d\ ]
A.14.4)

(A.14.8)
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(The abuse-of-notation derivation of the same formula proceeds as:

21
S Gegn TarV O = ZVa
(A.14.3) (A.14.6)
= Vzik, (A.14.9)

V&Z” = ’.YVVVZMZ")/Vvya)\’y‘u

which can then be written as
ViZ =Vz%.) (A.14.10)

We have the following identity for any vector field W defined along +*(s, \),
which can be proved by e.g. repeating the calculation leading to (A.12.9):
D D D D
ZWHE Wk = R A zByd
75 X d)\dSW RF 5oy 27 W7 (A.14.11)
It Wk = A4# the second term at the left-hand side of (A.14.11) vanishes, and
from d)\"y =7 D 7 e obtain

D2 zn

F(S) = R JQB’YO‘ZB 0 (A1412)

This is an equation known as the Jacobi equation, or as the geodesic deviation
equation; in index-free notation:

D3*Z
ds?

= R(%, Z2)%|. (A.14.13)

Solutions of (A.14.13) are called Jacobi fields along ~.

INCIDENTALLY: The advantage of the abuse-of-notation equations above is that,
instead of adapting the calculation, one can directly invoke the result of Proposi-
tion A.12.3to obtain (A.14.11):

2
%(s) = 1"Va(i7Vs2")
= 4*Va(Z2°Vsi")
VOV G ZP )V gt + ZP4V Vgt
AN W ZPVV giH 4 ZPA (Vo Vg — Vg Vo)A + 2842V sV oA
OV W ZPVV giH + ZPAORF 503 + ZPHV 5V oM
OV W ZP)\V gt + ZPA*RF 5opi°
+2°V5(3°Vai") = (Z°V i) Vait. (A14.14)
Lo,

0

(¥
(3
(¥
(¥

A renaming of indices in the first and the last term gives
(1°VaZ?)Vpi" = (Z2°Vs7*)Vai" = (Va2 — Z2°Vai”)Vei",

which is zero by (A.14.10). This leads again to (A.14.12). O
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A.15 Exterior algebra

A preferred class of tensors is provided by those that are totally antisymmetric
in all indices. Such k-covariant tensors are called k-forms. They are of spe-
cial interest because they can naturally be used for integration. Furthermore,
on such tensors one can introduce a differentiation operation, called exterior
derivative, which does not require a connection.

By definition, functions are zero-forms, and covectors are one-forms.

Let ay, 2 =1,...,k, be a collection of one-forms, the exterior product of the
«;’s is a k-form defined as

(a1 VANEEIVAN ak)(Xl, . ,Xk) = det (CMZ'(X]')), (A151)

where det (o; (X)) denotes the determinant of the matrix obtained by applying
all the a;’s to all the vectors X;. For example

(dz? A da®)(X,Y) = XY — yex?,

Note that
dz? A da® = dz® ® da® — dab @ da® |

which is twice the antisymmetrisation dzl® @ dzV.
Quite generally, if « is a totally anti-symmetric k-covariant tensor with
coordinate coefficients ayq, .. q,, then

a = 0gyqd0" ® - @ dz*
= adl...akdx[al ® e ® dxak}
1
- Ham...akdxal Ao N dz
= Z Qg q dx™ N AN dx™ . (A.15.2)

a1 <---<ag

The middle formulae exhibits the factorial coefficients needed to go from tensor
components to the components in the dz® A --- A dz® basis.

Equation (A.15.2) makes it clear that in dimension n for any non-trivial k-
form we have k < n. It also shows that the dimension of the space of k-forms,

with 0 < k < n, equals
n\ n!
k) K(n—k)!

A differential form is defined as a linear combination of k-forms, with k
possibly taking different values for different summands.

Let Y be a vector and « a k-form. The contraction Y |a, also called the
interior product of Y and «, is a (k — 1)-form defined as

(YJCM)(Xl, PN an;—l) = a(Y, Xl, ce an;—l) . (A153)

The operation Y | is often denoted by iy .
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Let « be a k-form and 8 an ¢-form, the exterior product oo A 5 of o and S5,

also called wedge product, is defined using bilinearity:

alf=

a1<---<ag

b1<-"<bg
= Z aal...akﬁbl...bg X
a1 <--<ay, by <--<by
dz® A Adx®™ AdzP Ao Adxbe. (AL15.4)

The product so-defined is associative:

aN(BAY)=(aAB)Ay="aANBAT. (A.15.5)

INCIDENTALLY: In order to establish (A.15.5), we start by rewriting the definition
of the wedge product of a k-form « and [-form S as

11

(@A B) (X, Xit) 1= 45 > sen(m) (@@ B) (Xn(1ys -+ Xn(ht) »

TESk+1
(A.15.6)
where X; e T(TM) fori =1,...,k+1.
Let S, denote the group of permutations of p elements and let Qf(M) denote
the space of ¢-forms. For o € Q% (M), B € QY(M) and v € Q™ (M) we have

((a /\B) A ’7)(X1a s an-‘rl-i-m)

1
= Z sgn(7) (A B) @) (Xrays - - Xa(htitm))
(k+1)Im!
T mESktiem
1
= Z sgn(m)(a A B)(Xr)s -+ s Xnhr)) - V(Xn(etisr)s - - s Xo(htiem))
(k+1)Im!
T mESktigm
1
= m Z sgn() Z Sgn(ﬂl)(a®5)(X7r/(7r(1))7---7X7r/(7r(k+l)))'
. .7T€Sk+l+m, 7\'/€Sk+l

V(X (htt41)5 - - - Xkt itm) ) - (A.15.7)

We introduce a new permutation 7’ € Sk1i4.m such that

weg. 7' (m(i for 1<i<k+1,
”(”(2)):{w(g)()) for i>k+1,

which implies sgn(7”) = sgn(n’). One then obtains

(@A B) AKX+ o Xiiem)
1

= m Z sgn(r’) Z sgn(m)((a ® B) @ V(X (x(1)), - - - » Xa (w(kt14m))) -

T €Sk TESktitm
Set o := 7" o . Then sgn(c) = sgn(n”)sgn(r), thus

sgn(m) = sgn(o)sgn(r”) = sgn(o)sgn(n’)
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and we get
((Oé A 6) /\’Y)(Xl, . 7Xk+l+m)
_ 1 s
= Grnmmm 2 e
' €Skt
=(k+1)!
S smu0) (@ ® 8) ©7) (Ko - Xorriim)
Jesk+l+m
1
- kltm! Z sgn(o)((e ® f) @ ,Y)(Xg(lﬁ S 7Xcr(k+l+m)) .(A.15.8)

0E€ESkti+m

A similar calculation gives

(Oé A (/3 A ’Y))(}(l7 . 7Xk+l+m)
1
= T Z sgn(o)(a®@ (B 7)) (Xoys - Xo(ktitm)), (A.15.9)
oE€Skti+m
and the associativity of the wedge product follows.
The above calculations lead to the following form of the wedge product of n

forms, where associativity is hidden in the notation:

(ar Ao Nap) (X1, oo, Xyt tky)
1
= w2 M@ @@ an)(Xny e Xatkbotk)

n!
TESk) +...4kn

(A.15.10)

where a; € Q% (M) fori =1,...,nand X; € I(TM) for j =1,..., k1 + ...+ ky.
Let us apply the last formula to one-forms: if a; € Q(M) we have

(Ao ANap) (X1, ..., Xp) = Z sgn(m) (a1 @ -+ @ an)(Xr1)s -+ Xrn))
TESy
n
= Y sen(m) [ ei( X))
TESy =1
= det(ai(Xj)), (A.15.11)
where we have used the Leibniz formula for determinants. O

The exterior derivative of a differential form is defined as follows:
1. For a zero form f, the exterior derivative of f is its usual differential df.

2. For a k-form «, its exterior derivative do is a (k 4 1)-form defined as

1 1
da=d <—amm“kdm“1 AREEWAN d:c“’“) = Hdam,,,uk ANdzHt A A datE

k!
(A.15.12)
Equivalently
1
k!
k+1

= Gx 1)!3[5%1...%]61965 Adzt Ao Adat, (A15.13)

da = agam___ukdxﬁ AdxP" Ao A dat
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which can also be written as
(ala)mmﬂk+1 =(k+1) 8[#10‘#2.../%“] . (A.15.14)

One easily checks, using 0,03y" = 030,y", that the exterior derivative
behaves as a tensor under coordinate transformations. An “active way” of
saying this is

d(¢*a) = ¢*(da), (A.15.15)
for any differentiable map ¢. The tensorial character of d is also made clear by

noting that for any torsion-free connection V we have

] v (A.15.16)

i Xpzopieyn] = V[ Fpopr ] -

Again by symmetry of second derivatives, it immediately follows from (A.15.12)
that d(df) = 0 for any function, and subsequently also for any differential form:
d*a :=d(da) = 0. (A.15.17)
A coordinate-free definition of do is
da(Xo, X1,..., X)) = Y (-1)X; (a(XO,...,)/(;,...Xk))
0<j<k
+ Y ()Mal([Xi, X, Ko, X, Xy, (A15.18)
0<i<j<k
where )/(\g denotes the omission of the vector X,.

k l
It is not too difficult to prove that if a is a k-form and S is an /-form, then
the following version of the Leibniz rule holds:

koL k. L ek ¢
dlanp)=(da)ANB+(=1)" aA(dp). (A.15.19)
In dimension n, let o € {£1} denote the parity of a permutation, set

V0det gaglo(per ... pn) i (1 ... py) is a permutation of (1...n);
E,Ufl~~~,ufn = .
0 otherwise.

The Hodge dual xa of a k-form o = oy, .y, dz?* @ - - @ dzt* is a (n — k)-form
defined as

1

= meul"'ukﬂk+1...yn

ok PRl ) L@ dat (A.15.20)

Equivalently,

1
*auk+1~~un = k:!(n R k)!eulmukukﬂ---un

b (A.15.21)
For example, in Euclidean three-dimensional space,
*sl=deNdyNdz, xdv =dy Ndz, x(dy Ndz) =dx, x(de Ndy Ndz) =1,

etc. In Minkowski four-dimensional spacetime we have, e.g.,

*dt = —dx ANdy Ndz, *dxr=—dyANdzANdt,
*x(dt Ndx) = —dy Ndz, (dx ANdy) =—dzANdt, *(dxANdyAdz)=—dt.
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A.16 Submanifolds, integration, and Stokes’ theo-
rem

When integrating on manifolds, the starting observation is that the integral of
a scalar function f with respect to the coordinate measure

A"z = dx' - dx"

is mot a coordinate-independent operation. This is due to the fact that, under
a change of variables x — Z(x), one has

d”_/ ff( ) [Josz ()|, (A.16.1)

where the Jacobian J, .z is the determinant of the Jacobi matrix,

g ozt,... z")
ETO(, e |

Supposing that we have a metric

i o’ ord ko o k-
g = gis ()il = gig(2) oo (7(2)) g (2(2)) da*da’ = gra((w))datdat
(A.16.2)
at our disposal, the problem can be cured by introducing the metric measure
dpg == +/det g;;d"x . (A.16.3)
Indeed, using
oxk oz’

) =0F = Joe (8(2)) Jusa(x) =1,

z(z(x) =2 = T (z(z)) %( )

it follows from (A.16.2) that

det g;;()
[ Jamsz(2)]

dpg = \/det gij(z)d"x = y/det Gij (2(Z))|Jpsz (x) |d"z . (A.16.4)

This shows that
A f(x)y/det g;jd"x = /R f(x)\/det gij| Jpsz () |[d" 2

Comparing with (A.16.1), this is equal to

f@)dny = [ £ (al@) VTG = [ F@)dg.
Rn Rn Rn

\/det gij (T \/det 9i5(%)|Jzse (2(2)) | =

hence
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A similar formula holds for subsets of R™. We conclude that the metric
measure dj, is the right thing to use when integrating scalars over a manifold.

Now, when defining conserved charges we have been integrating on submani-
folds. The first naive thought would be to use the spacetime metric determinant
as above for that, e.g., in spacetime dimension n + 1,

/ f= f(O,:cl,...,x")\/detgm,dxl...dx".
{=0=0}

R

This does not work because if we take g to be the Minkowski metric on R",
and replace 20 by z° using 2° = 2z, the only thing that will change in the last
integral is the determinant ,/det g,,,,, giving a different value for the answer.

So, to proceed, it is useful to make first a short excursion into hypersurfaces,
induced metrics and measures.

A.16.1 Hypersurfaces

A subset .Y C A is called a hypersurface if near every point p € . there
exists a coordinate system {z!,... 2"} on a neighborhood % of p in .# and a
constant C' such that

S NU ={z' =C}.

For example, any hyperplane {! = const} in R" is a hypersurface. Similarly,
a sphere {r = R} in R" is a hypersurface if R > 0.
Further examples include graphs,

ot = f(2?,. . 2",

which is seen by considering new coordinates (z%) = (x! — f,2%,...2").

A standard result in analysis asserts that if ¢ is a differentiable function on
an open set € such that dy nowhere zero on Q N {p = ¢} for some constant c,
then

QN {p=c}

forms a hypersurface in 2.

A vector X € T,.#, p € 7, is said to be tangent to . if there exists
a differentiable curve v with image lying on ., with v(0) = p, such that
X = 4(0). One denotes by T.% the set of such vectors. Clearly, the bundle
T.7 of all vectors tangent to ., defined when . is viewed as a manifold on
its own, is naturally diffeomorphic with the bundle T.¥ C T.# just defined.

As an example, suppose that .7 = {z! = C'} for some constant C, then T.%
is the collection of vectors defined along .# for which X! = 0.

As another example, suppose that

S = {2 = f(2%)} (A.16.5)

for some differentiable function f. Then a curve ~ lies on .# if and only if
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and so its tangent satisfies
P =0+ O fA"
We conclude that X is tangent to . if and only if
X=X f+.. +X"0f = X'0;f <— X=X'0;foo+X'0;. (A.16.6)

Equivalently, the vectors

0if0o + 0;
form a basis of the tangent space T.%.
Finally, if
S =QnN{p=c} (A.16.7)

then for any curve lying on . we have
p(1(s)) =c¢ <= F*Oup=0 and ¢(7(0)) =c.
Hence, a vector X € T,,.# is tangent to .7 if and only if p(p) = c and
XFP0p =0 <= X(¢) =0 <= dp(X)=0. (A.16.8)
A one-form « is said to annihilate T.7 if
VX eTs  a(X)=0. (A.16.9)

The set of such one-forms is called the annihilator of T.#, and denoted as
(T)°. By elementary algebra, (T.%)° is a one-dimensional subset of T*.Z .
So, (A.16.8) can be rephrased as the statement that dy annihilates 7.%.

A vector Y € T,.# is said to be normal to ./ if Y is orthogonal to every
vector in X € T,,.7, where T},. is viewed as a subset of T),.# . Equivalently, the
one form g(Y,-) annihilates 7,.#. If N has unit length, g(N,N) € {-1,+1},
then IV is said to be the unit normal. Thus,

VX eT.”  g(X,N)=0, g(N,N)=ce{+1}. (A.16.10)

In Riemannian geometry only the plus sign is possible, and a unit normal vector
always exists. This might not be the case in Lorentzian geometry: Indeed,
consider the hypersurface

S ={t=x} cRM (A.16.11)

in two-dimensional Minkowski spacetime. A curve lying on . satisfies 7%(s) =
71(s), hence X is tangent to .# if and only if X° = X!. Let Y be orthogonal
to X # 0, then

0=n(X,Y)=X(-Y"+ Y1),

whence
Y=yt (A.16.12)

We conclude that, for non-zero X,

0=n(X,Y) = Y €T, in particular 0 =n(Y,Y),
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and so no such vector Y can have length one or minus one.

Since vectors of the form (A.16.12) are tangent to .¥ as given by (A.16.11),
we also reach the surprising conclusion that vectors normal to .¥ coincide with
vectors tangent to .7 in this case.

Suppose that the direction normal to .% is timelike or spacelike. Then the
metric h induced by g on & is defined as

VX, YT h(X,Y)=g(X,Y). (A.16.13)

Hence, h coincides with g whenever both are defined, but we are only allowed
to consider vectors tangent to . when using h.

Some comments are in order: If g is Riemannian, then normals to .7 are
spacelike, and (A.16.13) defines a Riemannian metric on .#. For Lorentzian g’s,
it is easy to see that h is Riemannian if and only if vectors orthogonal to .% are
timelike, and then . is called spacelike. Similarly, h is Lorentzian if and only
if vectors orthogonal to . are spacelike, and then .7 is called timelike. When
the normal direction to .7 is null, then (A.16.13) defines a symmetric tensor on
- with signature (0, +,- -, +), which is degenerate and therefore not a metric;
such hypersurfaces are called null, or degenerate.

If . is not degenerate, it comes equipped with a Riemannian or Lorentzian
metric h. This metric defines a measure duy which can be used to integrate
over ..

We are ready now to formulate the Stokes theorem for open bounded sets:
Let €2 be a bounded open set with piecewise differentiable boundary and assume
that there exists a well-defined field of exterior-pointing conormals N = N, dx#
to ). Then for any differentiable vector field X it holds that

/ Vo X%, = / X"N,dS . (A.16.14)
Q o0

If 0Q is non-degenerate, N, can be normalised to have unit length, and then
dS is the measure duj, associated with the metric h induced on 052 by g.

The definition of dS for null hypersurfaces is somewhat more complicated.
The key point is that (A.16.14) remains valid for a suitable measure dS on
null components of the boundary. This measure is not uniquely defined by the
geometry of the problem, but the product N,dS is.

INCIDENTALLY: In order to prove (A.16.14) on a smooth null hypersurface .4 one
can proceed as follows. Let use denote by N any smooth field of null normals to
A5 compare Appendix A.23, p. 316, where such a field is denoted by L. The field
N is defined up to multiplication by a nowhere-vanishing smooth function. We can
find an ON-frame {e,} so that the vector fields es,...e, are tangent to .4" and
orthogonal to IV, with

N = e)+eq. (A1615)
Note that {eg,e1} form an ON-basis of the space {ea,...,e,}*, and are thus de-
fined up to changes of signs (eg,e1) — (£eo,£e1) and two-dimensional Lorentz
transformations. If .4 = 02 we choose e to be outwards directed; then (A.16.15)

determines the orientation of eq.
Let {6} be the dual basis, thus the volume form du, is

dpg =60 N---NO™.
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Set
dS = —0"N---NO"| y,

where (---)|_# denotes the pull-back to .4#". It holds that
dS =—0ONOPN- - ANO"| . (A.16.16)
Indeed, we have X |dug4| 4 = 0 for any vector field tangent to .4, in particular

= Ny = (AR NGNGB A0

which is (A.16.16).
In the formalism of differential forms Stokes’ theorem on oriented manifolds
reads

/VMX“dug:/ X|dpg . (A.16.17)
Q a0

If 99 is null, in the adapted frame just described we have X#*N, = — X%+ X! and

Xldpglog = (X°0' A A" = XTONOP A A0 |90 = (—X° 4+ X1)dS
X'N,dS, (A.16.18)
as desired.
Since the left-hand side of (A.16.18) is independent of any choices made, so is
the right-hand side. a

REMARK A.16.2 The reader might wonder how (A.16.14) fits with the usual version
of the divergence theorem

/ Da X dpiy = / XHdS, (A.16.19)
Q [219]

which holds for sets {2 which can be covered by a single coordinate chart. For this
we note the identity

VXt = |d e Ou(V/| det g| XH), (A.16.20)

which gives

1
VoX%pg = | ———=0a det g| X~ detg|d"x = | Oq det g| X )d"™
J veX iy = [ et (VIEGIX) Vtglae = [ ou(VTATgIx" )

(A.16.21)
This should make clear the relation between (A.16.19) and (A.16.14). 0

A.17 0Odd forms (densities)

The purpose of this section is to review the notion of an odd differential n-form
on a manifold M; we follow the very clear approach of [270].

Locally, in a vicinity of a point zg, an odd form may be defined as an
equivalence class [(ay,, O)], where «, is a differential n-form defined in a neigh-
bourhood U and O is an orientation of U; the equivalence relation is given
by:

(an,(’)) ~ (—ap, _O) )
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where —O denotes the orientation opposite to . Using a partition of unity,
we may define odd forms globally, even if the manifold is non-orientable.

Odd differential n-forms on an m-dimensional manifold can be described
using antisymmetric contravariant tensor densities of rank r = (m — n) (see
[254]). Indeed, if f- are components of such a tensor density with respect to
a coordinate system (%), then we may assign to f an odd n-form defined by the
representative (v, O), where O is the local orientation carried by (z!,...,z™)
and 3

Q1= fu...w (ale A A ppen
In particular, within this description scalar densities (i.e., densities of rank
m —n = 0) are odd forms of maximal rank, whereas vector densities are odd
(m — 1)-forms.

0Odd n-forms are designed to be integrated over externally oriented n-dimen-
sional submanifolds. An exterior orientation of a submanifold ¥ is an orienta-
tion of a bundle of tangent vectors transversal with respect to ¥. The integral of
an odd form &, = [(ay,, O)] over a n-dimensional submanifold D with exterior
orientation O, is defined as follows:

[ a= [ e

(Dyoext) (D7Oint)

)J(d.’L’l/\.../\d(L‘m).

where O, is an internal orientation of D, such that (O, Oi) = O; it should
be obvious that the result does not depend upon the choice of a representative.
For example, a flow through a hypersurface depends usually upon its exterior
orientation (given by a transversal vector) and does not feel any interior orien-
tation. Similarly, the canonical formalism in field theory uses structures, which
are defined in terms of flows through Cauchy hypersurfaces in spacetime. This
is why canonical momenta are described by odd (m —1)-forms. The integrals of
such forms are insensitive to any internal orientation of the hypersurfaces they
are integrated upon, but are sensitive to a choice of the time arrow (i.e., to its
exterior orientation).
The Stokes theorem generalizes to odd forms in a straightforward way:

/ ddnf 1= / dnfl 3

(Dyoext) 8(Daoext)

where d[(ap, O)] := [(day, O)] and 9(D, O.) is the boundary of D, equipped
with an exterior orientation inherited in the canonical way from (D, O.,,). This
means that if (e1,...,e,—p) is an oriented basis of vectors transversal to D and
if f is a vector tangent to D, transversal to 0D and pointing outwards of D,
then the exterior orientation of 9(D, O, ) is given by (e1,...,em—n, f).

A.18 Moving frames

A formalism which is very convenient for practical calculations is that of moving
frames; it also plays a key role when considering spinors. By definition, a
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moving frame is a (locally defined) field of bases {e,} of TM such that the
scalar products

ab = 9(€a; ) (A.18.1)

are point independent. In most standard applications one assumes that the e,;’s
form an orthonormal basis, so that g, is a diagonal matrix with plus and minus
ones on the diagonal. However, it is sometimes convenient to allow other such
frames, e.g. with isotropic vectors being members of the frame.

It is customary to denote by w®,. the associated connection coefficients:

W = 0%(Ve.ep) <= Vxep=w X, (A.18.2)

where, as elsewhere, {0%(p)} is a basis of Ty M dual to {e.(p)} C T,M; we will
refer to 0% as a coframe. The connection one forms w?, are defined as

wh(X) =0%(Vxey) <= Vxep=w"(X)e, ;. (A.18.3)

As always we use the metric to raise and lower indices, even though the w%.’s
do not form a tensor, so that

Wabe += gadwebc ,  Wab = gaeweb . (A184)

When V is metric compatible, the wy,’s are anti-antisymmetric: indeed, as the
Jap’s are point independent, for any vector field X we have

0= X(gar) = X(g(ea,e)) = g(Vxea,ep) + g(ea, Vxep)
= g(wa(X)ec, &) + gleq, wy(X)eq)
= g a(X) + gaaws(X)
= wpe(X) + wap(X) .

Hence

Wap = —Wpa <  Wape = —wbac‘. (A.18.5)

One can obtain a formula for the wy’s in terms of Christoffels, the frame
vectors and their derivatives: In order to see this, we note that

g(eaa veceb) = g(eaa wdbced) = gadwdbc = Wabc - (A186)

Rewritten the other way round this gives an alternative equation for the w’s
with all indices down:

Wabe = G(€a, Ve ) <= wap(X) = gleq, Vxep). (A.18.7)
Then, writing
eq = €0y,
we find
Wabe = g(eaualu eckv)\eb)

= guoea"e N (Ohe” +T5,ep”). (A.18.8)
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Next, it turns out that we can calculate the wgy,’s in terms of the Lie brackets
of the vector fields e,, without having to calculate the Christoffel symbols. This
shouldn’t be too surprising, since an ON frame defines the metric uniquely. If
V has no torsion, from (A.18.7) we find

Wabe — Waeh = g(em veceb - vebec) = 9(€a7 [607 eb]) .

We can now carry out the usual cyclic-permutations calculation to obtain

Wabe — Wach = g(ea, [eca eb]) )
_(wbca - wbac) = —g(eb, [eav ec]) s
_(wcab - wcba) = _9(607 [eb7 ea]) .

So, if the connection is the Levi-Civita connection, summing the three equations
and using (A.18.5) leads to

Weba = % (g(eaa [667 eb]) - g(eba [ed7 ec]) - g(ew [ebv ea])) . (A'18'9)

Equations (A.18.8)-(A.18.9) provide explicit expressions for the w’s; yet another
formula can be found in (A.18.11) below. While it is useful to know that
there are such expressions, and while those expressions are useful to estimate
things for PDE purposes, they are rarely used for practical calculations; see
Example A.18.3 for more comments about that last issue.

It turns out that one can obtain a simple expression for the torsion of w
using exterior differentiation. Recall that if « is a one-form, then its exterior
derivative da can be calculated using the formula

do(X,Y)=X(aY)) - Y(a(X)) — a([X,Y]). (A.18.10)
EXERCICE A.18.1 Use (A.18.9) and (A.18.10) to show that

Weba = %( — Naa d0% (e, ) + Mpa A0 (e, €c) + 1eq dO° (es, ea)) ) (A.18.11)

a

We set
TX,Y) :=04(T(X,Y)),
and using (A.18.10) together with the definition (A.9.16) of the torsion tensor
T we calculate as follows:
T(X,Y) = 04(VxY —-VyX —[X)Y])
= XYY +w%(X)YP - V(X9 —w% (V)X - 64X, Y])
= X(6°(Y)) = Y(6"(X)) = 0°([X, Y]) + w(X)0°(Y) — w(Y)6"(X)
= dO(X,Y)+ (W% AB°)(X,Y).
It follows that
T = df® 4+ w™ A 6°. (A.18.12)

In particular when the torsion vanishes we obtain the so-called Cartan’s first
structure equation

do® +w¥ AG° =0]. (A.18.13)
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ExXAMPLE A.18.2 As a simple example, we consider a two-dimensional metric of

the form
g = da® + e*dy?, (A.18.14)

where f could possibly depend upon x and y. A natural frame is given by
' =de, 0*>=cldy.
The first Cartan structure equations read

0= do' +w'y AO® = w's AO?,
0

1

since w1 = w11 = 0 by antisymmetry, and

0= di* +wWA0°=0,f0" NO% +w? NG,
ef 8, fdzNdy

It should then be clear that both equations can be solved by choosing w15 propor-
tional to 62, and such an ansatz leads to

Wiz = —wa = —0, f 0% = —&C(ef)dy. (A.18.15)

We continue this example on p. 288. O

ExaMPLE A.18.3 As another example of the moving frame technique we consider
(the most general) three-dimensional spherically symmetric metric

g=ePMdr? + 2 ge? 4 27 5in2 dp? . (A.18.16)
There is an obvious choice of ON coframe for g given by
o' = e®Mdr, 02 =e7dp, 63 = 7 sinbdy, (A.18.17)
leading to
g=0'® ' +60?2 0> +0°w 63,
so that the frame e, dual to the 8%’s will be ON, as desired:

Gab = g(ea; eb) = dlag(la ]-7 ]-) .

The idea of the calculation which we are about to do is the following: there is only
one connection which is compatible with the metric, and which is torsion free. If we
find a set of one forms wg;, which exhibit the properties just mentioned, then they
have to be the connection forms of the Levi-Civita connection. As shown in the
calculation leading to (A.18.5), the compatibility with the metric will be ensured if
we require

w11 =way =ws3 =0,

W12 = —W21, W13 = —W31, W23 = —W32.
Next, we have the equations for the vanishing of torsion:
0=do* = —w' 0 —wHo? — w6
~—~
=0
— 7w1292 o w1393 ’

do?> = ~'eVdrAdh =~"e o' A 6>
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= — W21 91 — w22 92 — W2393
<~ <~
——wly =0
_ w1291 o w2393,
do® = ~'e'sinfdr Adp+ e cosfdh Adp =~'e PO N3 + e cot66% A GP
= — w31 91 — w32 92 — w33 93
N <~ <~
=—wls =—w?3 =0

= w1391 + w2392 .

Summarising,
—whyh? — w03 = 0,
whyot —w20° = e POt AG?,

wlsft +w230° = e PO NG + eV cot 062 A 63

It should be clear from the first and second line that an w's proportional to #2 should
do the job; similarly from the first and third line one sees that an w's proportional
to 63 should work. It is then easy to find the relevant coefficient, as well as to find

w23:
wly = —eP0? = —~'ePHdp,
wls = —e P03 = —v'e P sinbdyp,
w23 = —e Ycotfh = —cosfdy.

We continue this example on p. 288.

It is convenient to define curvature two-forms:
1
Q% = R%q40° ® 0% = iRabcdHC AR

The second Cartan structure equation reads

Q% = dw + w A w ‘

This identity is easily verified using (A.18.10):

Q%(X,Y) = %Rabcd 6° A 04X, Y)
=Xcyd_xdye
= R%aX°Y?
= 0(VxVye, — VyVxep, — Vixy)e)

(A.18.18a)
(A.18.18b)
(A.18.18¢c

a

(A.18.19)

(A.18.20)

= 0*(Vx(WB(Y)er) = Vy(wh(X)ee) — w([X, Y])ee)

— ¢ (X(wcb(Y))ec + W (Y)V xee

Y (@y(X))ee — W (X)Vyeo = wh([X, Y])ec
= X(W%(Y)) +wB(Y)w(X)
Y (W (X)) = w5 (X)we(Y) = w([X, Y])
= X(W%(Y)) - Y (X)) — (X, Y])
=dwa,(X,Y)
+%o (X ) (V) — w0 (Y)w(X)
= (dw +w' Aw%)(X,Y).
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Equation (A.18.20) provides an efficient way of calculating the curvature tensor
of any metric.

EXAMPLE A.18.4 In dimension two the only non-vanishing components of w?;, are
wly = —w?y, and it follows from (A.18.20) that

'y = dw'y +wly Aw®s = dw's . (A.18.21)

In particular (assuming that 62 is dual to a spacelike vector, whatever the signature
of the metric)

Rdu, = RO'ANO%=2R"150" AO? = R'5,,0° N 0" =205
= 2dw's, (A.18.22)
where dpg is the volume two-form. a

INCIDENTALLY: EXAMPLE A.18.2 CONTINUED We have seen that the connection
one-forms for the metric

g = dz® + 2 dy? (A.18.23)
read
w12 = —W9o1 = —C%Lf 92 = —6x(€f) dy
By symmetry the only non-vanishing curvature two-forms are 15 = —Q9;. From

(A.18.20) we find

Q1o = dwis + wip Awby = fai(ef) dx Ndy = fe_fai(ef) 0 A 62
—_——
=wiaAw25=0

We conclude that
Rigia = —e 102(ef). (A.18.24)

(Compare Example A.12.6, p. 261.) For instance, if ¢ is the unit round metric on the
two-sphere, then ef = sinz, and Rip12 = 1. If e/ = sinhz, then g is the canonical
metric on hyperbolic space, and Rjs12 = —1. Finally, the function e/ = coshz
defines a hyperbolic wormhole, with again Ris10 = —1. O

INCIDENTALLY: EXAMPLE A.18.3 CONTINUED: From (A.18.18) we find:

QIQ = dwlg + wll /\wlg +w12 AN w22 +w13 /\w32
N ~  ——
=0 =0 ~03N03=0

= —d(ye Pdp)

= —(ye P)dr A db

- _(,y/e*ﬁJr’Y)/e*ﬁ*’Yel A 62
= Z R12ab9a N 9b ,

a<b

which shows that the only non-trivial coefficient (up to permutations) with the pair
12 in the first two slots is

Rlyip = —(y/e Pt1)e P77, (A.18.25)
A similar calculation, or arguing by symmetry, leads to

Rlzi3 = —(4/e PH7)e P, (A.18.26)
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Finally,
923 = dw23 + w21 A\ w13 + w22 /\w23 + w23 VAN w33
N -
=0 =0
= —d(cosOdp) + (e PO*) A (e P6%)
(6—27 . (7’)26_2’6)92 A 93 ,
yielding

R2323 _ 6—27 o (")/,)26_2’6 )
The curvature scalar can easily be calculated now to be
R = R”z] 2(R1212 +R1313 +R2323)
= (e PP 1 2(e7 P — (y) e ).

289

(A.18.27)

(A.18.28)

a

ExAMPLE A.18.7 Consider an n-dimensional Riemannian metric of the form

g =e"Mdr? 4 210 o p(2C)datda® .

=:h

(A.18.29)

Let 64 be an ON-frame for ]Dl, with corresponding connection coefficients w4 5:

o + o5 NGB = 0.

Set )
o' = eldr, 04 =ef0t.

Then the first structure equations,

dot +wlp NOB =0,
0
d(efHDA)—i—ethl Adr+efwirp AOB = 0,

are solved by

This leads to

QAl = de1 +wAB Aw?By
= e e ) 0t Ao,
04y = 04, - e—2h—2f((ef)/)2 04 Nl
where QA B are the curvature two-forms of the metric fcz,
. 1. . . e 2f .
Q4p = 5RABCD 04 N OB = RApcp 04 A OP.
Hence
R —e e el)) o
RYpe = 0 = R'p,
Ripep = e R%pop — e 22 ((e!))?6{k9p1B
RAc = —e I ((e™"(ef)) + (n— 2)e "~ ((ef))?) 52
+e ¥ RAc,
RY = —(n—De (e )Y,
R —(n—1De "I (2(ee)) + (n = 2)e” " ((ef))?)
+e_2flo%.

(A.18.30)

(A.18.31)
(A.18.32)

(A.18.33)

(A.18.34)
(A.18.35)
(A.18.36)

(A.18.37)
(A.18.38)

(A.18.39)



290

APPENDIX A. PSEUDO-RIEMANNIAN GEOMETRY

Let g be the space-part of the Birmingham metrics (4.6.1)-(4.6.2), p. 150, thus
g takes the form (A.18.29) with

_ 2m r?
ef =r, th:ﬂ—rn—_Q—eej, ec{0,+1}, (A.18.40)
where 8, m and ¢ are real constants. Then
€ _
RAIBI = (6_2 — m(n - 2)7" n)(5§ 5 (A1841)
RYpc = 0 = R'p, (A.18.42)
: B e _
RAcp = RAcp — (r_2 —mt 2mr ")6{“09D]B, (A.18.43)
RAL 2(n —2) (mr? — pr) + e(n — 1)r”+25A
B = (2pnt2 B
+r2R4p, (A.18.44)
€ -n
RY = (n— 1)(6—2 —m(n—2)r"), (A.18.45)
(n—1) (enr? — B%(n — 2) e
R = ( 723 ) +r°R. (A.18.46)
If h is Einstein, with ) )
Rap = (n—Q)BhAB, (A.18.47)
the last formulae above simplify to
Z(n—2)r "2 (B(n—2)r" +mr?) +e(n—1)
RAp = ( 7 ) 05, (A.18.48)
e(n—1)n
R = ——5—. (A.18.49)
O
EXAMPLE A.18.8 We can use (A.18.11),
1
Weba = 3 ( — Naq d0% (e, ) + Mpa A0 (eq, €0) + Neq dO ey, ea)) , (A.18.50)

to determine how the curvature tensor transforms under conformal rescalings. For
this let g = 1,0%0° with dng, = 0, and let

7= g=nwe’ 0 2e’0" =100 . (A.18.51)

If the vector fields {e,} form a basis dual to the basis {6}, then the vector fields
€, = e Te, provide a basis dual to {#°},

1
Weba = = ( — Nad d(efﬁd)(e_fec, e_feb) + Mg d(ede)(e_fea, e_fec)

2
(el 07 e en, )

et (wcba + % ( — Nad (df NOY)(ec, en) + Mpa (df A OV (eq,ec) + Nea (df A OY)(ey, ea)>)

e_f (cha - na[bec](f) + nb[cea](f) + NclaCb) (f))
e ! (cha - nabec(f) + naceb(f)) . (A.18.52)
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Equivalently,
wcb == wcbaga == efwcbaea = Wep + (nacvbf - navaf)ea . (A1853)

Taking the exterior derivative one finds

ch == ch + (nabvdvcf - nacvdvbf
+NacVafVof +naoVefVaf — nacndb|df|§)9a AGT. (A18.54)

Reexpressed in terms of the Riemann tensor, this reads
62fﬁcbad = Recpad + 2(nb[avd]V6f - nc[avd]vbf

+nc[avd]fvbf + nb[dva]fVCf - nc[and]b|df|?]) s (A1855)

where the components R.;.q are taken with respect to a g-ON frame, and all com-
ponents of the right-hand side are taken with respect to a g-ON frame. Taking
traces we obtain, in dimension d,

X Ry = Roet(2—d) (vavc o VofVef + |df|§nac) — Ay fiiae (A18.56)
'R = R+(1—d)(20sf + (d—2)[df|2). (A.18.57)

a

The Bianchi identities have a particularly simple proof in the moving frame
formalism. For this, let % be any vector-valued differential form, and define

Dy = dip® + w AP (A.18.58)
Thus, in this notation the vanishing of torsion reads
DO =0. (A.18.59)

Whether or not the torsion vanishes, we find

D7 = dr% 4w AT = d(d® 4+ wy A Hb) + w A (dO° + w A Hb)
= dwy AB° — Wy AdO® + we A (dOC + Wy A 6D)
Q% A Hb .

If the torsion vanishes the left-hand side is zero, and we find
Q%W A0 =0. (A.18.60)
This is equivalent to the first Bianchi identity:
0=0Q%A0"= %Rabcdec NOTAO" = ROeg0° AOTNE" = R%q =0.
(A.18.61)

Next, for any differential form o, with two-frame indices, such as the cur-
vature two-form, we define

Da% = da®, + w Aoy — w Ao, (A.18.62)
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(The reader will easily work-out the obvious generalisation of this definition
to differential forms with any number of frame indices.) For the curvature
two-form we find

DQ%Y = d(dw“b +wi A wcb) + w AQ% — w A QY
= dw® AW — w Adwy + we A Q% — w A QY
= (Q% —w% Aw®) Aw —w A (Q% — w'e Aw®)
Fwr' AQ% — WG AQY% =0.
Thus
DY = 0, (A.18.63)

Let us show that this is equivalent to the second Bianchi identity:

1 1
0 = D% = iR“bc;de NN 5J%“Um;d]ad NN
<~ Ra[bc;d} =0. (A1864)

Here the only not-obviously-apparent fact is, if any, the second equality in the
first line of(A.18.64):

1
DOy = (d(Rabefee AOT) + W A Royep 06 N OT — Wl A R% s 6° A 9f>
1
= = ( dR%; MO NOT + R%ep dO° ANOT 4+ R%;0° A dO7
2 N ) ~~ ~~

ex(R%ey) OF —we Aok —wf pNOF

+Rcbef whe A O A Gf — Racef OJCb ANUAN (9f>

1
= Ve Ry AN (A.18.65)

as desired.

A.19 Lovelock Theorems

In [191] Lovelock showed that the equations
1
Rij — 5 Rgij + Agij = 8nTi;

are the only second-order equations for the metric in spacetime dimension four
in which the “matter conservation law” VT ij = 0 is a consequence of the
equations.? In this Appendix we will present Lovelock’s results, and derive
some of them.

3Compare Remark A.19.2, Proposition A.19.4 and Theorem A.19.5 below.
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A.19.1 Lovelock Lagrangeans

As pointed out by Zumino [282], the moving-frame formalism of Appendix A.18
is particularly efficient in proving the “if part” of the following theorem of
Lovelock, in which Lagrangeans in spacetime dimension d are considered to be
d-forms:

THEOREM A.19.1 (Lovelock [190]) Let the spacetime dimension be d. A diffeomorphism-
invariant Lagrangean £ depending only upon the metric and its derivatives up
to order two leads to second-order field equations for the metric if and only if
£ is a linear combination of the volume form and of the following d-forms,
with 2k + 2 < d:
L= €U0 0y N NS

Aay s N+ Nbay - (A.19.1)

A2k 4102k 42 A2k+3

REMARK A.19.2 A pure volume-form part of a Lagrangean contributes a cos-
mological constant to the field equations, while the variation of %) produces
the Einstein tensor; cf. (A.19.6) and (A.19.10) below.

We emphasise that in each dimension there is only a finite number of such
Lagrangeans, e.g. in d = 4 only k = 0 and k£ = 1 occur. Proposition A.19.4
below shows that the case &k = 1 and d = 4 is irrelevant as far as the field
equations are concerned, as it does not contribute to those equations.

INCIDENTALLY: Curiously enough, the integrand of the Weyl tube-volume formula [277]
involves only linear combinations of the Lovelock d-forms .%. This raises the per-
plexing question of existence of a relation between the formula and the Lovelock
theorems.

PrOOF: We will only prove the easier part of the theorem, namely that the
variation of %}, produces a tensor which depends at most upon two derivatives
of the metric.

A variation of the metric will produce a variation 66 of the moving frame
and an associated variation dw?®; of the connection coefficients. From the form
of %4, we see that the derivatives 9,00 will enter in the variation §.%}; through
the variations dw?, only. The contribution of undifferentiated variations 96
will only produce terms which contain at most two derivatives of the metric.
Therefore, to establish the claim it suffices to show that the contribution of
the variations dw?, of the connection coefficients to the variation of the action
vanishes.

From (A.18.20) we find

0% = d(0w?) + dw®e A w + w?e A dw = Dow?y, . (A.19.2)

Using the vanishing of the torsion, D§® = 0, and the second Bianchi identity,
DQ%, = 0, one finds that the variation 0.4} of £} associated with the dw?,’s is
a full divergence and therefore will not contribute to the field equations:

5$k — @104 <5Qa1a2 A A Qa%Ha%_s_2 A 0‘12k+3 Ao A gad + ...
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+Q£11a2 ARRRNA 6Qa2k+1a2k+2 A 0a2k+3 ARERRA 0%)
= ketad D5Wa1a2 A A Qazk+1@2k+2 A 0a2k+3 VANRIERIVAN Had
= B gy A A gz Mgy A A ay) - (A.19.3)
The result is thus established. O

We emphasise that (A.19.2)-(A.19.3) hold for any variations of the con-
nection, whether associated with a variation of the frame coefficients or else.
This implies that the integral of .} over a compact manifold does not depend
upon the metric when 2k 4+ 2 = d. Since any two Riemannian metric g; and go
on a manifold M can be joined together by the family of Riemannian metric
tg1 + (1 —t)g2, t € [0, 1], we conclude that:

PROPOSITION A.19.4 Let (M,g) be a compact Riemannian manifold of even
dimension without boundary, then the integral

/ Las (A.19.4)
M 2

1s metric-independent.

In particular the integral (A.19.4) is an invariant of the differentiable struc-
ture of M.

Equation (A.19.9) below shows that Proposition A.19.4 with d = 2 is closely
related to the Gauss-Bonnet theorem,

/ R=4nx(M) =8n(1-g), (A.19.5)
M

where g is genus and x (M) is the Euler characteristic of M. Proposition A.19.4
fails, however, to convey the whole strength of (A.19.5), as it does not relate
the integral to the genus.

In order to determine the field equations arising from the Lagrangeans of
Theorem A.19.1 one needs to calculate

0Z%
57 (A.19.6)
with 2k + 2 < d.
If we agree that .Z_1 is the volume form,
La=0 N NOg=+/|detg|dzt A--- A da?, (A.19.7)
then 5
" 1
5 Z.jl = 59 V|detgldzt Ao A dx?, (A.19.8)
g

This expresses the well known fact that a multiple of the volume form in the
action contributes a cosmological-constant term to the field equations.
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Equation (A.19.9) with k£ = 0 requires d > 2 and reads

Lo = €000 NOag Ao Nl
1
= 56“1---%}%@1@"1”20,,1 A Oy AOgy A+ A g,
1
= §€a1"'ad€b1b2a3...adRa1a2b1b2 ‘91 JARERIVAN Hd

(d—2)16," 6 Ry, 1201 A -+ A 0y
(d—21RO A Aby
= (d—2)!R+/|detg|dz' A--- A da? (A.19.9)

where, as usual, R is the scalar curvature. The corresponding contribution to
the field equations is the Einstein tensor:

5%
dgh

1
~ Gz’j = Rij — ERgij . (A.19.10)

In general the calculation of §.7};/6g;; might appear to be tricky because of
the constraints

0=20dg% = 5(9”9%91’]’) , 0=0T"=06(d0* + w A ¢9b) , 0= 0(wap + wea) ,
(A.19.11)
which have to be satisfied in an orthonormal frame formalism when the curva-
ture tensor arises from the Levi-Civita connection of a metric g. Fortunately,
it turns out that for Lagrangeans as in Theorem A.19.1 the equations

5L

5q7 (A.19.12)
are equivalent to the equations
0L
=0 A.19.13
89aj ’ ( )

where the 6%; are unconstrained variables, with the 2%’s treated as if indepen-
dent of the 0%;’s. The key fact for this is (A.19.3) together with invariance of
%, under Lorentz transformations.

To see the equivalence of (A.19.12) and (A.19.13),* note first that the last
constraint in (A.19.11) is trivial to implement by restricting oneself to anti-
symmetric wgp’s.

Next, the identity (A.19.3) holds as long as the field configuration has van-
ishing torsion, regardless of whether the variation of the fields satisfies 7% = 0.
So, the vanishing of the variation of the torsion is irrelevant for the problem at
hand.

In order to implement the first constraint in (A.19.11) let us write

1 1 1 1
50, = 5(% + aab)eb = 8= (a“b + aab)ebj = 5a% + 50,
(A.19.14)

4T am grateful to Orlando Alvarez for pointing out this argument.



296 APPENDIX A. PSEUDO-RIEMANNIAN GEOMETRY

where aq, = apq and oy, = —0op,. Then the variations of the fields generated by
the o4’s correspond to Lorentz-rotations. From (A.19.14) and anti-symmetry
of the o,’s we have

8gij = 0(gap0®i0%;) = a0 , (A.19.15)

so that the «,;’s are in one-to-one correspondence with variations of the metric.
Lorentz-invariance of .4} implies that for variations with compactly sup-
ported o4’s and vanishing a’s we have, taking into account (A.19.3),

1 (6L 1 [ 0%
_ _1 o _ 1 a A19.1
0 5/319 5 (59“]-0 i=3 aeaja j (A.19.16)

Hence, for all compactly supported variations §6* we have

_ [ Lhpe  [OLpe L [0L o 1 [0L
5/.,%19 = 50%59 = 89%50 iz aeaja ]—1—2 aﬁaja ;
0
Y (0L jee L [0k e
~ 2 89aj9 K909t = 5 5.9a].‘9 kg 09¢; - (A.19.17)

This string of equalities shows that for .£’s which are a finite sum of .%;’s it
holds that
L 0L

0L
e L ket —
59(] 0 <= 59aj kg 0 S 69aj

=0, (A.19.18)

as desired.
For further reference we note that (A.19.16) together with the fact that oy, is
an arbitrary antisymmetric tensor field imply that the tensor field (0.2} /060%;)gi¢0 ;
is symmetric:
0% 0%
%gz‘éeaj = Waigz‘jeaﬁ . (A.19.19)

A.19.2 Lovelock tensors

It is a standard fact in calculus of variations that variations of diffeomorphism-
invariant Lagrangeans

L =LO'A---NO?,

depending only upon the metric and a finite number of its derivatives, produce
tensors with vanishing divergence:

(0L i 6L\ i 1 8(Ly/dety)
7 (1) 0 (L) o (ST

Here x denotes Hodge duality, and we continue to assume that the spacetime
dimension equals d. Indeed, variations of the metric associated with the flow of
a vector field are of the form dg;; = V(;§;), so that for Lagrangeans depending
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only upon the metric and its derivatives (up to any order) we have, after a few
integrations by parts,

6.,2”
5/.3 5 7995 = | 57V (A.19.21)

assuming that & is compactly supported. When % is diffeomorphism-invariant
the left-hand side vanishes, and yet another integration by parts gives

0:5/.,%:—/v2‘(§°i)§]

Since ¢ is arbitrary, (A.19.20) follows.

In particular, variations with respect to the metric of linear combination of
the Lovelock Lagrangeans %} provide symmetric divergence-free tensors which
depend only upon the second derivatives of the metric. In fact, as before we

find from (A.19.3) that

(A.19.22)

_ 0Ly a.
5/,,2”k = | Bes, 60%; (A.19.23)
0L

where the derivative 55— is calculated by viewing the {2y’s and the 6%;’s as
J

independent unconstrained variables. Let us set
1 .
50%; = _§gw9ajagff . (A.19.24)

Inserting (A.19.24) into (A.19.26) with a variation dg% arising from a flow, we
find

0% 0%

— Lk e s558 — o 7 Led)
0 60‘119160 j(sg aealglge jv g
8$k
- _ J
/v g0t )@, (A.19.25)
where we have used (A.19.19). Arbitrariness of  implies, as before,
0L
] a
v ( g 9 ) (A.19.26)

providing thus for each 0 < k < (d — 2)/2 a symmetric, divergence-free tensor,
which is a homogeneous polynomial of order k in the curvature tensor.
We have therefore proved the “if part” of the following theorem of Lovelock:

THEOREM A.19.5 (Lovelock [190]) All divergence-free symmetric tensors of va-
lence two which depend only upon the metric and its derivatives up to order two
are linear combinations of the metric and of the tensor fields

*afk
60“j

0°®9;, (A.19.27)

with £, given by (A.19.1). Here, when calculating the derivatives in (A.19.27),
the moving frame 0% and the two-forms Q4 should be considered as independent,
unconstrained variables.
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An explicit calculation of the tensors (A.19.27) with 2k + 2 < d can be
carried out as follows: Let, as usual, {e, = €,70;} denote the frame dual to
{6% = 0%;dz'}. We have, denoting by §.%; and §0% = §0%;dx’ the differentials
of ), and 0; at remaining variables fixed,

0%
0%, = 907, 00%; = (d — 2k —2) x
€M 1an N AN Qagyrasprs N Oaggys N+ A Gaa 005 da?

ejbgbcec

= (d — 2k — 2) X ejbgbc (59%‘ X
gaadealmadQQIQQ ARERRA Qa2k+102k+2 N 6(12k+3 ARERRAY
= (d—2k—2) x e/4g"60% x A(k)ae x O' A -+ NGO (A.19.28)

For 2k + 2 < d, we see that the k-th Lovelock tensor A(k), as normalized
above, has frame components A(k),. equal to

A(k)ac = *(gaad€a1...ad Qalag /\ st /\ 9a2k+3 /\ te /\ 90)
~——

%Ra1a2b1bz€b1 Ng*2
1
_ ai...aq biba bok+1bak12
= ok+l * (gaade Ra1a2 Ra2k+1azk+2 + 2
Oos Al A+ A Oy Ny ANy A A6
1
. ai...aq biba . bog1b2k12
- 2k+1 g@ade ebl---b2k+2a2k+3~~~ad710R‘MQQ Rd2k+1azk+2 * *
_ — 3)! |
_ (d 2k 3)(2k + 3) 650,1 5a2k+2 5ad R bi1bo R b2k+1b2k+2
9k+1 b1 " " Tbakg2 (] Yaagaras A2k +102k+2 ’
=ZCk7d
with € = 1 in Riemannian and € = —1 in Lorentzian signature.

INCIDENTALLY: The following simple proof of symmetry of the tensors A(k) has
been pointed out to us by O. Alvarez. Set

O, -~ Oy 120 - (A.19.30)

Naa...az2x4+2bb1...bagt2 ‘= JacYaicy - - - Jaspiocanio
Clearly
(A.19.31)

Naas...azk42bb1...bag 2 — Tlbbi...bagt2aar...a2k 42

From (A.19.29), (A.19.31) and the pair-interchange symmetry of the Riemann ten-
sor we have
A(k)ab = Cha 5ﬂaal...a%”bblH‘b%”Rala?ble .. R02k+1a2k+2b2k+lbzk+2

= Cha 5nbbl,..b2k+2aa1...a2k+2Rala2b1b2 L. Razk+1a2k+2b2k+1b2k+2

Chd 5nbbl,..b2k+2aa1...a2k+2Rb1b2ala2 .. Rb2k+1b2k+2a2k+la2k+2

= A(k)ba, (A.19.32)

as desired. 0

(A.19.29)



A.20. CLIFFORD ALGEBRAS 299

As an example of tensors (A.19.29), when k£ = 0 we have

A(0)% ~ BS8L672 0% Rayay" " = (57107205, + 07 672,68 + 6711 6726 ) Rayay '

(o295 9 e Ob] 1b1%5]% T+ O1b, 0]

1
= (R, "% + Ry, %262 + Ry, ®?) = —2(R%. — SR, (A19.33)

which is proportional to the Einstein tensor, consistently with (A.19.10).
The case k = 1 requires a somewhat lengthy calculation [189]

A ~ 2R™R,’ + 2Ry R"" — RRY — R™ R
1 ..
_Zgw (4RuvRuv _ R2 _ RuvstRqut) ) (A.19.34)

A.20 Clifford algebras

Our approach to the description of Clifford algebras is a variation upon [36].

Let ¢ be a non-degenerate quadratic form on a vector space over K, where
K =R or C. Let &« be an algebra over K. A Clifford map of (W, q) into < is
a linear map f: W — & with the property that, for any X € W,

f(X)? = —¢(X,X). (A.20.1)
By polarisation, this is equivalent to
FXOFY)+ fV)f(X) = —29(X,Y). (A.20.2)

for any X, Y € W.

Note that a Clifford map is necessarily injective: if f(X) = 0 then ¢(X,Y) =
0 for all Y by (A.20.2), hence X = 0. Thus dim &/ > dim W whenever a Clifford
map exists.

The Clifford algebra C¢(W,q) is the unique (up to homomorphism) associa-
tive algebra with unity defined by the following two properties:

1. there exists a Clifford map x: W — C¢(W, q), and

2. for any Clifford map f: W — & there exists exactly one homomorphism
f of algebras with unity f : C¢(W,q) — < such that

f="Fox.

The definition is somewhat roundabout, and takes a while to absorb. The
key property is the Clifford anti-commutation rule (A.20.2). The second point
is a way of saying that C'¢(W, q) is the smallest algebra for which (A.20.2) holds.

Now, uniqueness of C4(W,q), up to algebra homomorphism, follows imme-
diately from its definition. Existence is a consequence of the following construc-
tion: let .7 (W) be the tensor algebra of W,

TW)=KeWaX,We...oW,
~—_————

¢ factors
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it being understood that only elements with a finite number of non-zero com-
ponents in the infinite sum are allowed. Then .7 (W) is an associative algebra
with unity, the product of two elements a,b € .7(W) being the tensor prod-
uct a ® b. Let I, be the two-sided ideal generated by all tensors of the form
X ®X +¢q(X,X), X € W. Then the quotient algebra

TW)/

has the required property. Indeed, let k be the map which to X € W C (W)
assigns the equivalence class [X] € 7 (W)/I;. Then & is a Clifford map by
definition. Further, if f : V — & is a Clifford map, let f be the unique linear
map f : T (W) — o satisfying

fXi®@...0Xy) = f(X1) - f(Xk).

Then f vanishes on I, hence provides the desired map f' defined on the quotient,
f(X]) == F(X).

EXAMPLE A.20.1 Let W = R, with g(x) = 22. Then C with x(x) = xi, satisfies
the Clifford product rule. Clearly (A.20.1) cannot be satisfied in any smaller
algebra, so (up to homomorphism) C¢(W,q) = C.

EXAMPLE A.20.2 Let W = R, with ¢/(z) = —x2. Then C¢(W,q') =R, x(x) =
x. Comparing with Example A.20.1, one sees that passing to the opposite
signature matters.

ExaMPLE A.20.3 Consider the hermitian, traceless, Pauli matrices

01 0 —2 1 0
01:<1 0), 02:(1. 0), ng(o _1>, (A.20.3)

and set ¢’ = ;. One readily checks that
oioj = 6;5 + ieijkak — {oi,0j} =00+ 0jo; =25;;, (A.204)
where for any two matrices a, b the anti-commutator {a,b} is defined as
{a,b} = ab+ba.
Hence, for any X € R? it holds that
(XFiop)(Xtiog) = —6(X, X),
where § is the standard scalar product on W = R3. Thus, the map
X = (X% - XFigy,

is a Clifford map on (R3,6), and in fact the algebra generated by the matrices
Y := iop is homomorphic to C4(R3,5). This follows again from the fact that
no smaller dimension is possible.
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EXAMPLE A.20.4 Let o; be the Pauli matrices (A.20.3) and let the 4 x4 complex
valued matrices be defined as

0 __ 0 id(CQ _ o O o; i
v = ( idee 0 = -, v = o 0 =~". (A.20.5)

We note that vg is hermitian, while the +;’s are anti-hermitian with respect to
the canonical hermitian scalar product (-,-)c on C*. From Equation (A.20.5)
one immediately finds

{vi, v} = < _{Jg %3} 0 > . {0t =0, (w)?*=1,

—{oi, 05}
and (A.20.4) leads to the Clifford product relation
YaVo + VoVa = —29ab (A.20.6)

for the Minkowski metric g, = diag(—1,1,1,1).

A real representation of the commutation relations (A.20.6) on R® can be
obtained by viewing C* as a vector space over R, so that 1) each 1 above is
replaced by idpe, and 2) each i is replaced by the antisymmetric 2 x 2 matrix

0 -1
1 0 '
More precisely, let us define the 4 x 4 matrices &; by

61 = ( Opnare)  idge > . b3 = < idgz Opnar2) ) . (A20.7)

0 -1
N Obnag2) — — ( 1 0 ) (A.208)
2 = s .zU.
0 -1

which are clearly symmetric, and the new ~’s by

0 4 idpa 0 4 0; .
0 _ End(R*4) R _ C— EndA(]R ) i e
7 < idgs  Oppa(re) > 0 i ( —0i  Ognare) ) 7

(A.20.9)
It should be clear that the 7’s satisfy (A.20.6), with 9 symmetric, and ~;’s -
antisymmetric.

Let us return to general considerations. Choose a basis e; of W, and consider
any element a € .7 (W). Then a can be written as

N
a=a-+ E E a' e ® ... Qe ,

k=11i1,...,0%
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for some N depending upon a. When passing to the quotient, every tensor prod-
uct e;; ®e;,. with i; > 4, can be replaced by —29i;i, —€i, @¢i,, leaving eventually
only those indices which are increasingly ordered. Thus, a is equivalent to

k
Fibet Y Y bte, e e,

k=N i1<...<ij,
for some new coeflicients. For example
a+a'e; +ade; ® e; = a+ dle; + aij( e ® ej) +ep @ ej)
——
~—q(ei.e;)
~ a—a“q(e;,ej)+ae + aije[l- ® ;) -
This implies that elements of the form
Yiq.ip = [ei1®...®eik], 1< ... <ik

span CL(W,q). (Here the outermost bracket is the equivalence relation in
T (W).) Equivalently,

CUW,q) = K® Vect{vi, i}, where v :=r(€i), Vir..ix = Vir " Vig] -

We conclude that the dimension of C¢(W, q) is less than or equal to that of the
exterior algebra of W, in particular C¢(W,q) is finite dimensional (recall that
it was part of our definition that dim W < oo). The reader is warned that the
above elements of the algebra are not necessarily linearly independent, as can
be seen in Examples A.20.2 and A.20.3.

It should be clear to the reader that the linear map, which is deduced by
the considerations above, from the exterior algebra to the Clifford algebra, does
not preserve the product structures in those algebras.

A representation (V,p) of a Clifford algebra C¢(W,q) on a vector space V
over K is a map p : C¢(W,q) — End(V) such that p o x is a Clifford map. It
immediately follows from the definition of the Clifford algebra that p is uniquely
defined by its restriction to x(W).

A fundamental fact is the following:

PROPOSITION A.20.5 Let q be positive definite and let (V, p) be a representation
of CU(W,q). If K = R, then there exists a scalar product (-,-) on V so that
pok(X) is antisymmetric for all X € W. Similarly if K = C, then there exists
a hermitian product (-,-) on'V so that pok(X) is antihermitian for all X € W.

PROOF: Let e; be any basis of W, set v; := p(k(e;)), since p is a representation
the v;’s satisfy the relation (A.20.6). Let 47 run over the set

Q= {£1, v, 2., J1<iy<<ip<n -
It is easy to check that Qv; C 0, but since

(Qvi)vi =Qryivi = -2 =Q,
=1
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we conclude that Qv; = Q. Let (+,) denote any scalar product on V', and for
P, p €V set
(W0) =D (v, vp)

Y1 EQ

Then for any 1 < ¢ < n we have (no summation over /)

()", 0) = (v, vee) = D (Ve 1)
Y1 EQ

- Z (Y1, 1) = Z (Y1 V1)

YIEQY, RIS

= (¥,9).

Since this holds for all ¢ and ¢ we conclude that (v;)!y, = Id. Multiplying
from the right with v,, and recalling that (7,)? = —Id we obtain (y,)! = —,.
Now, by definition,

(po k(X)) = (X%)" = —X, = —por(X),

as desired.
An identical calculation applies for hermitian scalar products. O

INCIDENTALLY: The scalar product constructed above is likely to depend upon the
initial choice of basis e,, but this is irrelevant for the problem at hand, since the
statement that p o k(X)) is anti-symmetric, or anti-hermitian, is basis-independent.
O

Throughout most of this work, when ¢ is positive definite we will only use
scalar products on V for which the representation of C¢(W, q) is anti-symmetric
or anti-hermitian.

Let dim V' > 0. A representation (V, p) of C4(W, q) is said to be reducible if
V' can be decomposed as a direct sum V; @ V5 of nontrivial subspaces, each of
them being invariant under all maps in p(C¢(W, q)). The representation (V, p)
is said to be irreducible if it is not reducible. Note that the existence of an
invariant space does not a priori imply the existence of a complementing space
which is invariant as well. However, we have the following;:

ProprosITION A.20.7 Every finite dimensional representation
p:CUW,q) — End(V)

of CUW,q) such that V' contains a non-trivial invariant subspace is reducible.
Hence, V =@k |V, p= @k pi, with (V;, pi == plv,) irreducible.

PROOF: Suppose that there exists a subspace Vi C V invariant under p. We can
assume that V; has no invariant subspaces, otherwise we pass to this subspace
and call it V7; in a finite number of steps we obtain a subspace V; such that p|y,
is irreducible. The proof of Proposition A.20.5 provides a scalar or hermitian
product (-,-) on V which is invariant under the action of all maps in 2. Then
V = Vi@ (V1) and it is easily checked that (V})* is also invariant under maps
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in €, hence under all maps in the image of p. One can repeat now the whole
argument with V" replaced by (V1)*, and the claimed decomposition is obtained
after a finite number of steps. O

It is sometimes convenient to use irreducible representations, which involves
no loss of generality in view of Proposition A.20.7. However, we will not assume
irreducibility unless explicitly specified otherwise.

REMARK A.20.8 According to Trautman [266], there exist two inequivalent irre-
ducible representations in odd space-dimension, the one related to the other by the
map X — —X. O

A.20.1 Eigenvalues of y-matrices

In the proofs of the energy-momentum inequalities the positivity properties
of several matrices acting on the space of spinors have to be analysed. It is
sufficient to make a pointwise analysis, so we consider a real vector space V
equipped with a scalar product (-,-) together with matrices v,, p=0,1,---,n
satisfying

VYo + W = — 2N 5 (A.20.10)

where n = diag(—1,1,---,1). We further suppose that the matrices ,Yf“ trans-
posed with respect to (-, ), satisfy

W=, %=
where the index ¢ runs from one to n. Let us start with
a'voy, = a4+ avovi,  (a") = (a%,d@) = (%, (a”)).
The matrices a’ygy; are symmetric and satisfy
(a'y071)* = @'’ y0vin07; = —a'dyon0viys = a3

so that the eigenvalues belong to the set {£|d|s}. Since vy anticommutes with
a'Yo7;, it interchanges the eigenspaces with positive and negative eigenvalues.
Let 4;, i =1,...,N, be an ON basis of the |@|s eigenspace of a*yyy;, set

G2i-1 = Vi, P2 = YoUi-

It follows that {¢;}22] forms an ON basis of V (in particular dimV = 2N), and
in that basis a7y, is diagonal with entries a” + |d@|s. We have thus proved

PROPOSITION A.20.9 The quadratic form (i, a"~ovy,1) is non-negative if and
only if a® > |dls.

Let us consider, next, the symmetric matrix
A= a0y + by + enyevs (A.20.11)

Let 91 be an eigenvector of a‘vyy; with eigenvalue |d|s, set

O1=1vY1, P2="0%1, G3=717273V1, G1="Y17273Y0Y1-
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From the commutation relations (A.20.10) one easily finds
avoyidr = |dlsdr,  a'vovide = —ldlsda, a'vovids = —ldlsds,  a'vovids = |dlsda,

YoP1 = P2, Yod2 =¢1, YP3=—¢s, YoPs= —0¢3,
MY2V3P1 = @3, V1V2V3P2 = P4, Y1V2V3P3 = P1, V1727304 = P2

It is simple to check that the ¢;’s so defined are ON; proceeding by induction
one constructs an ON-basis {¢; fivl of V' (in particular dimV is a multiple of
4) in which A is block-diagonal, built-out of blocks of the form

a® + |a|s b c 0
b a® — |a|s 0 c
c 0 a® — |a|s —b
0 c —b a® + |a|s

The eigenvalues of this matrix are easily found to be a® £ 4/|@|3 + b* + ¢2. We
thus have:

PrOPOSITION A.20.10 We have the sharp inequality

(¥, (a" Yoy + byo — ey1v273) ¥) > (ao —/lal3 + v + 02> )2,

in particular the quadratic form (¢, AY), with A defined in (A.20.11), is non-

negative if and only if
a’ > \/|@? + b2 + 2.

A.21 Killing vectors and isometries

Let (M, g) be a pseudo-Riemannian manifold. A map ¢ is called an isometry
if

vg=g, (A.21.1)
where 9* is the pull-back map defined in Section A.8.2.

A standard fact is that the group Iso(M, g) of isometries of (M, g) carries
a natural manifold structure. Such groups, when non-discrete, are called Lie
groups. If (M, g) is Riemannian and compact, then Iso(M, g) is compact.

It is also a standard fact that any element of the connected component of
the identity of a Lie group G belongs to a one-parameter subgroup {¢; };cr of G.
This allows one to study actions of isometry groups by studying the generators
of one-parameter subgroups, defined as

X(f)((L‘) _ d(f(gztt(x))) . — X — % . ]

The vector fields X obtained in this way are called Killing vectors. The knowl-
edge of Killing vectors provides considerable amount of information on the
isometry group, and we thus continue with an analysis of their properties. We
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will see shortly that the collection of Killing vectors forms a Lie algebra: by
definition, a Lie algebra is a vector space equipped with a bracket operation
such that

[Xv Y] = _[YvX] )

and
(X, [V, Z]| + [Y,[Z,X]| + [Z,[X,Y] =0.

In the case of Killing vectors, the bracket operation will be the usual bracket
of vector fields.

Of key importance to us will be the fact, that the dimension of the isometry
group of (.#,g) equals the dimension of the space of the Killing vectors.

A.21.1 Killing vectors

Let ¢, be a one-parameter group of isometries of (.#,g), thus
djg=9g = Lxg=0. (A.21.2)
Recall that (see (A.8.7), p. 239)
Lx G = X%0aGuv + 0uX G + 00X G -

In a coordinate system where the partial derivatives of the metric vanish at a
point p, the right-hand side equals V, X, +V,X,,. But the left-hand side is a
tensor field, and two tensor fields equal in one coordinate system coincide in all
coordinate systems. We have thus proved that generators of isometries satisfy
the equation

VoXp+ VX, =0. (A.21.3)

Conversely, consider a solution of (A.21.3); any such solution is called a
Killing vector. From the calculation just carried out, the Lie derivative of the
metric with respect to X vanishes. This means that the local flow of X preserves
the metric. In other words, X generates local isometries of g.

To make sure that X generates a one-parameter group of isometries one
needs moreover to make sure that X is complete. By definition, this means
that the integral curves of X, i.e. solutions of

Cfl—f = X(2(t)), 2(0) = 0, (A.21.4)
are defined for all values of parameter ¢t € R for all initial points xg. This might
be difficult to establish, often requiring further global hypotheses; we return to
this in Appendix A.21.4. The map (¢,z0) — x(t), where z(t) is the solution
of (A.21.4), is often denoted by ¢:(z¢), and is called the flow of X. We will
sometimes write ¢;[X] when more than one vector X is involved.

Recall the identity (A.8.8), p. 239:

Lxy) = [Zx, L] (A.21.5)
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This implies that the commutator of two Killing vector fields is a Killing vector
field:
Lxy19 = Lx(Lyg) — Ly (Lxg) =0.
T T

Thus, and as already pointed-out, the collection of all Killing vector fields,
equipped with the Lie bracket, forms a Lie algebra.

REMARK A.21.1 Let (M,g) be a complete Riemannian manifold, than all Killing
vector fields are complete. To see this, let ¢; be generated by a Killing vector X,
let p € M and let v(t) = ¢+(p) be the integral curve of X through p, thus ¥ = X.
We claim, first, that the length of X is preserved along the orbits of X. Indeed:

d(XX;)

=2X*X'V,. X; =0,
dt k

as Vi X; is antisymmetric. Next, the length of any segment of () equals to

|l = [ e = X @i - ).

t1 31

Hence, any integral curve of the flow defined on a bounded interval of parameters
has finite length. The fact that () is defined for all ¢ follows now from completeness
of (M, g) by simple considerations. O

REMARK A.21.2 Let p be a fixed point of an isometry ¢. Then ¢, maps T, M
to T,,M; we will refer to this action as the tangent action.

For W € T,M let s — yw(s) be an affinely parameterised geodesic with
yw(0) = p and 4(0) = W. Since isometries map geodesics to geodesics, the
curve s — ¢(yw(s)) is a geodesic that passes through p and has tangent vec-
tor ¢,W there. As the affine parameterisation condition is also preserved by
isometries, we conclude that

(v (s)) =Y. (s) - (A.21.6)

In particular, in the Riemannian case ¢ maps the metric spheres and balls

Sp(r):=={q € M: d(p,q) =7}, Bp(r):=={qgeM: d(p,q) <r}

to themselves. Similarly the S,(r)’s and By (r)’s are invariant in the Lorentzian
case as well, or for that matter in any signature, but these sets are not topo-
logical spheres or topological balls anymore.

The action of a group of transformations is called transitive if for every pair
p,q € M there exist an element ¢ of the group such that ¢ = ¢(p). Suppose
that the tangent action on T, M, of those elements of Iso(M, g) which leave p
fixed, is transitive on unit vectors (this is only possible for Riemannian metrics,
since isometries preserve the causal nature of vectors). What we just said shows
that, for complete Riemannian metrics, transitivity on unit vectors at p implies
that the action on the Sp(r)’s is transitive as well. O

REMARK A.21.3 Let p be a point in a three-dimensional Riemannian manifold
(M, g) such that the tangent action of Iso(M,g) is transitive on unit vectors of
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T,M. The group of isometries of M that leave p fixed is then a closed subgroup
of SO(3) which acts transitively on S2, hence of dimension at least two. Now, it
is easily seen (exercice) that connected subgroups of SO(3) are {e} (which has di-
mension zero), U(1) (which has dimension one), or SO(3) itself. We conclude that
existence of fixed points of the action implies that the group of isometries of (M, g)
contains an SO(3) subgroup. O

REMARK A.21.4 In Riemannian geometry, the sectional curvature k of a plane
spanned by two vectors X,Y € T,,M is defined as

g(R(X,Y)X,Y)
9(X, X)g(YV,Y) = g(X,Y)?’

K(X,Y):= (A.21.7)

A simple calculation shows that x depends only upon the plane, and not the choice
of the vectors X and Y spanning the plane. The definition extends to pseudo-
Riemannian manifolds as long as the denominator does not vanish; equivalently,
the plane spanned by X and Y should not be null.

For maximally symmetric Riemannian manifolds the action of the isometry
group on the collection of two-dimensional subspaces of the tangent bundle is tran-

sitive, which implies that « is independent of p. Complete Riemannian manifolds
with constant k, not necessarily simply connected, are called space forms. O

REMARK A.21.5 A complete Riemannian manifold (M, g) which is isotropic around
every point is necessarily homogeneous. To see this, let p,p’ € M, and let g be any
point such that the distance from ¢ to p equals that from ¢ to p’, say r. Then both p
and p’ lie on the distance sphere S(q, ), and since (M, g) is isotropic at ¢, it follows
from Remark A.21.2 that there exists an isometry which leaves ¢ fixed and which
maps p into p’. O

Equation (A.21.3) leads to a second order system of equations, as follows:
Taking cyclic permutations of the equation obtained by differentiating (A.21.3)
one has

-V, VX3 -V, VgX, = 0,
VoaVXy, +V,V, Xg = 0,
VgV Xo +VV X, =

Adding, and expressing commutators of derivatives in terms of the Riemann
tensor, one obtains

QVOZVB_X7 = (RUWBOé + Raaﬁv + Ragow )XU
——
:_RUOt”/ﬁ_RU”/ﬁa
= 2R0’O¢6’7XU .
Thus
VaVpX, = Roa57X0 . (A.21.8)

ExAMPLE A.21.6 As an example of application of (A.21.8), let (M, g) be flat. In a
coordinate system {z*} in which the metric has constant entries (A.21.8) reads

0.03X, =0.
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The solutions are therefore linear,
X = A%+ B2

Plugging this into (A.21.3), one finds that B,g must be anti-symmetric. Hence,
the dimension of the set of all Killing vectors of R™™, and thus of Iso(R™™), is
(n+m)(n+m+1)/2, independently of signature.

Consider, next, a torus T" := S x ... x S', equipped again with a flat metric.
We claim that none of the locally defined Killing vectors of the form B?;z? survive
the periodic identifications, so that the dimension of Iso(T",J) is n: Indeed, using
(A.21.8) and integration by parts we have

/Xi D;D; X7 = f/Din D;X; :/|DX|2, (A.21.9)
N—— S~
=0 =-D;X;

and so B;; = D; X; = 0: all Killing vectors on a flat Riemannian T" are covariantly
constant.

In fact, an obvious modification of the last calculation shows that the isome-
try group of a compact Riemannian manifold with strictly negative Ricci tensor is
finite, and that non-trivial Killing vectors of compact Riemannian manifolds with
non-positive Ricci tensor are covariantly constant. Indeed, for such manifolds the
left-hand side of (A.21.9) does not necessarily vanish a priori, and instead we have

/|DX|2 = /XiDjDin = /XiRkjinj = /XiRkin, (A.21.10)

The left-hand side is always positive. If the Ricci tensor is non-positive, then the
right-hand side is non-positive, which is only possible if both vanish, hence DX = 0
and R;; X°X7 = 0. If the Ricci tensor is strictly negative, then X = 0, and there
are no non-trivial Kiling vectors, so that the dimension of the group of isometries is
zero. Since the group is compact when (M, g) is Riemannian and compact, it must
be finite when no Killing vectors exist. O

An important consequence of (A.21.8) is:

PROPOSITION A.21.7 Let M be connected and let p € M. A Killing vector is

uniquely defined by its value X (p) and the value at p of the anti-symmetric
tensor VX (p).

PrOOF: Consider two Killing vectors X and Y such that X(p) = Y(p) and
VX(p) = VY (p). Let ¢ € M and let v be any curve from p to q. Set

7P =XP —YP Aus=Va(Xs—Ys).

Along the curve v we have

DZ . .
dsa = V'VuZo =V Apa
DA.p . .
d—: = AV,VaZs = Ryuapy'Z". (A.21.11)
This is a linear first order system of ODEs along v with vanishing Cauchy data
at p. Hence the solution vanishes along 7, and thus X*(q) = Y*(q). O

Note that there are at most n values of X at p and, in view of anti-symmetry,
at most n(n—1)/2 values of VX at p. Since the dimension of the space of Killing
vectors equals the dimension of the group of isometries, as a corollary we obtain:
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PropPOSITION A.21.8 The dimension of the group of isometries of an n-dimensional
pseudo-Riemannian manifold (M, g) is less than or equal to n(n + 1)/2. O

A.21.2 Analyticity of isometries

We give the proof of an unpublished result of Nomizu on analyticity of maps
preserving analytic affine connections. The analyticity of isometries of analytic
manifolds is a direct consequence of this:

THEOREM A.21.9 Suppose M and M' are real analytic manifolds each provided
with a real analytic affine connection. Then a (smooth) diffeomorphism f from
M onto M' which preserves the affine connections is real analytic.

PRrROOF: It follows from the analytic implicit function theorem that for M with
an analytic affine connection V, the exponential mapping exp, : T,M — M
is real analytic on a neighborhood of 0 in T),M, say U (so that exp,(U) is a
normal neighborhood of p). We have for each p € M

F(exp,(X)) = expy (f-(p)X) for every X €V,

where V' is an open neighborhood of 0 in 7T, M. The analyticity of f follows
immediately from this equation. O

A.21.3 The structure of isometry groups of asymptotically flat
spacetimes

A prerequisite for studying stationary spacetimes is the understanding of the
structure of the isometry groups which can arise, together with their actions. A
reasonable restriction which one may wish to impose, in addition to asymptotic
flatness, is that of timelikeness of the ADM momentum of the spacetimes under
consideration

For the theorem that follows we do not assume anything about the nature
of the Killing vectors or of the matter fields present; it is therefore convenient
to use a notion of asymptotic flatness which uses at the outset four—dimensional
coordinates. A metric on a set 2 will be said to be asymptotically flat if there
exist &« > 0 and k > 0 such that

‘g;w - nuu‘ + T’aocg;w‘ + T+ rk‘aoq T aockg/w’ < Cr— (A'21'12)

for some constant C' (7),,, is the Minkowski metric). Q will be called a boost-type
domain, if

Q={(t,7) eRxR®:|Z| > R,|t| <Or+C}, (A.21.13)

for some constants # > 0 and C' € R. Let ¢, denote the flow of a Killing vector
field X, cf. (A.21.4), p. 306. (M, g, ) will be said to be stationary-rotating if
the matrix of partial derivatives of X* asymptotically approaches a rotation
matrix when |Z| tends to infinity, and if ¢; moreover satisfies

Gon(zh) = 2t + AH + O(r™°), e>0
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in the asymptotically flat end, where A" is a timelike vector of Minkowski
spacetime (in particular A* # 0). One can think of 0/9¢ + ad/0t, a # 0 as a
model for the behavior involved. The interest of that definition stems from the
following result, proved in [18]:

THEOREM A.21.10 (P.C. & R. Beig) Let (M, g,u) be a spacetime containing an
asymptotically flat boost—type domain 2, with time—like (non—vanishing) ADM
four momentum pt, with fall-off exponent o > 1/2 and differentiability index
k>3 (seeeq. (A.21.12)). We shall also assume that the hypersurface {t = 0} C
Q can be Lorentz transformed to a hypersurface in  which is asymptotically

orthogonal to p. Suppose moreover that the Einstein tensor G, of g, satisfies
in ) the fall-off condition

G =079, €>0. (A.21.14)

Let Gy denote the connected component of the group of all isometries of (M, g ).
If Gq is non—trivial, then one of the following holds:

1. Go =R, and (M, g,.,) is either stationary, or stationary-rotating.
2. Go=U(1), and (M, guv) is axisymmetric.

3. Go =R x U(1), and (M, gu) is stationary—azisymmetric.

4. Go = 80(3), and (M, g,n) is spherically symmetric.

5. Go =R x S0(3), and (M, g,v) is stationary-spherically symmetric.

The reader should notice that Theorem A.21.10 excludes boost—type Killing
vectors (as well as various other behavior). This feature is specific to asymptotic
flatness at spatial infinity; see [31] for a large class of vacuum spacetimes with
boost symmetries which are asymptotically flat in light-like directions. The
theorem is sharp, in the sense that the result is not true if p* is allowed to
vanish or to be non-time-like.

We find it likely that there exist no electro—vacuum, asymptotically flat
spacetimes which have no black hole region, which are stationary—rotating and
for which Gy = R. Some partial results concerning this can be found in [7, 26]
A similar statement should be true for domains of outer communications of
regular black hole spacetimes. It would be of interest to settle this question.
Let us point out that the Jacobi ellipsoids [50] provide a Newtonian example
of solutions with a one dimensional group of symmetries with a “stationary—
rotating” behavior.

Theorem A.21.10 is used in the proof of Theorem A.21.12 below.

A.21.4 Killing vectors vs. isometry groups

In general relativity there exist at least two ways for a solution to be symmetric:
there might exist

1. a Killing vector field X on the spacetime (M, g), or there might exist
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2. an action of a (non-trivial) connected Lie group G on M by isometries.

Clearly 2 implies 1, but 1 does not need to imply 2 (remove e.g. points from
a spacetime on which an action of G exists).

Furthermore, there could also exist locally defined Killing vectors that do
not extend to globally defined ones. A particularly striking example of mani-
folds where these notions are completely distinct is given by the flat compact
manifolds constructed in [273]. In this last work Waldmiiller shows that there
exists a compact quotient of R'! which provides a flat manifold without any
symmetries. So, while every flat n-dimensional manifold has n(n + 1)/2 locally
defined Killing vector fields, in Waldmiiller’s example none of them gives rise
to a globally defined one. Moreover, the resulting manifold has no discrete
isometries either, a fact which is usually much more difficult to establish than
non-existence of continuous families of isometries.

In the uniqueness theory of stationary black holes, as presented e.g. in [46,
147,150, 275] (compare [71]), one always assumes that an action of a group G on
M exists. This is equivalent to the statement, that the orbits of all the (relevant)
Killing vector fields are complete. In [60] and [61] completeness of orbits of
Killing vectors was shown for vacuum and electro—vacuum spacetimes, under
various conditions. The results obtained there are not completely satisfactory
in the black hole context, as they do not cover degenerate black holes. Moreover,
in the case of non—degenerate black holes, the theorems proved there assume
that all the horizons contain their bifurcation surfaces, a condition which one
may wish not to impose a priori in some situations.

Before stating a result which takes care of those problems, some terminology
will be needed. Let  be a boost-type domain as defined in (A.21.12) and let
Fext be the slice {t = 0} in Q. Define the domain of outer communications
((Mext)) as the intersection of the past and the future of the union of the orbits
of the Killing vector X passing though Fy:

Mext = Utgbt(yext) 5 <<Mext>> = Jf (Mext) N J+(Mext) . (A2115)

The following result, which does not assume any field equations, has been
proved in [63]:

THEOREM A.21.11 Consider a spacetime (M, g.p) with a Killing vector field X
and suppose that M contains an asymptotically flat three—end Fext, with X
time-like in Sex. (Here the metric is assumed to be twice differentiable, while
asymptotic flatness is defined in the sense of eq. (A.21.12) with o > 0 and
k > 0.) Suppose that the orbits of X are complete through all points p € Fext. If
({Mext)) s globally hyperbolic, then the orbits of X through points p € ((Mext))
are complete.

In [63] a generalization of this result to stationary-rotating spacetimes has
also been given. Nomizu’s theorem A.21.9 together with Theorem A.21.10 give
the following result [63]:
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THEOREM A.21.12 Consider an analytic spacetime (M, gqp) with a Killing vec-
tor field X with complete orbits. Suppose that M contains an asymptotically flat
three—end Sy with time—like ADM four—momentum, and with X (p) time-like
for p € Sext. (Here asymptotic flatness is defined in the sense of eq. (A.21.12)
with « > 1/2 and k > 3, together with eq. (A.21.14) .) Let ({(Mcy)) denote
the domain of outer communications associated with Yo, and assume that
({(Mext)) is globally hyperbolic and simply connected. If there exists a Killing
vector field Y, which is not a constant multiple of X, defined on an open subset
O of ((Mext)), then the isometry group of ((Mext)) (with the metric obtained
from (M, gay) by restriction) contains R x U(1).

We emphasize that no field equations or energy inequalities are assumed
above. Note that simple connectedness of the domain of outer communications
necessarily holds when a positivity condition is imposed on the Einstein tensor of
gab [126]. Similarly the hypothesis of time-likeness of the ADM momentum will
follow if one assumes existence of an appropriate space-like surface in (M, gqp).
It should be emphasized that no claims about isometries of M \ ((Mcyt)) are
made.

A.22 Null hyperplanes

One of the objects that occur in Lorentzian geometry and which posses rather
disturbing properties are null hyperplanes and null hypersurfaces, and it ap-
pears useful to include a short discussion of those. Perhaps the most unusual
feature of such objects is that the direction normal is actually tangential as
well. Furthermore, because the normal has no natural normalization, there is
no natural measure induced on a null hypersurface by the ambient metric.

In this section we present some algebraic preliminaries concerning null hy-
perplanes, null hypersurfaces will be discussed in Section A.23 below.

Let W be a real vector space, and recall that its dual W* is defined as
the set of all linear maps from W to R in the applications (in this work only
vector spaces over the reals are relevant, but the field makes no difference for
the discussion below). To avoid unnecessary complications we assume that W
is finite dimensional. It is then standard that W* has the same dimension as
w.

We suppose that W is equipped with a a) bilinear, b) symmetric, and c)
non-degenerate form gq. Thus

q:WxW >R
satisfies
a) qAX+uY,Z)=X(X,Z) +pq(Y,Z), b)) q(X,Y)=q,X),
and we also have the implication

c) YWWeWq¢X,)Y)=0 = X=0. (A.22.1)
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(Strictly speaking, we should have indicated linearity with respect to the second
variable in a) as well, but this property follows from a) and b) as above). By an
abuse of terminology, we will call q a scalar product; note that standard algebra
textbooks often add the condition of positive-definiteness to the definition of
scalar product, which we do not include here.

Let V C W be a vector subspace of W. The annihilator V° of W is defined
as the set of linear forms on W which vanish on V:

VO={aeW*: VW eV oY)=0}cW*.

V0 is obviously a linear subspace of W*.
Because ¢ non-degenerate, it defines a linear isomorphism, denoted by b,
between W and W* by the formula:

X(Y) = g(X,Y).

Indeed, the map X — X’ is clearly linear. Next, it has no kernel by (A.22.1).
Since the dimensions of W and W* are the same, it must be an isomorphism.
The inverse map is denoted by f. Thus, by definition we have

q(@®Y) =a(Y).

The map b is nothing but “the lowering of the index on a vector using the metric
q”, while f is the “raising of the index on a one-form using the inverse metric”.
For further purposes it is useful to recall the standard fact:

ProrosSITION A.22.1
dimV +dimV? = dim W .

PROOF: Let {€;}i=1 .. dimv be any basis of V', we can complete {e;} to a basis
{ei, fo}, with a =1,...,dimW —dimV, of W. Let {e}, fi} be the dual basis
of W*. Tt is straightforward to check that V° is spanned by {f;}, which gives
the result. O

The quadratic form ¢ defines the notion of orthogonality:
Vi={Y eW:VX €V ¢(X,Y)=0}.
A chase through the definitions above shows that
V= (VO
Proposition A.22.1 implies:
PROPOSITION A.22.2
dimV + dimV+ = dim W .

This implies, again regardless of signature:
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PROPOSITION A.22.3
vHhHt=v.

PROOF: The inclusion (V+)+ O V is obvious from the definitions. The equality
follows now because both spaces have the same dimension, as a consequence of
Proposition (A.22.2). O

Now,
Xevnvt = ¢(X,X)=0, (A.22.2)

so that X wvanishes if ¢ is positive- or negative-definite, leading to dimV N
dim V+ = {0} in those cases. However, this does not have to be the case
anymore for non-definite scalar products q.

A vector subspace V of W is called a hyperplane if

dimV =dimW —1.
Proposition A.22.2 implies then
dimV+t =1,

regardless of the signature of q. Thus, given a hyperplane V there exists a
vector w such that
VvVt =Ruw.

If ¢ is Lorentzian, we say that

spacelike if w is timelike;
V is timelike  if w is spacelike;
null if w is null.

An argument based e.g. on Gram-Schmidt orthonormalization shows that if V' is
spacelike, then the scalar product defined on V' by restriction is positive-definite;
similarly if V' is timelike, then the resulting scalar product is Lorentzian. The
last case, of a null V, leads to a degenerate induced scalar product. In fact, we
claim that

V is null if and only if V' contains its normal. . (A.22.3)

To see (A.22.3), suppose that V4 = Rw, with w null. Since q(w,w) = 0 we
have w € (Rw)*, and from Proposition A.22.3

we Rw)t =WVHt=Vv.

Since V' does not contain its normal in the remaining cases, the equivalence is
established.

As discussed in more detail in the next section, a hypersurface 4/ C .# is
called null if at every p € 4" the scalar product restricted to T),.4" is degenerate.
Equivalently, the tangent space T),.#" is a null subspace of T),.#. So (A.22.2)
shows that vectors normal to a null hypersurface .4 are also tangent to 4.
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A.23 The geometry of null hypersurfaces

In this section we review some aspects of the geometry of null hypersurfaces
We follow the exposition in [73], which in turn is based on [127].

A C* null hypersurface in a spacetime (., g), k > 1, is a C* co-dimension
one embedded submanifold .4 of .# such that the pullback of the metric g
to 4 is degenerate. Each such hypersurface .4 admits a C*~! non-vanishing
future directed null vector field L € I'T'.#" such that the normal space of L at a
point p € 4 coincides with the tangent space of 4" at p, i.e., LIJ; = Tp N for
all p € 4. In particular, tangent vectors to .4 not parallel to L are spacelike.
We note that the vector field L is unique up to a positive scale factor.

The integral curves of L, when suitably parameterized, are null geodesics,
called the null geodesic generators of A4": Indeed, since g(L,L) = 0 on A, we
have that X (g(L,L)) = 0 for all vectors X tangent to .#". This implies that
d(g(L, L)) annihilates T'.4", hence is conormal to .#". Now, g(L,-) annihilates
T as well, so we conclude that

V(g(L,L)) ~ L.

Let u be any defining function for 4, i.e., A4 = {u = 0}, with du nowhere
vanishing on .4". Since du annihilates 7.4 as well, L must be proportional to
Vu, so let us first assume that L = Vu. Then

Vu(g(L,L)) = V,u(L°Ly) = 2LV, Lo = 2LV, Vou = 2LV, V u
2LV oL, ~ L, . (A.23.1)

We have thus shown that the integral curves of Vu are null geodesics, though
perhaps not affinely parameterized. Now, multiplying Vu by a function will
not change its integral curves, but only their parameterisation, so the result
remains true for all L proportional to Vu.

Since L is orthogonal to .4 we can introduce the null Weingarten map
and null second fundamental form of A4 with respect L in a manner roughly
analogous to what is done for spacelike hypersurfaces or hypersurfaces in a
Riemannian manifold, as follows: We start by introducing an equivalence re-
lation on tangent vectors: for X, X’ € T,.#/, X’ = X mod L if and only if
X' — X = AL for some X € R. Let X denote the equivalence class of X. Now,
if X=X mod L and Y/ =Y mod L then obviously

<X/’Y/> = <X’ Y> ) (A.23.2)

since g(L,Z) vanishes for all Z € T.#". Similarly, writing X’ = X + aL for
some function a,

(VxrL, Y'Y = (VxiarL,Y') = (VxL+aV L Y') = (VxL,Y),
~L

Hence, for various quantities of interest, components along L are irrelevant. For
this reason one works with the tangent space of .4#” modded out by L, i.e.,

(T, N )/L={X | X € TyN} and (TA)/L = Upey (TyN)/L;
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The bundle (T.4")/L is a vector bundle over .4 of dimension (n — 1), and does
not depend on the particular choice of null vector field L.

There is a natural positive definite metric h in (7.4")/L induced from g:
For each p € .4, define h: (T, /")/L x (T,./")/L — R by

h(X,Y) = (X,Y). (A.23.3)

Equation (A.23.2) shows that h is well-defined.
The null Weingarten map b = by, of A" with respect to L is, for each point
p € A, a linear map
b: (T, N)/L — (TpNV)/L

defined by
b(X)=VxL. (A.23.4)

To see that b is well-defined, let X’ = X + AL, then

Vx' L=Vx\,L=VxL+AVLL,
~——
~L

which shows that the equivalence classes V x/L and V x L coincide, as needed.
IfL= fL, f € CY(/), is any other future directed null vector field tangent
to A, then
VxL = fVxL mod L.

Thus
brr = fbr,. (A.23.5)

It follows that the Weingarten map b of 4 is defined only up to a positive scale
factor.

The null second fundamental form B = By, of A4 with respect to L is the
bilinear form associated to b via h: For each p € .47, the map

B: (T, N)/L x (T, ¥ )/L — R

is defined by
B(X,Y) :=h(b(X),Y) = (VxL,Y). (A.23.6)

Now,
h(b(X),Y) = (VxL,Y)=(X,VyL) = h(X,b(Y)). (A.23.7)
This shows that b is self-adjoint with respect to h, and that B is symmetric.

INCIDENTALLY: In a manner analogous to the second fundamental form for space-
like hypersurfaces, a null hypersurface is totally geodesic if and only if B vanishes
identically [180, Theorem 30]. O

The null mean curvature of A" with respect to L is the continuous scalar
field § € CO(_#") defined by
0 =trpb; (A.23.8)
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called divergence, or expansion, of the horizon. Let ej,es,...,;e,_1 ben —1
orthonormal spacelike vectors (with respect to g) tangent to .4 at p. Then
{€1,€2,...,€,—1} is an orthonormal basis (with respect to h) of (1,.4")/L.
Hence at p,

0 =trb=3" h(b(e),e)
= > (Ve Ly ei). (A.23.9)

Let 3 be the intersection, transverse to L, of a hypersurface in .# with 4.
Then ¥ is a C2 (n — 1)-dimensional spacelike submanifold of .# contained in
A which meets L orthogonally. From (A.23.9), by definition of the divergence
along a submanifold,

Oy = divy L,

and hence the null mean curvature gives a measure of the divergence of the null
generators of 4.

INCIDENTALLY: Given ¥ and L as above, let L be the second future directed null
vector normal to 3 normalised so that

g(L,L)=-2. (A.23.10)

Set .
huw = guv + §(LHLV +L,L,). (A.23.11)

Then h*, := ¢g"*hg, is the projector on T3: indeed, X € T if and only if
g(X,L)=g¢g(X,L) =0, but then h*, X" = X* readily follows. On the other hand,
h#, LY = h*,L" = 0 holds by definition of h.

Along %, elements of T.4"/L can be represented by vectors in T%, then h in
(A.23.11) coincides with h of (A.23.3), and the former can be thought of a spacetime
equivalent of the latter. Note, however, that the definition (A.23.3) does not require
any supplementary structures, while (A.23.11) requires X, or at least L.

From the definition of § we have

0 = hV,L,

1
9" VuLy + 5 (LY LYV, Ly + LYL*V, L) (A.23.12)

In some situations L arises from a null vector field defined in a neighborhood of
A, and is autoparallel on 4. Then g(L,L) = 0 near 4", which implies that the
middle term in (A.23.12) drops out. Further, VL = 0 on .4, which shows that
the last terms drops out. One then finds a convenient formula:

If g(L,L) =0 near 4 and if VL =0 on .4 then § =V, L*. (A.23.13)

(This should be compared with the formula H = V,n* for the mean curvature H
of a non-characteristic hypersurface ., where n is a unit normal to ., without the
need of any further hypotheses.)

EXAMPLE A.23.3 Let .4 be a null hypersurface v := x —t = 0 in Minkowski
spacetime; we choose —t+x instead of —x+t because of the convention that L := Vu
in the calculations above should be future pointing. Then L is null everywhere, and
autoparallel everywhere, thus

0=V.,Viu=0O4u=0.
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Next, still in Minkowski spacetime, let .4 be a future null cone A = I* (p) — {p},

u:= —t+r =0. Then Vu is null, geodesic, and future pointing, so
v v y z! n—1
0 = 0u=0,(n"Opu) = 0, Our) = 0;(n?05r) =0; | — | = . (A.23.14)
r r

Hence I (p) — {p} has positive null mean curvature. Changing time-orientation, we
obtain that a past null cone .4 = I~ (p) — {p} in Minkowski spacetime has negative
null mean curvature, 8 < 0.

Finally, in an arbitrary smooth spacetime, consider a future null cone A" =
It (p) —{p} near its tip. In geodesic coordinates It (p) is given again by the equation
—t+r = 0. In those coordinates the metric coincides with the Minkowskian metric
up to terms quadratic in the coordinates, and the derivatives of the metric vanish
at p. With a little work one checks that (A.23.14) holds near p up to terms which
are O(1).

EXAMPLE A.23.4 Let . be a spacelike hypersurface in .4 with induced metric
~ and extrinsic curvature K, and let 3 be the intersection of .4~ with .; this is
a smooth submanifold of ., of codimension one in ., since the intersection is
transverse. Let n be the field of unit normals to 3 within ., we can chose both L
and the direction of n so that

L=T+n,

where T is the field of unit normals to . in .#. Let h denote the metric induced
by g on 3. Representing, as before, elements of T.# /L by vectors tangents to X,
one finds, in local coordinates 4 on .7,

bag =Kag +Aap, 0=h"PKip+H, (A.23.15)

where A 4p is the extrinsic curvature (second fundamental form) of ¥ within (.7, ),
and H is the mean curvature of ¥ within (., 7).

d

Equation (A.23.5) shows that if L = fL, then § = f6. Thus the null mean
curvature inequalities § > 0, § < 0, are invariant under positive rescaling of L.

A.24 Elements of causality theory

We collect here some definitions from causality theory. Given a manifold .#
equipped with a Lorentzian metric g, at each point p € .# the set of timelike
vectors in T),M has precisely two components. A time-orientation of T, # is
the assignment of the name “future pointing vectors” to one of those compo-
nents; vectors in the remaining component are then called “past pointing”. A
Lorentzian manifold is said to be time-orientable if such locally defined time-
orientations can be defined globally in a consistent way. A spacetime is a time-
orientable Lorentzian manifold on which a time-orientation has been chosen.

A differentiable path « will be said to be timelike if at each point the tangent
vector  is timelike; it will be said future directed if 4 is future directed. There
is an obvious extension of this definition to null, causal or spacelike curves. We
define an observer to be an inextendible, future directed timelike path. In these
notes the names “path” and ”curve” will be used interchangeably.
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Let # Cc 0 C .#. One sets

IT(%;0) := {q€ O:there exists a timelike future directed path
from % to q contained in O},
JH(%;0) = {q€ O :there exists a causal future directed path

from % to q contained in 0} U % .

I=(%;0) and J~ (% ;0) are defined by replacing “future” by “past” in the
definitions above. The set I (%;0) is called the timelike future of % in O,
while J* (% ; 0) is called the causal future of % in O, with similar terminology
for the timelike past and the causal past. We will write I*(%) for I*(% ;.4 ),
similarly for J*(% ), and one then omits the qualification “in .#” when talking
about the causal or timelike futures and pasts of 2. We will write I*(p; ©) for
I*({p}; 0), I*(p) for I*({p}; ), etc.

A function f will be called a time function if its gradient is timelike, past
pointing. Similarly a function f will be said to be a causal function if its gradient
is causal, past pointing. The choice “past-pointing” here has to do with our
choice (—,+,...,+) of the signature of the metric. This is easily understood
on the example of Minkowski spacetime (R"*! 7), where the gradient of the
usual time coordinate ¢ is —d;, since n°° = —1. Had we chosen to work with the
signature (+, —,...,—), time functions would have been defined to have future
pointing gradients.

A differentiable hypersurface . C # is called a Cauchy surface if every
inextendible causal curve intersects . precisely once. A spacetime is called
globally hyperbolic if it contains a Cauchy hypersurface. A key property of
globally hyperbolic spacetimes is, that they possess a time-function ¢ (in fact,
many) with the property that each level set of ¢ is a Cauchy surface.

A spacetime (.#,g) is called mazimal globally hyperbolic if it is globally
hyperbolic and if there exists no spacetime (.#, g) such that (.#, g) is a proper
subset of (A ,7).

The reader is referred to [67,76,115,142,178,179,205,267] for extensive
modern treatments of causality theory, including applications to incomplete-
ness theorems (also known as “singularity theorems”).
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A collection of identities

We include here a collection of useful identities, mostly compiled by Erwann
Delay. I am grateful to Erwann for allowing me to include his list here.

B.1 ADM notation

Letting ¥ denote the inverse matrix to gij, using the Arnowitt-Deser-Misner
notation we have

~ LTk k
gkl :gkl_ NN];[ » 9ok :Nk7 QOk = %7 N2 = _g%7 goo :Nka_NQ
(B.1.1)
where N* := GF N;. The associated decomposition of the Christoffel symbols

reads

NNk

Nl
FgozaklogN—WKlk, 'Yy = dolog N + N*9; log N — K

(recall that Ky = —Nl“gl = ﬁ(DlNk + Dy N; — 0vgk))- Furthermore,

k rk Nk k k k Nk 1
rf = Dh+ =Ky Tf = DN = NE¥; + — (N Ky — DjN> .

B.2 Some commutators
Here are some formulae for the commutation of derivatives:
Vi Vitic = ViVt = RP pimtip + RPiimtip
V.V, Vi —V;V,V! = Rl VF,
VEVRIAf P = 2(V! fVIVEVLf + Ric(V V) + [VVFIP),
VAV, f = ViV Ve f — R VAV f — RVEV, f 4 2R, VIV f
= (ViRy; + VR — ViR )VFf.
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B.3 Bianchi identities

The Bianchi identities for a Levi-Civita connection:
R+ Rlyji+ Ry =0,
ViR ik + ViR + ViR =0,
ViR'jk + ViRij — ViR, =0,
1
VFER;, — 5VER=0.

B.4 Linearisations

Linearisations for various objects of interest:
DyT%(g)h = %(Vihé? +V;hF —VFhy),
2[DyRiem(g)h]skim = ViVihsm—ViVshem+Vim Vshe— Vi Vihs+ R pmbps+ R smihypr
2[DgRiem(g)hliym = ViVihly, =ViV P +Vi V iy =V Vi hi 49" RP i — R g B
DyRic(g)h = %ALh — div*div(Gh),
Aphij = =V Vihij + Righ®; + Rixh*; — 2Ry ih*
Gh=h— %tr hg, (divh); = —VFhy, diviw = %(viwj + Vjw;),

DyR(g)h = —V*Vi(tr h) + V*V'hyy — RF by,
[DyR(9)]*f = =V*Vifg+VVf - f Ric(g).

B.5 Warped products

Let (M,g), V=V, f: M — R and
(M=Mx;1,5=—f%dt*+g),
then for X,Y tangent to M and V, W tangent to I, we have
Ric(§)(X,Y) = Ric(g)(X,Y) = fTIVVF(X,Y),
Ric(g)(X,V) =0=g(X,V),
Ric@)(V,W) = —f'VFV, (VW) .

Let (M,g), V:=Vg, f: M = Randlet (M = M xI,g=ef?dt*+g), e = +1.
20 = (2% =t,2° = (2, ..., 2")).
[0 =T% =Tk =0, T = f10;f, Thy = —efVFf, TF =Tk,
Rk = Rlijr, Rlojo= —efV;V'f, ROjo=f'V;Vif,
Eoijk =Rl = filo]'k = Eooj'k = R%;o =0,
émijk; = Rpijk, ﬁom‘k =0, EOijO =efV;Vif,
Rik = Ry — ['ViVif, Rop =0, Rop = —efV'Vif,
R=R-2f"'V'V,f.
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B.6 Hypersurfaces

Let M be a non-isotropic hypersurface in M , with v normal, and u,v tangent
to M at m, we have

IT(u,0) = (VyV = VyV)m = (VoV)E = I (v,u) = —1(u, 0)vy, .
Setting S(u) = Vyv € T,y M, one has
< S(u),v >=< Vyv,v >=< -1, V,,V >=I(u,v).

If x,y,u,v are tangent to M, then

R(z,y,u,v) = R(x,y,u,v) + l(x,u)l(y,v) — l(z,v)l(y,u).

The Gauss-Codazzi equations read

R(z,y,u,v) = Vyl(z,u) — Vl(y,u).
The Ricci tensor can be decomposed as:
R(y,v) = R(y,v) + IT o II(y,v) — trII I1(y,v) + R(v,y,v,v),
R(y,v) = =Vytril + y/V'IT;; ,
R=R+|1I? — (trII)* + 2R(v,v).

B.7 Conformal transformations

The Weyl tensor:

1
Wik = Rz‘jkl—nf(Rz‘kgﬂ—Rz‘zgjk-FRjzgz‘k—RjkgilH

9 ) (legik; _gjk;gz‘l) .

(n—1)(n—2
We have
Wi (el g) = Wil 1i(g) -
The Schouten tensor
1 R
Sij = 2Rij — ——9i] -

n—2 n—1

Under a conformal transformation ¢’ = efg, we have

1
I =T = (050 + 670, f — 95,V"f) -

n—2 n—2 1 n—2
Ri; = Rij — —5 ViVif + = —VifVif - §(Vkka + T|df|2)gij
—1)(n—-2)

R =e /[R—(n—-1)V'V,;f — (n VifVif].

4
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2
Specialising to ¢’ = en—2"g,

1 1,

2
In the notation ¢’ = vn—2g,

n—1 —9 1 —1/vk
L Vivvjv—n_2v (ViVrv)gij -

Rj; = Rij — v 'V;Vju +
If we write instead ¢’ = ¢* (=2 g, then

2 ¢*2Vz¢vj¢_%Wl(vkvwﬂLéﬁ’l!ddz)gma

n—2

Ri; = Rij—2¢"'V;V;p+

R/ ¢nt2)/(n=2) —Mv’“vm + R¢.
n—2
When we have two metrics g and ¢’ at our disposal, then

1
k k k Kl
Ty =T —Tj; = 59/ (Vigi; + Vigi — Vigi;) -
Riem" jn, — Riem' gy, = V(T4 — VDo + TyTd, — ThTY
Under ¢’ = ef g, the Laplacian acting on functions transforms as
n—2
VYo = e (VEV0 + Tv’f fViv).
For symmetric tensors we have instead
_ n—=6
V’kvzuij = e/ V"?Vkul-j + Tkavkuij — (Vlkaukj + ijvkuki)

3—n

2
n 1 1
_Z(vikafukj + ViV fug) + §vifvjfu£ + §gz‘juklkavlf :

+(VFFViup; + VF FVjuri) + ( VFVLE — Vg

B.8 Laplacians on tensors
For symmetric v’s and arbitrary 71’s let

1
(Du)yij := —=(Viui — Vju),

V2
then
(D*T)i; = QL\/i(—Vkaij = VETiji + VT + Vi) -
Further
D*Duyj = —V*Vyu;; + %(VkViujk + VAV juir)
and 1
div*divu = —i(viv’fuﬂg +V,; VEug),
thus

.k a 1
(D*D + div*div)u;; = —v’kauij + §(Rkjuf + R;ﬂ-uﬁ? — 2Rqﬂiuql) .
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B.9 Stationary metrics

Let (M,~) be a Riemannian or pseudo-Riemannian three dimensional manifold,
define \: M - R, £ : M — T*M, (N =1 x M, g) by the formulae

_ (A '€
g(t’x)‘(f R

Let w = —A2x, d(A\"L¢). V =V, E' = 4*E,. Then

) = Mdt + X\"1gdat)? — Ny datda?

. 1 _ . ) .
Ric(7y)i = 5)\ YViAV A + wjw;) + A2 (Ric(g)ij — Ric(g)ca€®€ig)
VVA = AN ([dAP? = Jw]*) — 207 Rie(g)an "€,

Vi 2w;) =0,
Akydw)' = =2\71T(g)e€,  Rie(g) = G(T(g))-
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